Mathematica 11.3 Integration Test Results

Test results for the 913 problemsin "1.1.3.4 (e x)"m (a+b x*n)"p (c+d
x"n)*q.m"

Problem 30: Result more than twice size of optimal antiderivative.
JXZ (a+bx3)5 (A+Bx?) dx
Optimal (type 1, 42leaves, 3 steps):

(Ab-aB) (a+bx3)6 B(a+bx3)7
+
18 b2 21 b2

Result (type 1, 107 leaves):
1
—x3 (42a5A+21a4 (5Ab+aB) x>+70a3b (2Ab+aB) x® +
126
105 a2 b? (Ab+aB) x° +42ab? (Ab+2aB) x2 + 7 p* (Ab+5aB) x15+6b5Bx18)

Problem 54: Result more than twice size of optimal antiderivative.

dx

J(a+bx3)5 (A+Bx3)

X22

Optimal (type 1, 48 leaves, 3 steps):
Ala+bx*)® (Ab-7aB) (a+bx3)°
- +

21 ax?*! 126 a2 x18

Result (type 1, 118leaves):
1

126 x21

35a°b>x® (3A+4Bx*) +21a’b’x® (4A+5Bx?) +7a*bx’ (5A+6Bx?) +a° (6A+7BX’))

(21b5x15 (A+2Bx3) +35ab*x*? (2A+3Bx3) +

Problem 155: Result more than twice size of optimal antiderivative.

Jx7/2 (A+ Bx3)

a+bx3

dx

Optimal (type 3, 73 leaves, 5steps):

2 (Ab-aB) /2 2mxn 2v/a (Ab-aB) ArcTan[%}

3b2 9b 3b5/2
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Result (type 3, 180leaves):
- al/6.2 /6 \/x
2 (Ab-aB) X3/2+ZBX9/2+2\/?(—Ab+aB> Ar‘cTan[A[3 al/zsb N ]

3 b? 9b 3 p5/2
2+/a (-Ab+aB) Ar‘cTan[M] 2+/a (-Ab+aB) Ar‘cTan[Mé ]

al/e al/e

+

3 b>/2 3 p5/2

Problem 158: Result more than twice size of optimal antiderivative.

dx

JW (A+Bx3)

a+bx3

Optimal (type 3, 53 leaves, 4 steps):

2Bx3/? X 2 (Ab*aB> Ar‘cTan[%]
30 3+/a b¥2

Result (type 3, 139leaves):

1 2b1/6A/
—2[+a b Bx3/2+(—Ab+aB) Ar‘cTan[\/E —7X]+
3/a b3 al/s

2b1/64/X b1/6,‘/x b1/6 X
+ =] -AbArcTan| | +aBArcTan| VX
al/6 a1/6

(Ab-aB) ArcTan[/3
al/e

Problem 161: Result more than twice size of optimal antiderivative.
J A+Bx3
—dx
x*/2 (a+bx3)
Optimal (type 3, 53 leaves, 4 steps):
2 (Ab-aB) Ar‘cTan[M}
\/7

a

2A

3ax3? 3a32/b

Result (type 3, 160 leaves):
2 (-Ab+aB) ArcTan [ =2 220 |

al/e

2A
i
33 x3/2 333/2+/p

2 (-Ab+aB) Ar‘cTan[M] 2 (-Ab+aB) Ar‘cTan[Ms x ]

al/e al/e

+

3a32+/b 3a324/b

Problem 185: Result unnecessarily involves imaginary or complex numbers.

Jx3x/a+bx3 (A+Bx3> dx
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Optimal (type 4, 303 leaves, 4 steps):
6a (17Ab-8aB)xVa+bx* 2(17Ab-8aB)x*Va+bx?

+ +

935 b2 187 b

2B x4 (a+bx3)3/2

14 334/ 2,:/3 a2 (17Ab-8aB) (a'/?+b*3x)

17b
2/3 _ 41/3 pl1/3 2/3 2 1-+/3 ] a3 +b3x
a o b e bx EllipticF[ArcSin| ) ],-7-4%?}/
(133 ) 2 b2 x)? (143 ) a3 b2 x
1/3 1/3 b1/3
935p7/3 2P (P J rJa+bx3
((1+\/?>a1/3+b1/3x)2
Result (type 4, 209 leaves):
6a(-17Ab+8aB)x 2(17Ab+3aB)x* 2BY
Ja+bx® |- + + -
935 b2 187 b 17
_p)1/3 _p)1/3 _b) 23 x2
41'133/4a7/3(17Ab8aB)\/(1)5/6[1+( )X \/1+< ) X+< )" x
a1/3 a1/3 a2/3

J (71)5/6 _i(=b)Y3x

i 1, (-1)*7] /(935(7b)1/3b2x/a+bx3

EllipticF [Ar‘cSin [

31/4

Problem 186: Result unnecessarily involves imaginary or complex numbers.

a+bx?® (A+Bx3) dx
v (

Optimal (type 4, 268 leaves, 3 steps):

| 3
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2 (11Ab-2aB) xVa+bx> 2Bx (a+bx?)??

+ +

55b 11b

2/3 _ 51/3 KBl/3 2/3 2
2 374+/24+/3 a(11Ab-2aB) (aV/?+b'3x) . L St
((1+\/?) a1/3+b1/3x2

( 7\5) al/3 | pl/3
( +\/?) al/3 4 bl/3

=

EllipticF[ArcSin|

|, -7-av3]|/

=

al’? (al/3 4 b1/3 x|
55 p?/3 \Ja+bx3

((1+\E) a1/3+b1/3x)2

Result (type 4, 182leaves):

) (—b>1/3x(a+bx3) (11Ab+3aB+5bBx?) +

(—b)1/3x

al/3

\/1+ (—b)1/3x ) <_b>2/3xz

a1/3 a2/3

13%%a%3 (11Ab-2a8) \/ (71)5/6 [1+

\/_ (_1)5/6_ i(-b)Y3x

al/3

31/4 ]’ <‘1>1/3] /(55 (-b)“”W

EllipticF [ArcSin|

Problem 187: Result unnecessarily involves imaginary or complex numbers.
J\/a+bx3 (A+BX3>

3

dx
X

Optimal (type 4, 269 leaves, 3 steps):
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(5Ab+4aB)xVa+bx? A(a+bx3)3/2

10 a 2ax?

+

a2/3 _ a1/3 b1/3 X + b2/3 XZ

((1+\/?) a1/3+b1/3x)2

33/4./244/3 (5Ab+4aB) (a'/?+b'3x)

13 | al3 b3 x

Ellip‘tiCF[Af‘CSin[(l \E) 1/3  pl/3
+ ar’ T+ X

J,-7-av3 ]|/

a1/3 (a1/3 + b1/3 X)
1/3 3
O (v arewe

Result (type 4, 175leaves):

A 2B
[ + X)\/a+bx3+

2 x2 5

_p)1/3
133/4a1/3<5Ab+4aB)\/(—1)5/6[—1+7< )
al/3

\/_ (_1)5/6 _i(-b)¥3x

), ) / (19 (5] oo

EllipticF [ArcSin|

31/4

Problem 188: Result unnecessarily involves imaginary or complex numbers.
J\/a+bx3 (A+BX3>

6

dx
X

Optimal (type 4, 272 leaves, 3 steps):
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(Ab-10aB) Va+bx® A (a+bx3>3/2

20 a x? 5ax°

a2/3 _ al/3 b1/3 X + b2/3 XZ

((1+\/?) a1/3+b1/3x)2

3344243 b3 (Ab-102a8) (a¥/3+ b3

1-\/?) al/? 4+ bl/3 x
EllipticF[ArcSin| ], -7-4+3] /
(133 ] 2 b2

1/3 1/3 b1/3
20a 2 (a ’ X> \Ja+bx®

((1+\/?) a1/3+b1/3x)2
Result (type 4, 189leaves):

A -3Ab-10a8B
[7 +—)x/a+bx3+

5 x> 20 a x2

i3%%b (-Ab+10aB) \/ (-1)*° [—1+7<_b)1/3XJ Ju (-6)™x (0]

a1/3 al/3 a2/3

\/_ (_1)5/6 _i(-b)¥3x

a1/3 ], (_1>1/3] /(20a2/3 (—Mlﬂm

EllipticF [ArcSin|

31/4

Problem 189: Result unnecessarily involves imaginary or complex numbers.
J\/a+bx3 (A+BX3>

9

dx
X

Optimal (type 4, 305 leaves, 4 steps):
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(7Ab-16aB) Va+bx* 3b(7Ab-16aB) Va+bx?

+ —

80 a x° 320 a2 x2

A (a+bx3)3/2

+334~/2++/3 b5/3 (7Ab-16aB) (a'/?+b'?x)

8ax8

2/3 _ 41/3 11/3 2/3 2 1-+/3 ) a3 :p3x

T b XX EllipticF[ArcSin[( ) ],_7-4\/?}/
((1+\/?) a1/3’+b1/3x>2 (1+\/?) al/? 4+ b3 x

X a1/3 (31/3+b1/3 X> .
320 a ((1+\/?)a1/3+b1/3x>2 \Ja+bx

Result (type 4, 206 leaves):
Va+bx® (40a*A+4a (3Ab+16aB) x>*-3b (7Ab-16aB) x°)

- +

320 a2 x®
(—b)1/3x (7b)2/3X2
1+ al/3 i a2/3

<7b>1/3X

i3%4 (-b)*? (7Ab-16aB) \/ (-1)°® (1+ B L
a1/3

J (71)5/6 i(=b)Y3x

1/3
Ta . | (—1)1/3] /(320a5/3x1a+bx3)
3

EllipticF [Ar‘cSin [

Problem 190: Result unnecessarily involves imaginary or complex numbers.

Jx4x/a+bx3 (A+Bx3) dx

Optimal (type 4, 581 leaves, 6 steps):

| 7
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6a (19Ab-10aB) x>Va+bx* 2 (19Ab-16aB)x°+a+bx?

+ —

1729 b2 247 b
2432 (19Ab-10aB) Va+bx3 2BX° (a+bx3)3/2
+ +
172908 [ (143 ] a3 + b2 x| 19b

12 3V4./2_ /3 a7/3 (19Ab-10aB) (a3 +b'?x)

EllipticE[ArcSin| |, -7-4+/3] /

a2/3 _ al/3 pl/3 y 4 h2/3 x2 1- \/?) al’3 + b3 x
\I ((1+\E) al/3+b1/3x)2 (1+\/?) al/3 4 pl/3 x

a1/3 a1/3+b1/3x
1729 b8/3 ( ) ; Ja+rbx® | -

((14—\/?) a1/3+b1/3x)

a2/3 _ a1/3 b1/3 X + b2/3 x2

((1+\/?) a1/3+b1/3x)2

8+/2 3*%a”? (19Ab-10aB) (a'/?+ b3 x) \I

[(1_\/?) al/3 4+ bl/3

EllipticF [Ar‘cSin
(143 ) a2 b2 x

|, -7-43]/

a1/3 (31/3+b1/3 X)
8/3 3
1729b ((1+\/?) 31/3+b1/3x)2 \/a+bx

Result (type 4, 263 leaves):
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1

1729 (7b)8/3 Va+bx3

2|(-b)?*? (a+bx*) (3a (19Ab-10aB) x*+7b (19Ab+3aB) x* + 91b2Bx*) +

2/3 /6 <—b>1/3x
4 (-1)%°3%4a%3 (19Ab-10aB) | (-1)"°|-1+-———
a1/3
(-b)2x  (-b)¥3x2 J(l)sw : :i/:/BX
1+ + /3 EllipticE [ArcSin| ], (-1)*3] +
a1/3 a2/3 31/4

\/_ (_1>5/6 _i(b)¥3x

al/3

(-1)*/® EllipticF [ArcSin| |, (1)

31/4

Problem 191: Result unnecessarily involves imaginary or complex numbers.
Jxﬂa+bx3 (A+Bx?) dx

Optimal (type 4, 548 leaves, 5steps):
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2(13Ab—4aB)x2\/a+bx3 6a(13Ab-4aB) va+bx3

+

91b 91 b5/3 ((1+\/?> 3l/3 , pl/3 x) +

2B x? (a+bx3)3’/2

- |3 3Y%4/2-4/3 a%? (13Ab-4aB) (a'?+b'’x)

13b

2/3 _ 41/3 11/3 2/3 2 1-+/3 ) a3 :p3x

A X b EllipticE[ArcSin[( ) ],_7-4\/?}/
((1+\/?) ‘.=‘1/3+bl/3x)2 (1+\/?) al/3 , pl/3 x

31/3 (a1/3 +bl/3 X)
5/3 / 3
91b ((1+\/?) a1/3+b1/3x)2 a+bx +

a2/3 _ al/3 pl/3 x 4+ p2/3 2

([1473) a2 02 x)?

2+/2 3*4a%3 (13Ab-4aB) (a'/?+ b3 x) J

1—\/?) al/3 4 pl/3 x

(1+\E) al/3 4+ bl/3 x

EllipticF [Ar‘cSin [

|, -7-4v3]|/

a1/3 (a1/3 + b1/3 X)
91 b>/3 rJa+bx3

([1473) a2 b2 x)?

Result (type 4, 246 leaves):
2x*vVa+bx® (13Ab+3aB+7bBX?)

91b )

—b)1/3x

al/3

\/1+ (—b>1/3x ) <—b)2/3x2

a1/3 a2/3

2 (-1)%°3%4a%2 (13Ab-4aB) \/ (-1)°° [1+ (

\/ (71>5/6 _i(=bh)Y3x

al/3

] 1

-1 \E EllipticE [Ar‘cSin [

\/_ (_1>5/6 _i(b)¥3x

Sl (]| /[ (b e

(-1)*? EllipticF [ArcSin|

31/4
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Problem 192: Result unnecessarily involves imaginary or complex numbers.

dx
2

Jm (A+Bx3)

X

Optimal (type 4, 545leaves, 5steps):
(7Ab+2aB) x*vVa+bx? 3(7Ab+2aB) Va+bx?

+ —

7a 7b2/3((1+\/?) a1/3+b1/3x)

A (a+bx3)3/2

3.3Y44/2-+/3 a3 (7Ab+2aB) (a'/?+ b x)

ax
2/3 _ 21/3 11/3 2/3 2 1-+/3 ) a3 +bl/3x
a oAb XX EllipticE[ArcSin[( ) ],7774\/?}/
((1+\/?) a1/3’+b1/3x)2 (1+\/?) al/3 + bl/3 x

1/3 (41/3 | pl/3
14 b?/3 & (¥ X) arbx3 |+ [/2 334313 (7Ab+2aB) (a1/3+b1/3x)
((1+\/?) a1/3+b1/3x)2

2/3 _ 41/3 11/3 2/3 2 1-+/3 ] a3 +b3x
G L L EllipticF[ArcSin| ) ],-7—4%?}/
(1043 ) a1 b (1043 | o b1

al/3 (al/3 + bl/3 X)
7073 \Ja+bx

((1+\/?) a1/3+b1/3x)2

Result (type 4, 236 leaves):

| 11
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A 2Bx?
-— +

X 7

Ja+bx® +

a1/3 aZ/3

_p)1/3 _p)2/3 2
(1)1/633/4a2/3(7Ab+2aB)\/(1)5/6 \/1+( ) X+( )" x

-i+/3 EllipticE [ArcSin|

\/_ (_1)5/6_ i(-b)¥3x

) 22|/ 7 o) a e

(-1)*? EllipticF [ArcSin| e

Problem 193: Result unnecessarily involves imaginary or complex numbers.
j\/a+bx3 (A+BX3>

x>

dx

Optimal (type 4, 546 leaves, 5steps):
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(Ab+8aB) Va+bx* 3bY3 (Ab+8aB)Va+bx}

— + —

8ax 8a((1+\/?>a1/3+b1/3x)

A b 3)\3/2
Alarbx) 77 3.3Y44/2-4/3 b3 (Ab+8aB) (a3 +b¥3x)

4ax*

2/3 _ 41/3 11/3 2/3 2 1-+/3 ) a3 :p3x

A X b EllipticE[ArcSin[( ) ],_7-4\/?}/
((1+\/?) a1/3’+b1/3’x)2 (1+\/?) al/3 4+ bl/3 x

1/3 1/3 b1/3
16 a%/3 & (a2 + X) ; vJa+bx3 | + [334pt/3 <Ab+8aB) (a1/3+b1/3x)
((1+\/?) a1/3+b1/3x)

EllipticF [ArcSin|

a2/3 _ a1/3 p1/3 x | p2/3 y2 (1—\/?) al’3 + bl/3 x T
, -7-4+/3 /
\I ((1+\/?) a1/3+b1/3x)2 (1+\/?) al/3+b1/3x] }

4\/?a2/3 al/3 (a1/3+b1/3 X) W

((1+\/?) al/z’er1/3’X)2
Result (type 4, 249leaves):

A -3Ab-8aB
+7] Ja+bx? +

4 x4 8ax

(-1)Y©3%%p (Ab+8aB) | (-1)%° 71+7<7b)1/3x 1+ <7b>1/3x+ (-5
a1/3 a1/3 a2/3

\/ (71)5/6 _i(-b)Y3x

al/3

~i /3 EllipticE [ArcSin| [ (-2)*7] -

31/4

\/_ (_1>5/6 _i(b)¥3x

al/3 ], (_1)1/3} /[831/3 <_b>2/3\/m

(-1)%® EllipticF [ArcSin|

31/4
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Problem 194: Result unnecessarily involves imaginary or complex numbers.
J\/a+bx3 (A+Bx3)

dx

X8

Optimal (type 4, 581 leaves, 6 steps):
(5Ab—14aB)\/a+bx3 3b (5Ab-14aB) Va+bx®> 3b*3 (5Ab-14aB) Va+bx?

56.ax* 112 a* x 11232 ((1++/3 ) a2+ b2 x|

A (a+bx3)3/2

+|3 3Y44/2-+/3 b*3 (5Ab-14aB) (a'/?+b'3x)

7 ax’
2/3 _ 41/3 11/3 2/3 2 1-+/3 ) a3 :p3x
a oAb XX EllipticE[ArcSin[( ) |, -7-4+/3] /
((1+\/?) a1/3’+b1/3x)2 (1+\/?) al/3 + bl/3 x
1/3 (41/3 , p1/3
224 3°/3 2 (a ’ X> \Ja+bx3? | - [334p*/3 (5Ab—14aB) (a1/3+b1/3x)
((1+\/?) a1/3+b1/3x)2

2/3 _ 41/3 11/3 2/3 2 1-+/3 ] a3 +b3x
G L L EllipticF[ArcSin| ) ],-7—4%?}/
TG ETNE (105 ) a3 4 b3

567 a7 al/3 (a1/3 + bl/3 X) T oo

([1473] a2 b2 x)’

Result (type 4, 272 leaves):
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_ - 3b(-5Ab+14a8B
_A+3Ab 14aB ( + a)]\/m+

7 x7 56 a x* 112 a? x

_p)1/3
(71)1/6 3*/4b? (-5Ab+14aB) \/ (71)5/6 [1+ u
a1/3

a1/3 a2/3

\/1+ (—b)l/sx ) (—b>2/3x2

\/ (71>5/67 i(-b)Y3x
al/3

-i+/3 EllipticE[ArcSin|

o ], (71)1/3] . (71)1/3

\/_ <_1>5/6 i(b)¥3x

Sl ]|/ [ o

EllipticF [ArcSin|

31/4

Problem 195: Result unnecessarily involves imaginary or complex numbers.
J\/a+bx3 (A+BX3>

X11

dx

Optimal (type 4, 614 leaves, 7 steps):

| 15
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(11Ab-20aB) Va+bx* 3b(11Ab-20aB)Va+bx?

+ —

140 a x’ 1120 a2 x*
3b? (11Ab-20aB) Va+bx® 3b7/3(11Ab-20aB)Va+bx?
. -
448 a3 x 448 33 ((1+ﬁ) al/3 , pl/3 x)

A (a+bx3)3/2

-3 3Y44/2-4/3 b7? (11Ab-20aB) (a¥/?+b'?x)

10 a x1°@

2/3 _ 41/3 y1/3 2/3 2 1-+/3 ) a3 b3 x
X b X ) ipticE [Arcsin| ) |, -7-43] /
((1+\E) al/3+b1/3x)2 (1+\/?) al/3 4 pl/3 x

1/3 (g1/3 , pl/3
896 a®/> il L) \Ja+bx? |+ [3¥%b73 (11Ab-20aB) (a'?+b*’x]
((1+\/?) a1/3+b1/3x)2

2/3 _ 41/3 11/3 2/3 2 1-+/3 ) a3 :p3x
2 aTb X bTIX EllipticF [ArcSin| ) B —7—4\/?} /
((1+\/?) a1/3+b1/3x>2 (1+\/?) al/3 4+ bl/3 x

1/3 1/3 b1/3
224+/2 a8/3 2 (a ! X> ; Ja+bx®
(1443 ) a3 s b3

Result (type 4, 284 leaves):
1

224023 x™°
Ja+bx® (224a®A+16a® (3Ab+20aB) x>+6ab (-11Ab+20aB) x®+15b? (11Ab-20aB) x°) +

(-1)223%4 (_b)7/ (11Ab - 20a8B) \/ (-1)°/8 [1+ %:3)(

(—b)1/3x (—b)2/3x2 \/<1>5/6 - 7:1/31/3)(
1. . \/3 EllipticE[Arcsin| 1, (1)) +
al/3 32/3 31/4

\/_ (_1>5/6 _i(b)¥3x

alﬁ

(-1)*° EllipticF [ArcSin|

], (_1)1/3} /[448a7/3\/m

31/4
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Problem 202: Result unnecessarily involves imaginary or complex numbers.

sz’ (a+bx3)3/2 (A+Bx3> dx

Optimal (type 4, 336 leaves, 5steps):
54a? (23Ab-8aB) xVa+bx?

+

21505 b2
18a (23Ab-8aB) x*+/a+bx* 2 (23Ab-8aB) x* (a+bx3)3/2
+ +
4301 b 391b

2B x* (a+bx3)5/2

136 334+/2++/3 a3 (23Ab-8aB) (a¥?+b*3x)

23b

2/3 _ 41/3 p1/3 2/3 2 1-4/3 ) a3+ pl/3x

2 L L. EllipticF[ArcSin[( ) ],-7-4%?}/
((1+ﬁ) a1/3+b1/3x)2 (1+ﬁ) al’3 4 pl/3 x

a1/3 a1/3 + b1/3 X
21505 b7/3 ( ) rJa+bx3

((1+\E) a1/3+b1/3x)2

Result (type 4, 229 leaves):

m 54a2(-23Ab+8aB)x 2a(46aAb+27aB)x4
a+bX

7 2 10
- + + (23Ab+26aB)x+—be
21505 b? 4301b 391 23

(_b)l/BX (_b)Z/BXZ
1+ al/3 " a2/3

b>1/3 X

al/3

361 3%4a% (23Ab-8aB) J (-1)°/8 [-1+ -

\/_ (_1)5/6 i (-b)Y/3 x

i 1, (-1)*7] /(21505 (-b)*?b2/a+bx?

EllipticF [Ar‘cSin [

31/4

Problem 203: Result unnecessarily involves imaginary or complex numbers.

j(a+bx3)3/2 (A+Bx?) dx

Optimal (type 4, 299 leaves, 4 steps):
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18a (17Ab-2aB) xVa+bx}* 2 (17Ab-2aB) x (a+bx?)>?

+ +

935b 187 b

2B X (a+bx3)5/2

+]18 3%44/2+4/3 a’ (17Ab-2aB) (a'/?+ b3 x)

17 b

2/3 _ 21/3 141/3 2/3 2 1-/3 ) a3+ b3 x

2 A Tb X b EllipticF[ArcSin| ) ],—7—45}/
[(104/3) a2 oex)? (1243 ) a2 bt s

935 b4/3 a1/3 <a1/3 + b1/3 X> W

((1+\/?) a1/3+b1/3x)2

Result (type 4, 202 leaves):

) (7b>1/3 (a+bx?) (a (238Ab+27aB) x+5b (17Ab+20aB) x*+55b?Bx’) +

_p)1/3
9i3%%a’? (17Ab-2aB) \/ (71)5/6 [1+ u
a1/3

\/1+ (—b)l/Sx ) (—b)2/3 2

a1/3 a2/3

\/_ (_1)5/6_ i(-b)Y2x

al/3

EllipticF [ArcSin|

] <_1>1/3] /(935 (_b)4/3\/m

31/4

Problem 204: Result unnecessarily involves imaginary or complex numbers.

dx

J(a+bx3)3/2 (A+BX?)

x3

Optimal (type 4, 295 leaves, 4 steps):
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)3/2

9 (11Ab+4aB) x (oo - (11Ab+4aB) x (a+bx?

110 22 a

A (a+bx3)5/2

+ ]9 33442, 4/3 a(11Ab+4aB) (a'?+b3x)

2 ax?

2/3 _ 41/3 1/3 2/3 2 1-+/3 ) a3 +b¥3x

2 a b X bTx EllipticF[ArcSin[( ) ],7774\/?}/
((1+\E) a1/3+b1/3x)2 (1+\/?) al/3 4 pl/3 x

a1/3 (a1/3+b1/3 X>
110 b*/3 ; \Ja+bx®

((1+\/?) a1/3+b1/3x)

Result (type 4, 193 leaves):

\Ja+bx? —aA+i(11Ab+14aB)x+ibe4 +
2x2 55 11
—b 1/3 —b 1/3 —b 2/3 2
91 33/4 343 (11Ab+4aB)\/(—1)5/6 [-1+u \/1+< ) X+< )"
al/3 a1/3 aZ/B

\/_ (_1)5/6 _i(b)¥3x

> |, (-1)*3] /(119<—b)1/3\/m

EllipticF|[ArcSin|

31/4

Problem 205: Result unnecessarily involves imaginary or complex numbers.

J(a+bx3)3/2 (A+BX3)

x6

dx

Optimal (type 4, 297 leaves, 4 steps):
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9b (Ab+2aB) xa+bx> (Ab+2aB) (a+bx?)*?
20a 4ax?

A b 3\5/2
Alarbx)™ +19 3¥%4/2++/3 b¥3 (Ab+2aB) (a¥/?+b¥3x)

5ax’

2/3 _ 41/3 11/3 2/3 2 1-+/3 ) a3 :p3x

T b XX EllipticF[ArcSin[( ) ],_7-4\/?}/
((1+\/?) a1/3’+b1/3x)2 (1+\/?) al/? 4+ b3 x

al’3 (al/3 4 b1/3 x) .
20 ((1+\/?)a1/3+b1/3x)2 2rbx

Result (type 4, 193 leaves):
[ aA -13Ab-10aB 2bBx

+ +

5 x> 20 x2 5

Ja+rbx® +

_p)1/3
91133/4a1/3b(Ab+2aB>\/(—1)5/6 [-1+7< )
al/3

\/_ (_1)5/6 _i(-b)¥3x

), ) / (28 (5] oo

EllipticF [ArcSin|

31/4

Problem 206: Result unnecessarily involves imaginary or complex numbers.

dx
9

J<a+bx3)3/2 (A+Bx3)

X

Optimal (type 4, 302 leaves, 4 steps):
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9b (Ab-16aB) Va+bx> (Ab-16aB) (a+bx3)3/2

+ —

320 a x? 80 ax°®

A (a+bx3)5/2

-9 3¥%4/2++/3 b*3 (Ab-16aB) (a'?+ b’ x)

8ax8

2/3 _ 41/3 11/3 2/3 2 1-+/3 ) a3 :p3x

T b XX EllipticF[ArcSin[( ) ],_7-4\/?}/
((1+\/?) a1/3’+b1/3x)2 (1+\/?) al/? 4+ b3 x

a1/3 (a1/3 + b1/3 X)
320a RE \Ja+bx3
((1+\/?)a +b X)

Result (type 4, 209 leaves):

aA -19Ab-16aB b (27Ab+208aB
- + - ( )]wa+bx3+

8 x8 80 x° 320 a x?

_p)1/3
9i3%*b? (-Ab+16aB) \/ (71)5/6 [1+ u
a1/3

a1/3 a2/3

\/1+ (—b)1/3X ) (—b>2/3x2

\/ (71)5/6 _i(-b)¥3x

| st (e e

EllipticF [ArcSin|

31/4

Problem 207: Result unnecessarily involves imaginary or complex numbers.

Jx“ (a+bx3)3’/2 (A+Bx3> dx

Optimal (type 4, 614 leaves, 7 steps):

| 21
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54 a2 (5Ab-2aB) x2vVa+bx> 18a (5Ab—2aB) x>Va+bx3

+ —

8645 b? 1235b
216a° (5Ab-2aB) Va+bx? 2 (5Ab-2aB) x° (a+bx3)3/2
+ +
8645b%2 [ (1++/3 | a¥/2 + b2 x| 95b

2Bx° (a+bx3)5/2

+ |108  3V/4./2 /3 alo/3 (5Ab-2aB) (a'?+b'3x)

25b

2/3 _ 41/3 1/3 2/3 2 1-+/3 ) a3 +b13x

2 a b TxbTx EllipticE [ArcSin| ) ],7774\/?}/
((1+\E) al/3+b1/3x)2 (1+\/?) al/3 4 pl/3 x

31/3 (a1/3 + pl/3 x)
45 p8/3 30 _
8645 b 5 \/a+bx

((14—\/?) a1/3+b1/3x)

a2/3 _ a1/3 b1/3 X + b2/3 X2

((1+\/?) a1/3+b1/3x)2

72+/2 3*/4a%’? (5Ab-2aB) (a'/?+b'?x) J

(1_\/?) al/3 4+ bl/3

EllipticF[ArCSi“[(l V3 ) 8t b
+ ar’ T+ X

|, -7-43]/

a1/3 (31/3+b1/3 X)
8/3 3
8645 b ((1+\/?) 31/3+b1/3x)2 \/a+bx

Result (type 4, 283 leaves):
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1

43225 (7b)8/3 JVa+bx3

2|(-b)*? (a+bx?) (135a® (5Ab-2aB) x*+7ab (550Ab+27aB) x° +91b? (25Ab +28aB) x* +

(7b)1/3x

1729b°Bx™) + 180 (-1)*33%/4alY3 (5Ab-2aB) J (-1)%® [-1+
a1/3

L (_p)1/3
(C0)7x  (-b)27x J(l)swgﬁfﬁ y
1+ + /3 EllipticE[ArcSin| 1, (-1)*°] +
a1/3 a2/3 31/4

\/_ (_1>5/6 _i(b)¥3x

al/3

(-1)*/® EllipticF [ArcSin| |, (1)

31/4

Problem 208: Result unnecessarily involves imaginary or complex numbers.

Jx (a+bx3)3’/2 (A+Bx3) dx

Optimal (type 4, 581 leaves, 6 steps):
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18a (19Ab-4aB) x*Va+bx?

+

1729 b
5422 (19Ab-4aB) Va+bx3 2 (19Ab-4aB) x? (a+bx?)*?
+ +
1729 b5/3 ((1+\E) al/3 . pl/3 x) 247 b

2B x? (a+bx3)5/2

27 3V4\/2_+/3 Q73 (19Ab-4aB) (a'/?+b'3x)

19b

2/3 _ 41/3 11/3 2/3 2 1-+/3 ] a3 +b3x

2 A Tb X b EllipticE[ArcSin[( ) ],-7-4%?}/
((1+ﬁ) a1/3+b1/3x)2 (1+\/?) al’3 4 pl/3 x

1/3 1/3 1/3
a a + b/ x
1729 b>/3 ( ) \Ja+bx3 |+

([1+73) a2 602 x)?

a2/3 _ a1/3 b1/3 X + b2/3 X2

((1+\/?) al/3+b1/3x)2

18+/2 334373 (19Ab-4aB) (a'?+b'?x) \I

1-V3 )l b3 x

(1+\/?) al’3? + bl/3 x

EllipticF[ArcSin|

|, -7-4v3]|/

a1/3 31/3+b1/3X
1729 b>/3 ( ) ; rJa+bx3

((1+\E) al/3 . pl/3 x)

Result (type 4, 262 leaves):
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1

1729 (7b)5/3 Va+bx3

2| (-b)*? (a+bx?) (a(304Ab+27aB) x*+7b (19Ab+22aB) x*+91b?Bx®) -

\/1+ (—b)l/SX ) (_b)z/s 2

9 (12239453 (19Ab-428) J (1) |-

\/_ <_1>5/6_ i(-b)¥3x

al/3

/3 EllipticE[ArcSin| I, (-1)*°] «

31/4

\/ (71>5/6 _i(-b)¥3x
al/3

(-1)°® EllipticF [ArcSin| e 1, (-1)*7]

Problem 209: Result unnecessarily involves imaginary or complex numbers.

dx

J(a+bx3)3/2 (A+Bx3)

x2

Optimal (type 4, 573 leaves, 6 steps):
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+ —

91 91 b2/3 ((1 +ﬁ) al/3 | pl/3 x) 13a

9 27a (13Ab+2aB) Va+bx*  (13Ab+2aB)x? (a+bx?)>?
— (13Ab+2aB) x*\/a+bx® +

A (a+bx3>5/2

27 3V4N[2 /3 a%3 (13Ab+2aB) (a'/?+b*?x)

ax
2/3 _ 41/3 11/3 2/3 2 1-+/3 ) a3 :p3x
A X b EllipticE[ArcSin[( ) ],_7-4\/?}/
((1+\/?) a1/3’+b1/3’x)2 (1+\/?) al’? + b3 x

al/3 (al/3 L pl/3
182 b?/3 ( > \Ja+bx3 | +

((1+\/?) a1/3’+b1/3x)2

a2/3 _ al/3 pl/3 x 4+ p2/3 2

([1473) a2 02 x)?

9+/2 3*%a%3 (13Ab+2aB) (a'/?+ b3 x) J

1—\/?) al/3 4 pl/3 x

(1+\E) al/3 4+ bl/3 x

EllipticF [Ar‘cSin [

|, -7-4v3]|/

a1/3 (a1/3 + b1/3 X)
91 b2/3 rJa+bx3

([1473) a2 b2 x)?

Result (type 4, 254 leaves):

\Ja+bx3

aA 2 ) 2 s
—— — (13Ab+16aB) X +—be)+
x 91 13

(—b)1/3 X

al/3

a1/3 a2/3

\/1+ (—b>1/3x ) <—b)2/3x2

9 (71)1/6 33/43%/3 (13Ab+2aB) \/ (71)5/6 [1+

\/_ (_1>5/6 _i(-b)¥3x

al/3

~i+/3 EllipticE [ArcSin| Ta [» (-1)*?]
3

\/_ (_1>5/6_ i(-b)Y3x

T /(o2 (-0)72 a0

(-1)*? EllipticF [ArcSin| e
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Problem 210: Result unnecessarily involves imaginary or complex numbers.

dx
5

J(a+bx3)3/2 (A+BxX?)

X

Optimal (type 4, 578 leaves, 6 steps):
9b (7Ab+8aB) x*Va+bx}

+

56 a
27bY3 (7Ab+8aB) Va+bx* (7Ab+8aB) (a+bx})>? A (a+bx})®?
56((1+ﬁ)a1/3+b1/3x) 8 ax 4ax

a2/3 _ a1/3 b1/3 X + b2/3 X2

((1+\/?) al’3 4+ bl/3 x 2

27 3Y4+/2-/3 a'?b?? (7Ab+8aB) (a'/?+ b3 x)

13 | at b3 x

1473 ] 2 b

EllipticE [Ar‘cSin [

|, -7-43]/

a1/3 (31/3 + b1/3 X)

112 Ja+bx3 | + |9 334313 pl/3 <7Ab+8aB) (a1/3+b1/3x)
((1+\/?) a1/3'+b1/3'x)2
2/3 _ 41/3 11/3 2/3 2 1--/3 ) a3+ pl/3x
G L S EllipticF[ArcSin| ( ) - |, -7-4+/3] /
(103 ) 2 orex)? (1043 ) o b

1/3 1/3 b1/3
282 Gl G X) vJa+bx3

((1+\E) a1/3+b1/3x>2

Result (type 4, 254 leaves):

| 27
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va+bx3 (bx3 (77A-163x3)+14a(A+4Bx3)) 1
56 x* 56 \a+ b x3
1/6 33/4 J2/3 1/3 5/6 (—b)1/3x
9(—1) 3343 (-b) (7Ab+8aB) (-1) -1+T

-1+/3 EllipticE[ArcSin|
J1/3 32/3 31/4

1/3 2/3 2 _ (_1>5/6 ! Hi):/ax
J“(b) S { T, )

al/3

\/ (71>5/6 i(-p)¥3x
(-1)*? EllipticF [ArcSin| e ], (-1)*7]

Problem 211: Result unnecessarily involves imaginary or complex numbers.

dx

J(a+bx3)3/2 (A+Bx3)

x8

Optimal (type 4, 576 leaves, 6 steps):
9b (Ab+14aB)Va+bx> 27b*3 (Ab+14aB)/a+bx* (Ab+14aB) (a+bx?)*?
_ . _

112 ax 112a((1+\/?) a1/3+b1/3x) 56 a x*

A (a+bx3)5/2

- |27 3Y4+2-+/3 b*? (Ab+14aB) (a¥/?+b'3x)

7ax’
2/3 _ 21/3 141/3 2/3 2 1-4/3 ) a3 4+p1/3x
all-a b X b X E1lipticE [ArcSin| ( ) |, -7-4+/3] /
([1043 ] a4t [104/3) o b
1/3 1/3 b1/3
224 a%/3 G G X) \Ja+bx? |+ |9 3¥4b*3 (Ab+14aB) (a3 +bYx]
((1+\/?) a1/3+b1/3x)2

2/3 _ 21/3 11/3 2/3 2 1-+/3 ) a3 +b1/3x
T2 XD X ) ipticF[Arcsin| | ) |, -7-4+/3] /
((1+\/?) a1/3’+b1/3x)2 (1+\/?) al/3 + bl/3 x

56\/7a2/3 a1/3 (a1/3+b1/3 X) ,7a+bx3

((1+\/?) a1/3+b1/3x)2

Result (type 4, 269 leaves):
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7 x7 56 x* 112 ax

aA -17Ab-14aB b (27Ab+154aB
- + - ( )]wa+bx3 +

L (_b)l/SX] \/1+ (_b)l/sx+ (—b)2/3X2

a1/3 a1/3 a2/3

9 (71)1/6 3%4b? (Ab+14 aB) \/ (71)5/6

\/ (71>5/67 i(-b)Y3x

al/3

-1+/3 EllipticE [ArcSin| ], (-1)Y2] + (-21)*7

31/4

\/_ <_1>5/6 i(b)¥3x

Sl ]|/ [ o

EllipticF [ArcSin|

31/4

Problem 212: Result unnecessarily involves imaginary or complex numbers.

dx

J(a+bx3)3/2 (A+Bx?)

Xll

Optimal (type 4, 608 leaves, 7 steps):
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9b (Ab-4aB) va+bx3 27b? (Ab-4aB) va+bx3

+ —

224 ax* 448 a2 x
27b73 (Ab-4aB) Va+bx}*  (Ab-4aB) (a+bx*)*? A(a+bx})>?
+ - +
448 32 ((1+\/?) al/3 4 pl/3 x) 28 a x’ 10 a x*®

2/3 _ 31/3 Kl/3 2/3 2
27 3Y47\[2-+/3 b”? (Ab-4aB) (a'/?+ b3 x) Al oAb X b
(1473 ) a2 bt x)?

(17\5) al/3 4 pl/3 x

(1+\/?) al’3 + b3 x

EllipticE [ArcSin|

|, -7-43]/

1/3 1/3 b1/3
896 a°/3 @’ (3t x) ; \Ja+bx® |- |9 3¥%p’3 (Ab-4aB) (a'?+b'?x)
((1+\/?) a1/3+b1/3x)

EllipticF [ArcSin|

2/3 _ 41/3 11/3 2/3 2 1-+/3 ) a3 :p3x
a at’? b2 x+ b7 x ) ],_7_4\/?} /
((1+\/?) a1/3+b1/3x>2 (1+\/?) al/3 4+ bl/3 x

1/3 1/3 b1/3
224+/2 a5/3 2 (a ! X> ; Ja+bx®
(1443 ) a3 s b3

Result (type 4, 282 leaves):
1

224022 x1°
Ja+bx® (224a2°A+16a® (23Ab+20aB) x>+2ab (27Ab+340aB) x°-135b? (Ab-4aB) x°) -

\/1+ (—b>1/3x ) (—b)2/3x2

(_b)1/3 X

9 (71>2/3 33/4 (—b>7/3 (Ab—4aB) \/ (71>5/6 [1+ T

a1/3 a2/3

al/3

\/3 EllipticE [ArcSin| o > (-1)*] +

\/_ (_1>5/6 _i(b)¥3x

a1/3

(-1)*° EllipticF [ArcSin|

], (_1)1/3} /[448a4/3\/m

31/4
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Problem 219: Result unnecessarily involves imaginary or complex numbers.

dx

X3 (A+Bx3)
e
Optimal (type 4, 270 leaves, 3 steps):

2 (11Ab-8aB) xVa+bx® . 2Bx*Va+bx®

55 b2 11b

a2/3 _ a1/3 b1/3 X + b2/3 XZ

((1+\/?) a1/3+b1/3X)2

4-/2++/3 a (11Ab—8aB) (a1/3+b1/3x)

13 | al3 b3 x

Ellip‘tiCF[Af‘CSin[(l \E) 1/3  pl/3
+ ar’ T+ X

], -7-4+3] /

1/3 (51/3 | p1/3
a at/? + bt/ x
55 - 31/4 p7/3 ( ) Ja+bx3

((1+\/?) a1/3+b1/3x)2

Result (type 4, 189leaves):

6 (-b)*"’x (a+bx?) (11Ab-8aB+5bBx?) -

_1)5/6 (_a1/3 _p)13x K 1/3 _h)2/3 2
41133/4a4/3(11Ab—8aB>\/< ) ( - (°0) )Ju(b) X+(b> a

a1/3 a1/3 a2/3

\/_ (_1)5/6 _i(b)¥3x

» ] (—1)1/3] /(165<—b)7/3x/a+bx3

EllipticF [ArcSin|

31/4

Problem 220: Result unnecessarily involves imaginary or complex numbers.
A+Bx3
J SR ax
Va+bx3
Optimal (type 4, 239 leaves, 2 steps):



32 | Mathematica 11.3 Integration Test Results for 1.1.3.4 (e x)~m (a+b x~n)”p (c+d x~n)”~q.nb

3
2BxNarbx ""bb" 2:/2+\/3 (sAb-2a8) (a¥ b3
5
2/3 _ 41/3 1/3 2/3 y2 1-+/3 ) a3 b3
2 A Tb X b EllipticF[ArcSin[( ) ],JJW?}/
(143 ) a3 b1 x]? (143 ) a2 b2 x

al/3 (a1/3 4 pl/3
5 . 3l/4p4/3 ( ) \Ja+bx3

((1+\E) a1/3+b1/3x>2

Result (type 4, 168 leaves):

2BxVa+bx3

(_b>1/3x

\/1+ (—b)l/sx ) <_b>2/3x2

a1/3 a2/3

-|2ia'? (5Ab-2aB8) \/ (71)5/" [1+7
a1/3

5b

\/_ (_1)5/6 _i(-b)¥3x

al/3 ], (71>1/3] /(5 31/4 (7b>4/3\/m

EllipticF [ArcSin|

31/4

Problem 221: Result unnecessarily involves imaginary or complex numbers.
A+BXx3
Ji dx
x>Va+bx3
Optimal (type 4, 243 leaves, 2 steps):

A/ 3
_AVaxbx® 2443 (Ab-4aB) (a'?+ b3 x)

2ax?
2/3 _ 41/3 y1/3 2/3 2 1-+/3 ) al3+bl3x
T b XX EllipticF[ArcSin[( ) ],7774\/?}/
((1+\/?) a1/3+b1/3x)2 (1+\/?) al/3 4 pl/3 x

1a 1 a1/3 <a1/3 + b1/3 X> .
2 34 3pY 5 A/a+bx

((1+\/?) a1/3+b1/3x)

Result (type 4, 170leaves):
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zaXZ a1/3 a1/3 a2/3

e L L B

\/ (71)5/6 i(=b)Y3x

al/3

EllipticF [Ar‘cSin [

1, (-1)*7] /(2 31/432/3(*b)1/3\/m)

31/4

Problem 222: Result unnecessarily involves imaginary or complex numbers.
A+BXx3
ji dx
x®+Va+bx3
Optimal (type 4, 274 leaves, 3 steps):
Ava+bx3 (7Ab-10aB)Va+bx}
- +

5ax° 20 a2 x?

+

a2/3 _ a1/3 b1/3 X + b2/3 x2

((1+\/?) al/3+b1/3X)2

2+4/3 b*? (7Ab-10aB) (a'/?+ b x) \I

(17\5) al/3 | pl/3

(1+\/?) al’3 + b3 x

EllipticF [ArcSin|

|, -7-av3]|/

a1/3 a1/3 + b1/3 X
20 31/4 aZ < ) a+bX3

((1+\/?) al/3+b1/3X)2

Result (type 4, 188 leaves):
Va+bx® (4aA-7Abx*+10aBX?)

- +
20 a? x°

(—b)l/Sx

al/3

-1+

b 1/3 b 2/3 2
j(b)2/3(7Ab+10aB>\/(1)5/6 \/1+ ( ) X+ ( ) X
a1/3 aZ/3

\/ (71)5/6 _i(-b)¥3x

1/3
- s (-1)*7] /(20 314353 \[a+bx?

EllipticF [ArcSin|

31/4
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Problem 223: Result unnecessarily involves imaginary or complex numbers.

dx

x* (A+Bx3)
e
Optimal (type 4, 548 leaves, 5steps):

2 (13Ab-10aB) x> /a+bx> . 2Bx5Va+bx®
91 b2 13b

8a (13Ab-10aB) Va+bx®

01693 ((1+ V3 | a3+ bi3 ]

v 4 3V42 /3 a%3 (13Ab-10aB) (a'?+ b3 x)

a2/3 _ al/3 pl/3 y 4 h2/3 x2 (1 -+/3 ) al/3 4+ bl/3 x
EllipticE [Ar‘cSin[

((1+\/?) a1/3+b1/3x)2 (1+\/?) al/3 , pl/3 x

|, -7-4v3]|/

1/3 1/3 L pl/3
91b%/2 il G k) - Jarbx’ |- |8+v2 a%? (13Ab-10aB) (a'? b ]
((1+\/?) a1/3+b1/3x)

a2/3 _ a1/3 p1/3 x | p2/3 y2 o ' (1—\/3 ) al’3 + bl/3 x
EllipticF [ArcSin|

((1+ﬁ) a1/3+b1/3x)2 (1+\/?) al/3 4 pl/3 x

|, -7-43]/

1/3 1/3 1/3
a a+/? + b2 x
91 314 p%?3 ( ) \Ja+bx?

([1473] a2 bv2x)’

Result (type 4, 243 leaves):
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2(3(-b)*?x* (a+bx?) (13Ab-10aB+7bBX*) +

(—b)1/3x

al/3

\/1+ (—b)1/3x ) (—b)2/3x2

4 (-1)2/3 33/42°3 (13Ab-10aB) \/ (-1)>° [-1+
a1/3 a2/3

\/ (71>5/6 _i(-b)Y3x

al/3

\EEllipticE[Ar‘cSin[ "™ L (71)1/3} . (71>5/6
3

\/_ (_1>5/6 _i(b)¥3x

] (||| / [ e e

EllipticF [ArcSin|

31/4

Problem 224: Result unnecessarily involves imaginary or complex numbers.

dx

x (A+Bx3)
=

Optimal (type 4, 517 leaves, 4 steps):
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2Bx*Va+bx? 2 (7Ab-4aB) Va+bx?
+
7b 7 b5/3 ((1+1/3 ) a1/3+b1/3x)

2/3 _ 31/3 KB1/3 2/3 2
3V442-4/3 a'? (7Ab-4aB) (a'?+b'3x) a almbTT X+ b7 x
(143 ) a2 b2 x]?

13 | at b3 x

1473 ] 2 b

EllipticE [Ar‘cSin [

|, -7-43]/

a1/3 <a1/3 + b1/3 X)

7 b>/3 Na+bx® |+ [2+/2 a3 (7Ab-4aB) (a'’?+ b3 x)
((1+\/?) a1/3+b1/3x)2
2/3 _ 41/3 11/3 2/3 2 1-+/3 ] a3 +b3x
G L S EllipticF[ArcSin| ( ) |, -7-4+/3] /
(1043 2 oo x)? [104/3) o b
L g al/3 (a1/3 L pl/3 x) T =

((1+\/?) a1/3+b1/3x>2

Result (type 4, 231 leaves):

2Bx2+Va+bx3
7b

(7b)1/3x

al/3

_p)1/3 _p)?/3 g2
2 <71)1/632/3 (7Ab4aB)\/<1>5/6 [1+ \/1+ < 3/3 X+ ( )2/3 X
a a

\/ (71)5/6 _i(-b)¥3x

al/3

-1+/3 EllipticE [ArcSin| ], (-1)*2] + (-21)*7

31/4

_ <_1>5/6 _i(b)¥3x

1/3
EllipticF[ArcSin| i . 1, (-1)*?] /(7 314 (-b)>?+Ja+bx?
3
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Problem 225: Result unnecessarily involves imaginary or complex numbers.
A+BXx3
J R - T
x2\/a+bx3
Optimal (type 4, 509 leaves, 4 steps):

Ava+bx3 (Ab+2aB)\/a+bX3
- +

ax ab2/3((1+\/?)a1/3+b1/3x)_

2/3 _ 41/3 Kl/3 2/3 2
3v4[2-/3 (Ab.2a8) (a1/3+b1/3x)Ja g b X DX

((1+\5) a1/3+b1/3x)2

(17\5) al/3 | pl/3
+\/?) al/3 L pl/3 x

EllipticE [ArcSin|

), -7-4v3]|/

=

al/3 (31/3 + pl/3 X)

2 a2/3 p?/3 \Ja+bx® |+ ﬁ(Ab+2aB) (a'?+ b3 x)
((1+\E) a1/3+b1/3x)2
2/3 _ 41/3 11/3 2/3 2 1-+/3 ) a3 :p3x
a2 b X X ) ipticF[Arcsin| ) ],_7-4\/?}/
((1+\/?) a1/3’+b1/3x)2 (1+\/?) al/? 4+ b3 x

1/3 (g1/3 | pl/3
31/4 42/3 p2/3 a <a + X> - [a+bx3
((1+\/?) a1/3+b1/3x)

Result (type 4, 225leaves):

AVarbx (-1)*° (Ab+2aB) \/ (-1)°° (-1+ (-b)"x
a1/3

\/1+ (—b)1/3x ) (—b)2/3 2

a1/3 a2/3

ax

\/ (71)5/67 i(-b)¥3x

al/3

~i+/3 EllipticE[ArcSin| ], (-1)*2] + (-21)*7

31/4

J_ <_1>5/6 _i(b)¥3x

al/? 1, (-1)*?] /(31/4 a1/3 (—b)2/3m

EllipticF [ArcSin|

31/4
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Problem 226: Result unnecessarily involves imaginary or complex numbers.
A+BXx3
J———————dx
x>va+bx3
Optimal (type 4, 550 leaves, 5 steps):

AvVa+bx®> (5Ab-8aB)+va+bx* b3 (5Ab-8aB)+a+bx?
_ N _

43 x4 8ax 8a2((1+\/?)a1/3+b1/3X)+

a2/3 _ a1/3 b1/3 X + b2/3 X2

((1+\/?) a1/3+b1/3x)2

39442 \/3 b¥3 (5Ab-8aB) (a¥/3+b¥3x)

(17\5) al/3 | pl/3

(1+\/?) al’3 + b3 x

EllipticE [ArcSin|

), -7-4v3]|/

1/3 (41/3 , p1/3
16 a°/3 &t (a¥ X) ; \Ja+bx®> | - |b¥? (5Ab-8aB) (a'?+b'?x)
((1+\/?) a1/3+b1/3x)

a2/3 _ al/3 pl/3 y 4 h2/3 y2 o . 1-+/3 ) al/3 4+ bl/3 x
EllipticF [Ar‘cSm[

((1+\/?) a1/3+b1/3x)2 (1+\/?) al/3 4 pl/3 x

|, -7-4v3]|/

1/3 1/3 b1/3
4-/2 314 55/3 2 (a ! X) ; Ja+bx3
((1+\/?) a1/3+b1/3x)

Result (type 4, 249 leaves):
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a+bx 5Abx>-2a (A+4Bx
\/73 3 3

8a%x*

(-1)Y® (-b)** (-5Ab+8aB) \/ (-1)°/ [1+<:3:3XJ \/1+ (:3:% + (ba>22/;3xz

B (71)5/67 i(=b)¥3x

al/3

~i /3 EllipticE [ArcSin]| " [ (-2)*7] -
3

\/_ (_1>5/6 _i(b)¥3x

v
A P /(s 34293 \[a 1 b

(-1)*? EllipticF [ArcSin|

31/4

Problem 227: Result unnecessarily involves imaginary or complex numbers.
A+Bx3
Ji dx
x®+a+bx3
Optimal (type 4, 581 leaves, 6 steps):



40 | Mathematica 11.3 Integration Test Results for 1.1.3.4 (e x)~m (a+b x~n)”p (c+d x~n)”~q.nb

Ava+bx3 (11Ab—14aB) Vva+bx3

— + —

7ax’ 56 aZ x*
5b(11Ab-14aB) Va+bx* 5b%3(11Ab-14aB) Va+bx?
" -
112 a3 x 112 a3 ((1+\/?) al/3 4 pl/3 x)

2/3 _ 41/3 K/l/3 2/3 y2
5 314243 b (11ab-14aB) (al? pl3x) | &2 DX TPTX
((1+\/?) a1/3+b1/3X2

=

( 7\5) al/3 | pl/3

(1+\/?) al’3 + b3 x

EllipticE [ArcSin|

|, -7-43]/

1/3 1/3 b1/3
224 3%/3 2 <a . X> 5 \Ja+bx? | +|5Db%3 (11Ab-14aB) (a1/3+b1/3x)
((1+\/?) a1/3+b1/3x)

EllipticF [ArcSin|

2/3 _ 41/3 11/3 2/3 2 1-+/3 ) a3 :p3x
a at’? b2 x+ b7 x ) ],_7_4\/?} /
((1+\/?) a1/3+b1/3x>2 (1+\/?) al/3 4+ bl/3 x

1/3 (g1/3 4 pl/3
s67 3eats | IO R
((1+\/?) a1/3+b1/3x)

Result (type 4, 269 leaves):

! 13 (a+bx?) (16a°A+2a (-11Ab+14aB) x> +5b (11Ab-14aB) x®) +

336a3Va+bx® | X

_1)5/6 (_31/3Jr (—b)1/3 x)

a1/3

5(-1)%°3%4a%2 (-b)*? (11Ab-142a8) \/

[B) 1Pk [5) o
1+ + -1 +/3 EllipticE [ArcSin]| [s (-2)*7]+
al/3 32/3 31/4

al/3

\/_ (_1> 5/6 i (-b)3x
(-1)*? EllipticF [ArcSin|

J» (-2)*7]

31/4
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Problem 234: Result unnecessarily involves imaginary or complex numbers.

dx

Jx6 (A+BX3)

(a + bx3)3/2

Optimal (type 4, 300 leaves, 4 steps):

2(11Ab—14aB) x4 2B x? 16 (11Ab—14aB)xx/a+bx3
, N N ,
33b2+va+bx3 11b+va+bx3 165 b?

aZ/S _ a1/3 b1/3 X + b2/3 XZ

1443 ) a2 a0tk
({13 )

32+/2+/3 a(11Ab-14aB) (a'?+b'3x)

=

[( _\/?) al/3 L pl/3

EllipticF [ArcSin
(1+\E) al/3 4+ bl/3 x

|, -7-433]|/

1/3 1/3 1/3
a a/?+b'>x
165 31/4 b10/3 ( ) / a+ b X3

1+\E a1/3+b1/3X 2
[{r+V3] )

Result (type 4, 205 leaves):

-6 (-b)¥?x (-1122’B+3b2x> (11A+5Bx?) +a (88Ab-42bBx?)) +

a1/3 al/3 a2/3

_1)5/6 [_g1/3 _p) 13y 173 y2/3 2
321'133/4a4/3(11Ab14aB>\/< ) ( +( ) >\/1+<b> X+(b> X

\/_ (_1)5/6 _i(-b)¥3x

o (2] e e

EllipticF [ArcSin|

Problem 235: Result unnecessarily involves imaginary or complex numbers.

dx

jx3 (A+BX3)

(a + bx3)3/2

Optimal (type 4, 269 leaves, 3 steps):
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2 (5Ab-8aB) x 2Bx*

+ +

15b2+va+bx3 5bva+bx3

a2/3 _ g1l/3 pl/3 x 4 p2/3 x2

([1473] a2 bv3x)’

4+/2+/3 (5Ab-8aB) (a1/3+b1/3x)\l

(1_ﬁ) al/3 , pl/3
(1+\/?) al/3 4+ bl/3 x

EllipticF[ArcSin|

|, -7-4v3]|/

1/3 1/3 1/3
a a2+ b2 x
15 3Y4p7/3 ( ) \Ja+bx?

([1473] a2 bv2x)’

Result (type 4, 182leaves):

6 (-b)">x (-5Ab+8aB+3bBx?) +

(_1>5/6 (_a1/3+ (—b)1/3 x) \/1+ (7b)1/3x (—b)2/3 X2

41i3%*a'? (5Ab-8aB) +
a1/3 a1/3 a2/3

\/ (71)5/6 _i(=b)Y3x

31/4 ik I (71>1/3] /(45 (7b)7/3\/m

EllipticF [Ar‘cSin [

Problem 236: Result unnecessarily involves imaginary or complex numbers.
A+Bx3
—dx
J(a+bx3)3/2

Optimal (type 4, 251 leaves, 2 steps):
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2 (Ab-aB
M+ 2\/2+\/? (Ab+2aB) (a1/3+b1/3x)

3abva+bx3
2/3 _ 21/3 141/3 2/3 2 1-+/3) a3 4+pl/3x
2 A Tb X b EllipticF[ArcSin[( ) ],JJW?}/
([(10) a2 b1 )’ (1443 ) at s b2 x

1/3 1/3 1/3

a at’? + b x

3 31/4ab4/3 ( > ’a+bx3
2

((1+\/?) a1/3+b1/3x)

Result (type 4, 176 leaves):

-6 (-b)** (Ab-aB) x+

21 33/431/3 (Ab+2aB)
a1/3 a1/3 a2/3

(-2)7 [+ (-0)""x) J [0 7x (o)

J (71)5/6 i(=b)Y3x

— al/3 ]’ <71>1/3] /[Qa (7b>4/3 [4+bx3

EllipticF [Ar‘cSin [

Problem 237: Result unnecessarily involves imaginary or complex numbers.
A+Bx3
j— dx
x* (a+bx?)*?

Optimal (type 4, 272 leaves, 3 steps):
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A (7Ab-4aB)x

2ax?vVa+bx3 6a2+a+bx3

a2/3 _ gl/3 pl/3 x 4 p2/3 x2

([1473 ] a2 box]?

2+4/3 (7Ab-4aB) (a1/3+b1/3x)\l

(1_ﬁ) al/3 | pl/3
(1+\/?) al/3 4+ bl/3 x

EllipticF[ArcSin|

|, -7-4v3]|/

1/3 (41/3 , p1/3
a a“’/? +b*°x
6 31/4 a2 b1/3 ( ) la + b X3

((1+\/?) a1/3+b1/3x)2

Result (type 4, 193 leaves):

-3 (-b)”3 (3aA+7Abx>-4aBx?) -

(_1>5/s (_a1/3+ (—b>1/3x) \/1+ (7b)1/3x ) (—b)2/3 X2

i3**al? (7Ab-4aB) x*
a1/3 a1/3 a2/3

\/ (71)5/6 _i(=b)Y3x

al/3 ], (71>1/3] /(18a2 (fb)1/3x2\/m

EllipticF [Ar‘cSin [

31/4

Problem 238: Result unnecessarily involves imaginary or complex numbers.
A+Bx3
J— dx
x® (a+bx?)*?

Optimal (type 4, 304 leaves, 4 steps):
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A 13Ab-10aB 7 (13Ab-10aB) Va+bx?
- - + +
5ax°Va+bx® 15a’x*Va+bx’ 60 a° x?

a2/3 _ a1/3 b1/3 X + b2/3 X2

((1+\/?) a1/3+b1/3x)2

7+/2++/3 b2/3 (13Ab-10aB) (a'?+ b3 x)

1—\/?) al/3 4+ bl/3 x

(1+\E) al’? 1 b1/3 x

EllipticF [Ar‘cSin [

|, -7-4v3]|/

1/3 1/3 1/3
a at’? + b3 x
60 - 31/4 33 ( ) \Ja+bx3

((1+\/?) a1/3+b1/3x)2

Result (type 4, 218 leaves):

\Ja+bx3

A 17Ab-10aB 2b (-Ab+aB) x
- ; -
5a%x° 20 a3 x? 3a° (a+bx?)

_p)1/3
7ib (-13Ab+10aB) (-1)5/6 -1+u
a1/3

<_b>1/3X <—b>2/3X2
1+ a1/3 - aZ/3

\/_ (_1)5/6 _i(b)¥3x

1/3
. s (-1)*7] /(6@ 314a%3 (-b)Y? Ja+bx?

EllipticF [ArcSin|

31/4

Problem 239: Result unnecessarily involves imaginary or complex numbers.

Jx“ (A+Bx3) 5
———dx

(a+bx3)3/2

Optimal (type 4, 547 leaves, 5 steps):

| a5
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2(7Ab-1eaB)x2 2B x5 8(7Ab-1eaB) Va+bx3
- + +
21b2/a+bx3 7bva+bx3 21b8/3((1+ﬁ) a1/3+b1/3x)

4\/ﬁa1/3 (7Ab-102aB) (a'/?+b'’x) a?? -2l bt x b2
(133 ) a4 b2 x)
13 ] a2 b

EllipticE[ArcSin[(l V3 ) et bt
+ ar’ T+ X

|, -7-43]/

a1/3 (a1/3 + b1/3 X)

((1+\/?) a1/3+b1/3’x)2

7 33/4 b8/3

Ja+bx3 |+

a2/3_a1/3 b1/3x+b2/3 X2
8+/2 al’3 (7Ab-1eaB) (a1/3+b1/3x) ;
(1443 ) a3 4013 x)
1-+/3 ) al/3 4 pl/3 x

EllipticF[Ar‘cSin[
(1+\E) al/3 4+ bl/3 x

|, -7-4v3]|/

a1/3 (a1/3 + b1/3 X)

([1473) a2 b2 x)?

21 31/4 b8/3

\Ja+bx3

Result (type 4, 236 leaves):

~{[2|-3(-b)*?x* (-7Ab+10aB+3bBx) +

(—b>1/3X
4 (—1)2/3 33/43?/3 (7Ab-10aB) (-1)5/6 [-1+ v
a

\/1+ (—b)1/3X ) (_b>2/3 2

a1/3 a2/3

\/_ (_1>5/6 _i(b)¥3x
al/3

A3 EllipticE [Ar‘cSin [

v }’ (_1)1/3} . (_1>5/6

J_ (_1>5/6 _i(b)¥3x

1/3
EllipticF[ArcSin| s . ], (-1)Y?] /(63 (-b)®2/a+bx?
3
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Problem 240: Result unnecessarily involves imaginary or complex numbers.

X (A+Bx3)

Jidlx
<a+bx3)3/2

Optimal (type 4, 524 leaves, 4 steps):

2 (Ab-aB) x? 2 (Ab-4aB) Va+bx

3ab+a+bx3 3ab5/3((1+\/?)a1/3+b1/3x)

+

a2/3 _ a1/3 b1/3 X + b2/3 X2

1443 ) a2 4 b1 x)?
[(1++3) )

2-+/3 (Ab-4aB) (a'?+ b3 x)

1—\/?) al/3 4 pl/3 x

(1+\E) al/3 4+ bl/3 x

EllipticE [Ar‘cSin [

|, -7-av3]|/

1/3 1/3 1/3
33/4 a2/3 b5/3 a <a +b X) ; [a+bx3
((1+ﬁ) a1/3+b1/3x)

a2/3 _ g1l/3 pl/3 x 4 p2/3 x2

((1+\/?) a1/3+b1/3x)2

22 (Ab-4aB) (a/?+b*3x)

=

_ﬁ) al/3 L pl/3
3 ) 8t bix

EllipticF[ArcSin|

|, -7-4v3] |/

=

1/3 1/3 1/3
a a*’? +b*°x
3 31/4 a2/3 b5/3 ( ) ’a+bx3

([1473] a2 bv2x)’

Result (type 4, 235leaves):

| a7
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1
9abVa+bx®
2 ! 1/6 33/4 ,2/3 71)5/6 (—a1/3+ (*b>1/3x)
2|3 (Ab-aB) x*+ (-1)7°3**a*?b (Ab-4aB)
<fb>5/3 -

B (71>5/67 i(-b)Y3x
J B (o)
+

TR ~i+/3 EllipticE[ArcSin| e ], (-1)*2] «

al/3

\/_ (_1>5/6 _i(h)Y3x

(-1)*? EllipticF [ArcSin| ]» (-1)*7?]

31/4

Problem 241: Result unnecessarily involves imaginary or complex numbers.
A+BXx3
J— dx
x2 (a+bx3)3/2

Optimal (type 4, 548 leaves, 5steps):
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A (5Ab-2aB>x2 (5Ab—2aB)x/a+bx3

+ —

ax‘Va+bx3 3a2+v/a+bx3 3a2b2/3((1+ﬁ) a1/3+b1/3x)

a2/3 _ a1/3 b1/3 X + b2/3 XZ

((1+\/?) a1/3+b1/3x)2

2-+/3 <5Ab—2aB) (a1/3+b1/3x)\l

13 | at b3 x

1473 ] 2 b

EllipticE [Ar‘cSin [

|, -7-43]/

1/3 (g1/3 4 pl/3
2 33/433/3 p2/3 2 (- d ; Na+bx® |+
((1+\/3)a1/3+b1/3x)

a2/3 _ a1/3 b1/3 X + b2/3 X2

[(1473) a2 02 x)?

V2 (5Ab-2aB) (a1/3+b1/3x)J

=

N \/?) al/3 L pl/3
VT | @b x

EllipticF [Ar‘cSin [

|, -7-4v3]|/

=

1/3 1/3 1/3
a a’? +b*°x
3 31/4 a5/3 b2/3 ( ) ’a+bx3

([1473) a2 b2 x)?

Result (type 4, 243 leaves):

(—b)1/3x

al/3

-3 (-b)?? (3aA+5Abx>-2aBx?) - (-1)*?3%4a%3 (5Ab-2a8) xJ (-1)°° [-1+

[ g

Jo (1)) +

_p)1/3 )23 %2
\/1+ (-6) 7" x + (-6) 7" x \/?EllipticE[Ar‘cSin[

al/3 32/3 31/4

al/3

\/ (71)5/67 i(=b)¥3x

(-1)°/® EllipticF [ArcSin|

(21| / o5t () fasbe

31/4
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Problem 242: Result unnecessarily involves imaginary or complex numbers.
A+Bx3
J— dx
x° (a+bx?)*?

Optimal (type 4, 580 leaves, 6 steps):

A 11Ab-8aB 5(11Ab—8aB)\/a+bx3
_ _ N _
4ax*a+bx? 12a?x+a+bx3 24 a° x

5 bl/3 (11Ab—8aB) va+bx3

24 a3 ((1+\/?) a1/3+b1/3x)

+154/2-/3 bt/3 (11Ab-8aB) (a'/?+ b3 x)

a2/3 _ al/3 pl/3 y 4 h2/3 x2 (1 -+/3 ) al/3 4+ bl/3 x
EllipticE [Ar‘cSin[

((1+\/?) a1/3+b1/3x)2 (1+\/?) al/3 4 pl/3 x

), -7-4v3]|/

1/3 (41/3 , pl/3
a a/? +b*3x
16  33/4 38/3 ( ) - Ja+bx3

((1+\/?) al/3 | pl/3 X)

a2/3 _ a1/3 b1/3 X + b2/3 X2

((1+\/?) a1/3+b1/3x)2

5bl/3 (11Ab—8a B) (a1/3 +bt/3 x)

1—\/?) al/3 + bl/3 x

1043 ) a5 x

EllipticF [Ar‘cSin [

|, -7-av3]] /

1/3 1/3 b1/3
12+/2 31/48/3 2 (a ! X> ; \Ja+bx®
((1+\/?) a1/3+b1/3x)

Result (type 4, 266 leaves):
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3(-b)?? (55Ab*x°+abx® (33A-40Bx?) -6a% (A+4BX3)) +

(7b)1/3x

al/3

\/1+ (—b)1/3x ) (—b)2/3x2

5 (-1)2/3 334a23pb (11Ab-8aB) x4\/ (-1)>° [-1+
a1/3 a2/3

\/ <71>5/67 i(-b)Y3x

al/3

\EEllipticE[Ar'cSin[ "™ L (71>1/3] . (71>5/6
3

\/_ <_1>5/6_ i(-b)¥3x

] ()| e () e

EllipticF [ArcSin|

31/4

Problem 243: Result unnecessarily involves imaginary or complex numbers.
A+Bx3
J— dx
x8 (a+bx3)3/2

Optimal (type 4, 611 leaves, 7 steps):
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A 17Ab-14aB 11 (17Ab-14aB)Va+bx?
_ _ N _
Z7ax’Va+rbx? 21a%2x*+/a+bx3 168 a3 x*
55b (17Ab—14aB) vJa+bx? 55b%/3 (17Ab—14aB) va+bx3

336 a* x ' 336 3% ((1+\/?> al/3 4 pl/3 X)

a2/3 _ a1/3 b1/3 X + b2/3 X2

551/2-+/3 b*? (17Ab-14aB) (a¥/?+b'3x)
((1+\/?) a1/3+b1/3x)2

(17\5) al/3 4 pl/3 x

1073 ] 2 b

EllipticE [ArcSin|

|, -7-43]/

a1/3 (a1/3+b1/3 X)
224 . 33/4 311/3 Ja+rbx3 |+

((1+\/?) a1/3+b1/3x>2

a2/3 _ a1/3 b1/3 X + b2/3 X2

((1+\/?) a1/3'+b1/3'x)2

55b%3 (17Ab-14aB) (a'/?+b'3 x)

1—\/?) al/3 4 bl/3 x

(1+ﬁ) al’? 1 b1/3 x

EllipticF [Ar‘cSin [

|, -7-av3]|/

1/3 1/3 b1/3
168 /2 31/4 a11/3 2 (a ! X) ; \Ja+bx3
((1+\/?) a1/3+b1/3x)

Result (type 4, 292 leaves):
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1

1008 a* (7b)2/3 x’Va+bx3

-3 (—b)2/3 (935Ab*x° +11ab?x® (51A-70BX*) +122° (4A+7Bx?) -6a’bx® (17A+77Bx?)) -

<7b>1/3x

55 (-1)2/3 33/4a23b? (17Ab - 14 aB) X7\/ (_1)5/6 {_1+ "
a

i (_p)1/3
(—b)1/3X (—b)2/3 2 \/<1>5/6L(?b1)/3;x 13
1+ + /3 EllipticE [ArcSin| 1, (-1)*?] +
a1/3 a2/3 31/4

\/_ (_1>5/6 _i(b)¥3x

al/3

(-1)*'® EllipticF [ArcSin| s (-1)*?]

31/4

Problem 249: Result unnecessarily involves imaginary or complex numbers.

st (A+Bx3) 5
— " dx

(a+bx3)5/2

Optimal (type 4, 299 leaves, 4 steps):
2 (5Ab-14aB) x* 2B x’ 16 (5Ab-14aB) x

+ - +

PEFS (a+bx3)*?  5b(a+bx?)*?  135p3/a+bx®

a2/3 _ al/3 b1/3 X + b2/3 X2

((1+\/?) a1/3+b1/3x)2

324/2++/3 (5Ab-14a8) <a1/3+b1/3x)\|

(17\/?) al/3 4 bl/3

1473 ] 2 b

EllipticF [ArcSin|

], -7-4+3] /

a1/3 a1/3 + b1/3 X
135 - 31/4ptess ( ) Ja+bx3

((1+\/?) a1/3+b1/3x)2

Result (type 4, 205 leaves):
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~11213 (-b)1/3x (112a%B+b*x* (-55A+27Bx?) +a (-40Ab+154bBx?)) +16 i 3*/4a"/3

(7b>1/3X

(5Ab—14aB)\/(—1)5/6 [-1+17/3

\/1+ (7b)1/3x+ (-b) 7 (a+bx?)

al/3 a2/3

J (71)5/6 i(=b)Y3x

al/3

31/4 ], (-1)*3] /(405 (-b) 073 (a+bx3)3/2)

EllipticF [Ar‘cSin [

Problem 250: Result unnecessarily involves imaginary or complex numbers.

dx

Jx3 (A+BX3)
(a+bx3)5/2
Optimal (type 4, 283 leaves, 3 steps):

2 (Ab-aB) x* 2 (Ab+8aB) x

9ab (a+bx3)3/2 27ab2+/a+bx3

2/3 _ 41/3 KB1/3 2/3 2
4\/244/3 (Ab+8aB) (al?.bi3x) |2 b™'" X+ b7 X
((1+\/?)a1/3+b1/3x)2

+

13| et bt x

(1+\E) al/3 4+ bl/3 x

EllipticF[ArcSin|

|, -7-4v3] |/

1/3 1/3 1/3
a a2+ b2 x
27 3Y%ap’? ( ) Ja+bx?

([1+33) a2 602 x)?

Result (type 4, 199 leaves):
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2i |-3i (_b)1/3x (-8a’B+2Ab?x>-ab (A+11Bx?)) +

2 33413 (Ab+8aB)\/<—1)5/6 [-1+L1/3X] J1+ (7b>mx+ (-0 (a+bx?)

al/3 al/3 32/3

J (71)5/6 i) Y3x

al/3

31/4 I (71>1/3] /(818 <fb>7/3 (a+bx3)3/2)

EllipticF [Ar‘cSin [

Problem 251: Result unnecessarily involves imaginary or complex numbers.
A+Bx3
Ji dx
(a+bx?)>?
Optimal (type 4, 283 leaves, 3 steps):
2 (Ab-aB) x 2 (7Ab+2aB) x

+

.
9ab (a+bx3)3/2 27a2b+va+bx3

a2/3 _ a1/3 b1/3 X + b2/3 X2

((1+\/?) a1/3+b1/3x)2

2 2+\/? <7Ab+2aB> <a1/3+b1/3x)\l

[(1_\/?) al/3 4 bl/3

EllipticF [Ar‘cSin
(143 ) a2 b2 x

|, -7-43]/

1/3 (g1/3 | pl/3
27 31/4 a2 b4/3 2 (a ! X> 5 wa+bx3
((1+\/?) a1/3+b1/3x)

Result (type 4, 199 leaves):
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~11213 (-b)1/3x (-a?B+7Ab2x*+2ab (5A+BX3)) +

<7b>1/3X

(7b) 2/3 x2

i3*4a'? (7Ab+2aB) J (-1)*° (-1+7
a1/3

J (71)5/6 i(=b)Y3x

al/3

EllipticF [Ar‘cSin [

_p) /3
\/1+ ( ) X+
a1/3

31/4 s <71>1/3] / (81a2 <7b>4/3 (a+bx3>3/2)

a2/3

(a+bx?)

Problem 252: Result unnecessarily involves imaginary or complex numbers.

A+Bx3
j— dx
x3 (a+bx3)5/2
Optimal (type 4, 300 leaves, 4 steps):
A (13Ab—4aB)x 7(13Ab—4aB)x

2ax? (a+bx3)3/2 18 a2 (a+bx3)3/2 54a3+/a+bx3

2/3 _ 41/3 p1/3 2/3 2
7\m<13/-\b—4a8) (al/3+b1/3x> a a b X+b X
((1+\/?> 81/3+b1/3x)2

13 | al3 b3 x

EllipticF[A“Si“[(l VT ) 8t b
+ ar’ T+ X

|, -7-43]/

1/3 (g1/3 | pl/3
54 31/4 83 b1/3 2 (a ! X> 5 wa+bx3
((1+\/?) a1/3+b1/3x)

Result (type 4, 210leaves):
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~91Ab2x8+a? (—27A+40Bx3) +a (—130Abx3+28be5)

+
54 a3 x2 <a+bx3)3/2

(7b)1/3x

a1/3

(—b)1/3X (—b>2/3X2
+

al/3 a2/3

7i (-13Ab+4aB) (-1)5/6 [-1+ 1+

\/_ (_1)5/6 _i(b)¥3x

at/3 1, (_1>1/3] /(54 31/4 8/3 (—b)1/3 W}

EllipticF[ArcSin| T
3

Problem 253: Result unnecessarily involves imaginary or complex numbers.
A+Bx3
J— dx
x8 (a+bx3)5/2
Optimal (type 4, 334 leaves, 5steps):

A 19Ab-10aB 13 (19Ab-10aB)

- - +

5ax® (a+bx3)3/2 45 a2 x2 <a+bx3)3/2 135a3x2vVa+bx3

91 (19Ab—10aB) Vva+bx3

+191+/2++/3 b2/3 (19Ab-10aB) (a'/?+b'?x)

540 a* x?
2/3 _ 41/3 11/3 2/3 2 1-+/3 ] a3 +b3x
2 aTb X b EllipticF[ArcSin[( ) ],-7-4%?}/
(103 ) a1 oo x)? (1043 ) o b

1/3 1/3 1/3
a a + b x
540 - 31/4 3% ( ) \Ja+bx?

((1+\/?) a1/3+b1/3x>2

Result (type 4, 228 leaves):

| 57
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5187 Ab*x° +3a’b x> (513A-1300Bx>) + 390 ab*x® (19A-7Bx?) -162a> (2A+5Bx?) - 911 3%/*

_p)1/3
a'? (-b)*? (19Ab-10a8B) x* | (-1)*° -1+7( ) “x
al/3

al/3 a2/3

\/1+ (—b)l/Bx ) (—b)2/3x2

al/3

\/ (71>5/67 i(=b)Y3x

(a+bx?) EllipticF [ArcSin| ], (-1)?] /(1620a4x5 (a+bx3>3/2)

31/4

Problem 254: Result unnecessarily involves imaginary or complex numbers.

dx

x7 (A+Bx3)
J(a+bx3)5/2
Optimal (type 4, 577 leaves, 6 steps):
2(7Ab—16aB)x5 2B x8 20(7Ab—16aB)x2
_ . _
63b2 (a+bx?)>?  7b(a+bx*)??  189b3/a+bx3
80 (7Ab—16aB) Vva+bx3

189 b11/3 ((1+\E) al/3 , pl/3 x)

+

- |40+/2-+/3 a'? (7Ab-16aB) (a'/?+b'?x)

EllipticE [ArcSin|

a2/3 _ a1/3 pl/3 x | p2/3 y2 (1—\/?) al’3 + bl/3 x T
, —7-4+/3 /
\I((1+ﬁ)a1/3+b1/3x)2 (1+\/?)a1/3+b1/3x] )

1/3 (41/3 , p1/3
a a*’? +b?x
63 . 33/4pll/3 < ) AJa+bx3 |+

((1+\/?) a1/3+b1/3x)2

a2/3 _ a1/3 b1/3 X + b2/3 XZ

((1+\E) a1/3+b1/3x)2

80+/2 al/? (7Ab-16aB) (a'?+ b x) J

1-V3 ) all b3 x

(1+\/?) al’? + bl/3 x

EllipticF[ArcSin|

|, -7-4v3]|/

a1/3 a1/3 + b1/3 X
189 31/4 b11/3 ( ) ; la + bX3

((1+\E) al/3+b1/3x)
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Result (type 4, 265 leaves):
1

567 (-b)**"? (a+ bx3)3/2

23 (—b)2/3x2 (160a*B +b?x* (-91A+27Bx?) +a (-76Ab +208bBx?)) -

(7b)1/3x

al/3

\/1+ <—b)1/3x ) (—b)2/3x2

40(-1)2/333/4a2/3(7Ab_16aB) (_1)5/6 1+
a1/3 a2/3

\/ (—1) 5/6 i (;tl/)sl/?x

(a+bx?) [\/3 EllipticE[ArcSin| o 1, (-1)*?] +

\/_ (_1>5/6 _i(b)¥3x

al/3

(-1)*° EllipticF [ArcSin|

Jo (-2)*7]

Problem 255: Result unnecessarily involves imaginary or complex numbers.

dx

Jx“ (A+Bx3)

(a+bx3)5/2

Optimal (type 4, 559 leaves, 5 steps):
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2(Ab-aB)x* 2(Ab-18aB)x? 8 (Ab-10aB) Va+bx?

+

.
9ab (a+bx?)*? 27ab2\arbx? 27abs/3 ((1+ﬁ) a1/3+b1/3x)

a2/3 _ al/3 b1/3 X + b2/3 XZ

((1+\/?) a1/3+b1/3x>2

4-/2-+/3 (Ab—l@aB) (a1/3+b1/3x)J

13 | at b3 x

1473 ] 2 b

EllipticE [Ar‘cSin [

|, -7-43]/

1/3 (g1/3 | pl/3
a at’? +b*3x
9 33/4 32/3 p8/3 ( ) AJa+bx3 | -

((1+\/?) a1/3'+b1/3'x)2

a2/3 _ g1/3 pl/3 x 4 p2/3 x2

([1473) a2 b x)?

82 (Ab-10a8) (a1/3+b1/3x)\l

1—\/?) al/3 4 pl/3 x

(1+\E) al/3 4+ bl/3 x

EllipticF [Ar‘cSin [

|, -7-4v3]|/

1/3 (31/3 , p1/3
a a2 +b*?x
27 . 31/4 32/3 py8/3 ( ) \Ja+bx3

((1+\/?) a1/3+b1/3x)2

Result (type 4, 256 leaves):

2|3 (-b)*?x? (-10a2B+4Ab> x> +ab (A-13Bx?)) +

_p)1/3
4 (-1)%72 334323 (Ab—lOaB)\/(—1)5/6[—1+7( )
al/3

a1/3 a2/3

\/1+ (—b)l/Bx ) (—b>2/3x2

\/_ (_1>5/6_ i(-b)3x

al/3

(a+bx?) /3 EllipticE [ArcSin]| B (—1)1/3] + (—1)"5/6

31/4

/
al/3

J_ (_1>5/6 _i(-p)¥3x
EllipticF [ArcSin| e ], (-1)*?] / (81a G (a+bx3)3/2)
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Problem 256: Result unnecessarily involves imaginary or complex numbers.

Jx (A+Bx3) ax

<a+bx3)5/2
Optimal (type 4, 563 leaves, 5steps):
2 (Ab-aB)x* 2 (5Ab+4aB)x? 2 (5Ab+4aB)Va+bx?

+ +

9ab (a+bx3)3/2 27a2b+vVa+bx3 . 27 a2 b>/3 ((1+\/?) a1/3+b1/3x)

aZ/3 _ a1/3 b1/3 X + b2/3 XZ

([1473) a2 0 x)?

2-+/3 (5Ab+4aB) (a3 +b3x)

1—\/?) al/3 4 pl/3 x

(1+\E) al/3 4+ bl/3 x

EllipticE [Ar‘cSin [

|, -7-av3]|/

1/3 1/3 b1/3
9 33/4 a5/3 b5/3 a (a * X) ; a+bx3
([14v3] a2 bx)

a2/3 _ a1/3 b1/3 X + b2/3 X2

((1+\/?) a1/3+b1/3x)2

22 (5Ab+4aB) (a'/?+b'?x)

1-3 ) al’3 4+ b1/3 x

(1+\/?) al/3 4 bl/3

EllipticF[ArcSin|

|, -7-4v3] |/

1/3 1/3 1/3

a a2+ b x

27 31/4 a5/3 b5/3 ( > la 4 b X3
2

((1+\/?) a1/3+b1/3x)

Result (type 4, 257 leaves):

| 61
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~11213 (-b)2/3x2 (a?B+5Ab?x>+4ab (2A+BX?)) +

_b 1/3
<_1>2/333/4a2/3 (5Ab+4aB>\/<_1>5/6 {_1+u
al/3

al/3 a2/3

\/1+ (—b)1/3x ) (—b)2/3 2

al/3

\/ (71>5/6 _i(=p)¥3x
(a+bx?) [\/3 EllipticE[ArcSin| " |, (-1)*2] + (-1)%® EllipticF|
3

_ (_1)5/6_ i(-b)Y3x
al/3
ArcSin| e I, (-1)*?] / (81 a? (-b)*" (a+bx3)3/2)

Problem 257: Result unnecessarily involves imaginary or complex numbers.
A+Bx3
J— dx
x? (a+bx3)5/2

Optimal (type 4, 578 leaves, 6 steps):
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A (llAb—ZaB)xz 5(11Ab—ZaB)x2

- - - +

ax(a+bx3)3/2 9 a2 (a+bx3)3/2 27a3Va+bx3

5 (11Ab—2aB) Vva+bx3

27 a3 b2/3 ((1+\E) al/3 | pl/3 x)

—5+/2-4/3 (11Ab-2aB) (a'/?+b¥3x)

2/3 _ 41/3 p1/3 2/3 2 1-+/3 ] a3 +b3x
e e b X bX EllipticE[ArcSin[( ) ],-7-4ﬁ}/
([1+73) a2 bt x)? (13 ) a2 bt x
18  33/4 83 p2/3 2l (i + 6" x) Ja+bx3 |+
((1+\/?)a1/3+b1/3x)2
2/3 _ 31/3 KBl/3 2/3 2
542 (11Ab-2aB) (a3 +b!/3x) L L S
( 1+\E) a1/3+b1/3x)2
1-+/3 ) a3 :p3x
EllipticF[Ar‘cSin[( ) },—7—4\/?}/
(1+\/?)a1/3+b1/3x
27 31/4 a8/3 b2/3 31/3 <a1/3 + b1/3 X) /a 4 b X3
((1+\/?)a1/3+b1/3x)2
Result (type 4, 273 leaves):
1 3(55Ab2x6+a2 (27A—1GBX3)+2abX3 (44A—53x3)) 1
- +
81a’ (a+bx3)*? X (~b)?2

(_1)5/6 (_al/s+ (—b)1/3 x) \/1+ (7b)1/3x (—b)2/3 X2

a a a

J (71)5/6 i (-b)¥/3 x

al/3

(a+bx3) —Ji\/?EllipticE[ArcSin[ oy ], (—1)1/3] +

\/_ (_1)5/6 _i(b)¥3x

al/3

(-1)*? EllipticF [ArcSin| |, (-1)*7]

31/4
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Problem 258: Result unnecessarily involves imaginary or complex numbers.
A+Bx3
J— dx
x° (a+bx?)>?
Optimal (type 4, 610leaves, 7 steps):
A 17Ab-8aB 11 (17Ab-8aB)

4ax4 (a+bx3)3/2 36 a2 x (a+bx3)3/2 108a3x\Va+bx®

55 (17Ab—8aB) vJa+bx3 55bl/3 (17Ab—8aB) Vva+bx3
- +

216 a* x 216 a* ((1“/3 ) a1/3+b1/3x)

+

a2/3 _ a1/3 b1/3 X + b2/3 X2

((1+\/?) a1/3+b1/3x)2

55+/2-+/3 bl/3 (17Ab-8aB) (a'?+ b3 x)

=

( 7\5) al/3 4 pl/3 x

(1+\/3 ) al/3 4 bl/3 x

EllipticE [ArcSin|

|, -7-43]/

a1/3 a1/3 + b1/3 X
144 33/4 a11/3 ( ) " qla+bx3

((1+\/?) a1/3+b1/3x)

a2/3 _ al/3 b1/3 X + b2/3 XZ

((1+\/?) a1/3+b1/3x>2

55 b/3 (17Ab— 8a B) (a1/3 + b1/3x>

1—\/?) al/3 + bl/3 x

(1+ﬁ) al’? 1 b1/3 x

EllipticF [Ar‘cSin [

|, -7-43]/

1/3 1/3 b1/3
108 /2 31/4 a11/3 2 (a ’ X) ; \Ja+bx3
((1+\/?) a1/3+b1/3x)

Result (type 4, 293 leaves):
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1

648 a* (a+bx3)3/2

7%3 (—935Ab3x9+54a3 <A+4Bx3) +88ab?x® (—17A+SBX3) +a? (—459Abx3+704be6>) +
X

55 (-1)%/®3%*%a%3 (-b)*? (17Ab-8aB)

\/ (71>5/s (7‘.:]1/3Jr (—b)1/3x) \/1+ (—b)1/3X ) (—b)2/3x2 (a+bx3)

al/3 al/3 32/3

\/_ (_1>5/6 _i(b)¥3x

a1/3

-i+/3 EllipticE[ArcSin| 1, (_1)1/3] .

31/4

al/3

\/ (71>5/67 i(-b)Y3x

(-1)%? EllipticF [ArcSin| 1, (-1)Y?]

31/4

Problem 262: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.
J Verdx®
X

<4C+dx3)

dx

Optimal (type 3, 65leaves, 6 steps):
Ar‘cTanP:c“j S } Ar‘cTanhP:c“j X }
VRS Ve

C

23 C e
Result (type 6, 158 leaves):

1 1 3 C 4c
-[|2dx?+/c+dx® AppellF1|[=, - =, 1, =, - —, - — /
({ [2 2 2 dx3 dx3]
3 3 1 1 3 C 4c
(4c+dx) 3dx AppellFl[f,—f, 1, f,—i,fi}Jr
20 2 2 dx3  dx3

w

3 1 5 C 4c 1 5 C 4c
c (_SAppe:I-lFl[_: -=5 2, =, -/, ——] +/-\ppellF1[—, -1, =, -— _—]
2 2 2 dx3 dx3 2

N
N
|
Q
x
w
-
Q.
x
w
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Problem 263: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.
J Verdx®
X4

(4C+dx3>

dx

Optimal (type 3, 88leaves, 7 steps):

A/ c+d X3 A/ c+d X3
Nrowres dAr‘cTan[ﬁ\E} d ArcTanh | S ]
12 ¢ x3 S\ECB/Z 24 c3/2
Result (type 6, 319leaves):
1 3dx3 - 1 dx3 dx3
-3- +|12d*x® AppellF1[1, =, 1,2, - ——, - —| /
36x3vVc+dx3 c 2 ¢ 4c
3 1 dx3 dx3
(4c+dx?) |-8cAppellF1[1, =, 1,2, - ——, - — ] +
2 C 4c
3 1 dx3 dx3 3 dx3 dx3
dx® |AppellF1[2, —, 2,3, -——, - ——| +2AppellF1[2, =, 1,3, - —, - —| +
2 C 4c 2 C 4c
2 6 3 1 5 C 4c
(10d X6 AppellF1[ >, =, 1, 2, - =, _ ] /
272 2 dx3  dx3
3 3 3 1 5 C 4c
((4c+dx ) (—de AppellFl[ =, =, 1, =, - ——, - ——| +
2 2 2 d x3 dx3
5 1 7 C 4c 5 3 7 C 4c
C (8Appe11F1[—, =, 2, =y - ——, ——— | +AppellF1[ =, =, 1, =, - ——, - ——] ])
22 2 dx3 dx3 2 2 2 dx3  dx3

Problem 264: Result unnecessarily involves higher level functions.
Jx“ Ve+dx3

4c+dx3

dx

Optimal (type 4, 689 leaves, 7 steps):
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7 d5/3 ((1+\/?) cl/3 4 g1/3 x)

ﬁ 1/6 1/3+21/’3 d1/3
22378 ArcTan| SallC )
2x2Vc+dx3 50cVc+dx3 NI
7d

\/?d5/3

cl/6 (c1/3_21/3 41/3
2 21/3¢7/6 pncTan | Alerdx® ] 2 213 ¢7/6 ArcTanh |

NERYE ~ £/ c+d x3 .
ﬁ ds/3 ds/3

2 21/3 /8 Ar‘cTanhP:“dxz ]

. Ve 425 34[2_+/3 (43 (c1/3+d1/3x>
3d

c2/3 _ /3 d1/3 x + d2/3 x2

17\/?) /3, di/3
([1473] e avix)’

EllipticE [ArcSin|

(1+V3) C1/3+d1/3x], K /

c1/3 <C1/3 + d1/3 X)

((1+\/?) cl/3 , g1/3 X)

7 d5/3

; \e+dx® | - [504/2 ¢*/3 (M2 d3 )

C2/3 _ c1/3 d1/3 X + d2/3 XZ

((14—\/?) C1/3’+d1/3x)2

1—\/?) cl/3 4+ d3x

EllipticF[ArcSin| |, -7-4+/3] /
(1+\/?) cl/3 1 dl/3 x

cl/3 (C1/3 + d1/3 X)

((1+\/?) C1/3+d1/3’x)2

7 31/4 d5/3

\Je+dx3

Result (type 6, 343 leaves):
1

,(c 3 2 1 5 dx® dx?
————2x* |~ +x>+ 80P AppellF1[~, =, 1, —, - ——, - —] /
7V c+dx3 d 3 2 3 C 4c
3 2 1 5 dx?  dx? 3
d(4c+dx?) [-20cAppellF1[—, —, 1, =, - ——, - ——] +3dx
3 3 C 4c
5 1 8 dx3 dx3 5 3 8 dx3 dx3
AppellFl[ =, =, 2, —, - ——, - ——| +2AppellF1[ =, =, 1, —, - ——, - —|
3 2 3 C 4c 3 2 3 C 4c
, 5 5 1 8 dx® dx?
80 c? x> AppellFl[ =, =, 1, —, - ——, - —| /
3 2 3 C 4c
3 5 1 8 dx3 dx3 3
(4c+dx?) [32cAppellFl[=, =, 1, —, - ——, - ——] -3dx
3 2 3 C 4c
8 1 11 dx3 dx3 8 3 11 dx3 dx3
AppellFl[—, =, 2, —, - ——, - ——| +2AppellF1[—, =, 1, —, - ——, - ——|
3 2 3 C 4c 3 2 3 C 4c

| 67



68 | Mathematica 11.3 Integration Test Results for 1.1.3.4 (e x)~m (a+b x~n)”p (c+d x~n)”~q.nb

Problem 265: Result unnecessarily involves higher level functions.
Jx Ve+dx3
— dXx
4c+dx3
Optimal (type 4, 659 leaves, 5 steps):

\/? cl/6 [c1/3,21/3 ¢1/3 x
c'/6 ArcTan [ ( )

2\/C+dX3 3/ c+d X3
4 _
g42/3 ((1+ \/?) cl/3 4 g1/3 X) 22/3 /3 ¢2/3
Cl/é cl/3—21/3 d1/3 X
cl/e AI“CTan[E{UdXS } cl/e Ar‘cTanh[ ] cl/6 Ar‘cTanh[l{c*d x3 }
NERYES \ crd x3 ~ NS
22/3 /3 ¢2/3 22/3 d2/3 3 22/3 42/3

3174 T 3 an <c1/3 L g X) €2/3 _ c1/3 d1/3 x 4 d2/3 x2
((1+7/3) 22 raax)?

(17\5) cl/3 4 di/3

EllipticE[Ar‘cSin[(1 \/?) 1/3 | 41/3
+ S X

|, -7-43]/

cl/3 (C1/3 +di/3 X)

d?/3 NerdxE |+ |24/2 13 (c1/3+d1/3x)
((1+\/?) c1/3+d1/3x)2
2/3 _ ~1/3 41/3 2/3 2 1-+/3 ] c¥34+d¥3x
o dxdx EllipticF[ArcSin[( ) |, -7-4+3] /
(143 ) e ax]’ 143 ) e x
1/3 1/3 d1/3
31/4 C|2/3 c (C + X) ; C+dX3
(13 ceanx]®
Result (type 6, 167 leaves):
3 3
[10c:x2x/c+dx3 AppellFl] =, - =, 1, 5, —d—x, _dx})/
2 3 C 4c
1 5 dx3 dx3
((4c+dx3) (ZecAppellFl[—, -, s, e - — ] -
2 3 c 4c
5 1 8 x3 d x3 8 dx3 d x3
3dx® |AppellFl|[ =, - =, 2, —, - ——, - ——| -2 AppellF1[~, =, 1, —, - ——, - —|
3 2 3 C 4c 3 2 3 C 4c
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Problem 266: Result unnecessarily involves higher level functions.
J Verdx
X2

(4C+dx3>

dx

Optimal (type 4, 697 leaves, 7 steps):
3 c1/6 (le/3+21//3 41/3 X)

vec+dx3 d’3\/c+dx3 NS

- + - +

dcx ac((1eV3] @By 4 2233 506

d'/3 ArcTan|

cid 3 di/3 Ar‘cTanh[M] Ac+d X3
d/3 ArcTan | ] d/> ArcTanh | ]

R NITES . Nra
4 22/3 /3 C5/6 4 22/3 c5/6 12 22/3 c5/6

2/3 _ (1/3 41/3 2/3 2
314,/ /3 d1/3 <c1/3+d1/3x) /- d x+d¥ X
2

((1+\/?> c1/3+d1/3X)

[(1_ﬁ) cl/3 | g1/3

EllipticE [ArcSin
(1+\/?) cl/3 4 dl/3 x

|, -7-4v3]|/

C1/3 c1/3+d1/3x
8C2/3 ( ) ; 'C+dX3 + d1/3 <C1/3+d1/3 X)
((1+ﬁ) c1/3+d1/3x)

€2/3 _ c1/3 4173 y 4 d2/3 x2 o . 1-+/3 ) cl/3 4+ d3 x
EllipticF [Ar‘cSm[

((1+\E) c1/3+d1/3x)2 (1+\/?) /3, g1/3 x

|, -7-4v3]|/

1/3 (c1/3 , 41/3
2+/2 31/4¢23 (2 x) - A c+dx3
((1+\/?) c1/3+d1/3x)

Result (type 6, 344 leaves):

| 69
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1

5dx3 3 2 1 5 dx3 dx3
-5- + (250 cdx®AppellFl[ =, =, 1, =, - ——, - —| /
20xVc+dx3 c 3 2 3 C 4c
3 2 1 5 dx dx? 3
(4c+dx?) |20 cAppellF1[ =, =, 1, =, - ——, - ——] -3dx
3 2 3 C 4c
5 1 8 dx3 dx3 5 3 8 dx3
AppellFl[ =, =, 2, —, - ——, - ——| +2AppellF1][ =, =, 1, —, - ——
32 3 c 4c 372 3 c
. 5 1 8 dx3 dx3
16 d° x AppellFl[f -1, = -, *7} /
3 2 3 C 4c
3 5 1 8 d x3 d x3 3
(4c+dx?) |32cAppellFl[=, =, 1, —, - ——, - ——] -3dx
3 2 3 C 4c
8 1 11 dx3 d x3 8 11 dx3
AppellFl[—, =, 2, —, - ——, - —| +2AppellF1[—, =, 1, —, - —
3 2 3 C 4c 3 2 3 C

Problem 267: Result more than twice size of optimal antiderivative
Jx3 Ve+dx3

4c+dx3

X

Optimal (type 6, 66 leaves, 2 steps):
x‘M/WAppellFl[g, 1, -1, 7

2) 3J B

16c [1+ 9%

C

Result (type 6, 344 leaves):

X

5vc+dx3

R 3 1 1 4 dx* dx®
2(—+x)+ 128 ¢ AppellF1|—, —, 1, —,——,——}/
d 3 2 3

C 4c
3 1 1 4 dx3 dx3 3
d(4c+dx?) [-16 cAppellF1|[~, —, 1, —, - ——, - ——] +3dx
372 3 c 4c
4 1 7 dx3 dx3 4 3 7 d x3
AppellFl[—, =, 2, =, - ——, - ——| +2AppellF1[—, =, 1, —, - ——, - —|
3 2 3 C 4c 3 2 3 C
4 1 7 dx3 dx3
119 2 x3 AppellF1[ —, =, 1, —, - ——, - —| /
372 3 c 4c
3 4 1 7 dx®  dx3 s
(4c+dx?) |28 cAppellFl[—, =, 1, —, - ——, - ——] -3dx
3 2 3 C 4c
7 1 106 dx* dx® 7 3 10 dx3
AppellFl[—, =, 2, —, - ——, - —| +2AppellF1][—, =, 1, —, - —, - —|
3 2 3 C 4c 3 2 3 C

Problem 268: Result more than twice size of optimal antiderivative
JV c+dx3

4c+dx3

X

Optimal (type 6, 64 leaves, 2 steps):
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X
(g}
+
Q.
X
w
>
©
o
0]
=
=
M
=
w |k
-
=
-
|
[
w |
|
a
x
W
a
x
W

Result (type 6, 165leaves):

1 1 4 dx3 dx3
[16cxﬂc+dx3AppellFl[;,—;,l,—,——,——]

3 C 4 c
3 1 4 dx3 dx3
(4c+dx?) |16 cAppellF1[~, - =, 1, —, - ——, - — | -
2 3 C 4 c
3 4 1 7 x3 d x3 4 1 7 dx3 d x3
3dx® |AppellFl[—, - =, 2, =, - ——, - ——| - 2AppellF1[—, =, 1, =, - —, - —]
3 2 3 C C 3 2 3 C 4 c

Problem 269: Result more than twice size of optimal antiderivative.
J Ve+dx3
X3

(4c+dx3)

dx

Optimal (type 6, 66 leaves, 2 steps):
Verdx® AppellFi[-2,1, -1, 2, e, _dx]

27 3 4c c

3
8cx2 [1+9X
c

Result (type 6, 344 leaves):

1 2dx3 3 11 4 dx® dx?
-2- + 128 cd x® AppellF1[—, =, 1, —, - ——, - —| /
16 x2Vc +dx3 c 3 2 3 C 4c
3 1 1 4 dx3 d x3 3
(4c+dx?) |16 cAppellF1[~, —, 1, —, - ——, - ——] -3dx
372 3 c 4c
4 1 7 dx3 dx3 4 3 7 dx3 dx3
AppellFl]—, =, 2, —, - , - | +2AppellF1[—, =, 1, —, - , - ] +
3 2 3 C 4c 3 2 3 C 4c
- 4 1 7 dx*  dx3
7d2x6 AppellFl|—, —, 1, —, - ——, - —| /
3 2 3 C 4c
5 4 1 7 dx*  dx? 3
(4c+dx) —28cAppe11F1[f, =1, =, -— —7}+3dx
3 2 3 C 4c
7 1 10 dx3 dx3 7 3 10 dx3 dx3
AppellFl|—, =, 2, —, - ——, - ——| +2AppellF1][—, =, 1, —, - ——, - ——]|
3 2 3 C 4c 3 2 3 C 4c

Problem 273: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1
dx
Jxx/c+dx3 (4c+dx3)
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Optimal (type 3, 65leaves, 6 steps):
Ar‘cTan[Azﬁdxs ] Ar‘cTanh[Azﬁdxs ]
VRS

B ~ Ve
6+/3 c3/? 6c/?
Result (type 6, 160 leaves):
3 3 1 5 C 4c
[10dx AppellFl| =, =, 1, =, - ——, - —| /
2 2 2 d x3 d x3
. s R 3 1 5 c 4c
9+ c+dx® (4c+dx) |-5dx*AppellF1[=, =, 1, =, - ——, - ——| +
2 2 2 x3 dx3

5 1 7 C 4c 5 3 7 C 4c
c (SAppellFl[—, =, 2, =y - ——, ——— | +AppellF1][ =, =, 1, =, - ——, - —|
2 2 2 d x3 dx3 2 2 2 dx3 d x3

)

Problem 274: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1
dx
Jx“\/c+dx3 (4c+dx3)

Optimal (type 3, 88 leaves, 7 steps):
dAr‘cTan[@} dAr‘cTanh[@}

7x/c+dx3 N V3e | NG
122 x3 24 /3 ¢5/2 8 c°/2

Result (type 6, 324 leaves):

1 R _ 1 dx3 dx3
-c-dx?®- [4cd®x®AppellFl[1, =, 1,2, - ——, - —] /
12c2x3\/c+dx3 2 ¢ 4c
3 1 dx3 dx3
(4c+dx®) [8cAppellFl[1, =, 1,2, - —, - —] -
2 C 4c
, 1 dx3 dx3 3 dx® dx3
dx® |AppellFi[2, =, 2,3, - ——, - —| + 2AppellF1[2, =, 1,3, - —, - —| -
2 c 4c 2 C 4c
)6 3 1 5 C 4 c
10 cd?x® AppellFl| =, =, 1, —, - ——, - —|
2 2 2 dx3 dx3
3 3 3 1 5 C 4c
(4c+dx®) [-5dx*AppellFl[ =, =, 1, =, - ——, - —| +
22 2 dx3  dx3
5 1 7 C 4c 5 3 7 C 4c
8cAppellFl[~, =, 2, =, -——, - —— ] +cAppellF1[~, =, 1, =, - ——, - —| )
2 2 2 dx3 dx3 2 2 2 dx3 dx3

Problem 275: Result unnecessarily involves higher level functions.

x4

J\/c+dx3 (4c+dx?)
Optimal (type 4, 667 leaves, 5steps):

dx
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1/6 (c1/3,91/3 41/3
2 21/3 c1/5Ar‘cTan[ﬁc'/ (222 a2 x]

2Vc+dx3 \erdx®
. _
d5/3 ((1+4/3 ) cl/3 , g1/3 X) 3+/3 ¢5/3

5 9173 (1/6 Ar‘CTan[ {c+dx3 } 2 21/3 1/6 ArcTanh[M]
N A c+d X3

N
3+/3 d5/3 3d°2

2 21/3 1/6 Ar‘cTanh[@]
Ve C|3vanfa /3 3 (V2 + V3 x)

9d5/3

2/3 _ ~1/3 41/3 2/3 2 1-/3 ) c¥34di3x
e Tdxedix EllipticE[ArcSin[( ) |, -7-4+3] /
([(107) 2 atx)’ 143 ) s dix

d°/3 P (P4 d P x) Nerdx |+ |22 23 (c*?+d¥3x)

((1+\E) C1/3+d1/3x)2
2/3 _ ~1/3 41/3 2/3 2 1-+/3 ) c¥3 1 d¥3x
e d X d X EllipticF[ArcSin[( ) |, -7-4+/3] /
((1+\/?) C1/3’+d1/3x)2 (1+\/?) cl/3 4+ dl/3 x
1/3 1/3 d1/3
31/4 d5/3 ¢ (C + X) ; C+dX3
((1+\/?) C1/3+d1/3x)
Result (type 6, 169 leaves):
. 5 1 8 dxd dx
[32cx AppellFl[ =, =, 1, —, - ——, - —| /
3 2 3 C 4c
3 3
(Sx/c+dx3 (4c+dx?) 32cAppe11F1{E, l, 1, g, _d_x’ —d—X] -
3 2 3 C 4c
8 1 11 dx3 dx3 8 3 11 d x3 dx3
3dx |AppellFl|—, =, 2, =, - ——, - —— ] +2AppellF1[—, =, 1, —, - ——, - —| J]
3 2 3 C 4c 3 2 3 C 4c

Problem 276: Result unnecessarily involves higher level functions.

X

Jm (4c+dx3)

dx

Optimal (type 3, 206 leaves, 1step):
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/ / /' /
ArcTan| VB Ve (/o2 /o] ] ArcTan [ Jerd ]

- 3 c+d x3 . NERYES B
3 22/34/3 c5/6d2/3 3 22/34/3 c5/6d2/3
cl/6 [c1/3_21/3 41/3 X)
ArcTanh | ] Ar‘cTanh[ﬂ“d X3 l
) c+d x3 NES
+
3 22/3 c5/6 d2/3 9 22/3 C5/6 d2/3

Result (type 6, 167 leaves):

5 2 1 5 dx3 dx3
10 c x AppellFl[f, -1, = -—, —7] /
3 2 3 C 4c
. 3 2 1 5 dx3 dx3
\Je+dx® (4c+dx?) (20 cAppellF1[~, =, 1, =, - ——, - — | -
3 2 3 C 4 c
3 5 1 8 d x3 dx3 5 3 8 d x3 dx3
3dx3 |AppellF1[>, =, 2, =, -, - =] +2AppellF1[>, =, 1, —, -~ , - =]
3 2 3 C 4c 3 2 3 C 4c

Problem 277: Result unnecessarily involves higher level functions.

1
dx
szx/c+dx3 (4c+dx3)

Optimal (type 4, 697 leaves, 7 steps):
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1/6 [1/3,91/3 41/3
d1/3Ar‘cTan{ﬁC/ (et 2]

Ve+dx3 d3+c+dx3 Jerd
_ N N _
4c?x 4 c2 ((1+\/?> cl/3 . 41/3 x) 12 22/3./3 (l1/6

cl/6 [c1/3_21/3 41/3
d/3 Ar‘cTaan*dXB } di/3 Ar‘cTanh[ } d1/3 Ar‘cTanh[l c+d x3 }
NERYTS A/ c+d x3 NS

12 - 22/3./3 cl1/6 12 -~ 22/3 cll/e 36 - 22/3 c11/6

2/3 _ 1/3 41/3 2/3 2
314/ _ /3 d1/3(c1/3+d1/3x) - Pd x4+ dY X
2

((1+\/3)C1/3+d1/3x)

(1_\/?) cl/3 4, di/3 x

(1+\E) cl/3 4 dl/3 x

EllipticE[ArcSin|

|, -7-4v3]|/

cl/3 <c1/3 +dy/3 X)

g c5/3 [cvds3 |+ g3 (M2 + d3 x)
((1+\/?) c1/3+d1/3x)2
2/3 _ 1/3 g1/3 2/3 2 1-+/3 ] c¥/34d1/3x
< cdTx e dTTx EllipticF [ArcSin| ) |, -7-4+3] /
((1+\E) c1/3+d1/3x)2 (1+\/?) /3, d1/3 x
)3 34 503 c1/3 (173 4 d1/3 x)

d 3
T GE

Result (type 6, 348 leaves):

1 3 2 1 5 dx*  dx®
————— | |50dx AppellFl[—, -1, = -—, _—] /
20xVc+dx3 3 2 3 c 4c

3 2 1 5 dX3 dX3 3
(4c+dx?) |20 cAppellF1[—, —, 1, =, - , - ] -3dx
3 2 3 C 4c

5 1 8 d x3 dx3 5 3 8 d x3 dx3
AppellFl| =, =, 2, —, - ——, - —— | +2AppellF1[ =, =, 1, —, - —, - —| +
3 2 3 C 4c 3 2 3 C 4c

1 3 - 5 1 8 dx3 d x3
—|-5(c+dx®) + |16 cd*x®AppellF1[~, =, 1, —, - ——, - —| /
c? 3 2 3 C 4c
3 5 1 8 x3 dx3 3 8 1
(4c+dx?) |32cAppellF1[=, —, 1, —, - » - ——] -3dx? |AppellFi[—, =,
3 2 3 C 4c 3 2
11 dx3 d x3 8 3 11 d x3 dx3
2, —, - ——, - —— | +2AppellF1[—, =, 1, —, - ——, - —|
3 C 4 c 3 2 3 C 4 c

| 75



76 | Mathematica 11.3 Integration Test Results for 1.1.3.4 (e x)~m (a+b x~n)”p (c+d x~n)”~q.nb

Problem 278: Result more than twice size of optimal antiderivative.

x3

Jm (4c+dx3)

dx

Optimal (type 6, 66 leaves, 2 steps):

4 [q, 42 4 4 1 7 _de _de
xt [1s @ Appe11F1[3,1, o e s C]
16c/crde

Result (type 6, 167 leaves):

4 4 1 7 dx*  dx®
7cXx AppellFl[;, g, 1, —, -——, —7} /

3 c 4 c
3 3 4 1 7 dx®  dx?
Je+dx® (4c+dx?) [28cAppellFl[—, —, 1, —, - ——, - —] -
3 2 3 C 4c
3 7 1 10 dx3 dx3 7 3 10 d x3 dx3
3dx? |AppellFl|—, =, 2, —, - ——, - —— ] +2AppellF1[~, =, 1, —, - ——, - —|
3 2 3 C 4c 3 2 3 C 4c

Problem 279: Result more than twice size of optimal antiderivative.

1

Jm (4c+dx3)

dx

Optimal (type 6, 64 leaves, 2 steps):

dx3 1 1 4 dx3 dx3
x |1+ 9 AppellF1[l, 1, 2, 4, &, 4]
4cc+dx3

Result (type 6, 165 leaves):
1 1 4  dx3 dx3
16 c x AppellFl[~, =, 1, —, - ——, - —]
3 2 3 C 4c

/

3 3 1 1 4 dx3 dx3
\Je+dx® (4c+dx?) |16 cAppellF1[—, =, 1, —, - ——, - — | -
3 2 3 C 4c
3 4 1 7 d x3 d x3 4 3 7 d x3 dx3
3dx® |AppellFl|—, =, 2, —, - ——, - —— ] +2AppellF1|—, =, 1, —, - —, - —|
3 2 3 C 4c 3 2 3 C 4c

Problem 280: Result more than twice size of optimal antiderivative.

1
dx
Jx3\/c+dx3 (4c+dx3)

Optimal (type 6, 66 leaves, 2 steps):
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dx3 2 101 dx3 dx3
[1+ e AppellFl[—;, 1, 2 5 -5 _T}

8cx2Vc+dx3
Result (type 6, 348 leaves):
1 3 1 1 4 dx3 dx3
——————||128d x> AppellF1[~, =, 1, —, - , - ]/
16 x2Vc+dx3 3 2 3 c 4c
3 11 4 dx3  dx® 3
(4c+dx?) |-16 cAppellF1[~, =, 1, —, - ——, - —— ] +3dX
3 2 3 C 4c
4 1 7 dx3 dx3 4 3 7 dx3 dx3
AppellFl[—, =, 2, —, - ——, - ——| +2AppellF1[—, =, 1, —, - ——, - —| +
32 3 c 4c 372 3 c 4c
1 4 1 7 dx3 dx3
{2(c+dx3)(7cd2x6Appe11F1[, =1, -y -] /
c? 3 2 3 c 4c
3 4 1 7 dx*  dx? 3 7 1
(4c+dx?) |28 cAppellFl[—, —, 1, —, - ——, - ——] -3d X’ |AppellF1|—, —,
3 2 3 C 4c 3 2
10 dx3 dx3 7 3 10 dx3 dx3
2, —, - —/—, - | +2AppellF1[—, =, 1, —, - ——, - ]
3 C 4c 3 2 3 C 4c

Problem 281: Result unnecessarily involves higher level functions.

J X dx
J1-x3 (4-x3)

Optimal (type 3, 127 leaves, 1step):

\E 1-21/3 y 1/3
ArcTan W13 ArcTanh [ 122X
i [ 1 . ArcTan | \/?X ] i [ Ji . ArcTanh [v/1-x* |
3 22/34/3 3 2233 3223 9 223

Result (type 6, 120 leaves):

5 2 1 5 , %
- | |10 x? AppellFi[ =, =, 1, =, x*, —| /
372 3 4
2 1 5 x3
(x/l—x3 (-4+x%) [20AppellFl[—, —, 1, =, X*, — |+
372 3 4
s 5 1 8 L, X 5 3 8 L, X
3x3 |AppellF1[ =, =, 2, —, x>, —| +2AppellF1[ =, =, 1, —, x3, —|
372 3 4 372 3 4

Problem 286: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

j Ve+dx3
e

dx
<8c—dx3)

Optimal (type 3, 58 leaves, 6 steps):
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Ar‘cTanh[l%] Ar‘cTanh[@]
C

C

a~c 12+/c
Result (type 6, 158 leaves):

1 C 8c
[2dx3x/c+dx3 AppellFl[—, - =, 1, =, - ——, —| /
2 2 dx3 dx3
3 3 1 3 C 8¢
(-8c+dx?) [3dx AppellFl|—, - =, 1, =, - ——, — | +
2 2 2 dx3 dx3
3 1 5 [« 8¢ 3 1 5 C 8c
C (16AppellF1[—, =2, =y -, —] +App611F1[—, -1, = - — ])
2 2 2 dx3 dx3 2 2 2 dx3 dx3

Problem 287: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Jm

4 (8c-dx?)

dx

Optimal (type 3, 81 leaves, 7 steps):

3c+dx3 c+d X3
NPy d ArcTanh | 35] 5dAr‘cTanh[3z\E ]

_ . _
24 ¢ x3 32 c3/2 96 c3/2

Result (type 6, 321 leaves):

1 3dx3 - 1 dx3 dx3
-3- +|24d*x® AppellFl[1, =, 1,2, - ——, —| /
72x3\/c+dx3 c 2 c 8¢
3 1 dx3 dx3
(8c-dx?) |16 cAppellF1[1, =, 1,2, - ——, — | +
2 c  8c
R 1 dx3 dx3 3 dx® dx3
dx® |AppellFi[2, =, 2,3, -——, — | -4AppellF1[2, =, 1,3, - —, —| +
2 C 8c¢C 2 C 8¢
)6 3 1 5 C 8¢
50 d* x® AppellF1[~, =, 1, =, - ——, —]
2 2 2 dx3 dx3
3 3 3 1 5 C 8¢
(-8c+dx®) |5dx?AppellFl[ =, =, 1, =, - ——, —| +
2 2 2 dx? dx3

5
16 c AppellF1| —,
2

N |

7 C 8¢ 5 3 7 C 8c
) 2: T T T —] _CAPPEIlFl[_J ) 1: T T T —})]
2 dx3 dx3 2 2 dx3 dx3

N

Problem 288: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Ve+dx3
Jx7

(8c-dx?)

dx

Optimal (type 3, 107 leaves, 8 steps):
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2 A/ c+d X3 2 A/ c+d X3
_\/c+dx3 _d\/c+dx3 d2 ArcTanh | e }er ArcTanh | - ]

4
48 c x° 64 c? x3 256 c°/2 256 c°/2

Result (type 6, 341 leaves):

1 3d2 2 7d 3 3 1 dx3 dx3
_ = +(12d xAppellFl[l, 1,2, -—, 7]/
96/ c+dx3 2c2 x®b 2cx? 2 c 8c
3 1 dx3 dx3
c(8c-dx?) 16 c AppellF1(1, =, 1,2, - ——, — | +
2 C 8c
s 1 dx3 dx3 3 dx3 dx3
dx3 |AppellF1[2, =, 2,3, - ——, —| -4 AppellF1[2, =, 1,3, -—, — ||| +
2 C 8¢ 2 C 8¢
3 3 3 1 5 C 8¢
5d®x* AppellF1[ =, =, 1, =, - ——, —|
2 2 2 dx3 dx3
3 3 3 1 5 C 8¢
c(8c-dx?) |5dx’AppellF1[ =, —, 1, =, - ——, — | +
2 2 2 dx3 dx3
5 1 7 c 8¢ 5 3 7 C 8¢
16cAppellF1[f, — 2, =, - —, 7] —CADPEHFI[*, — 1, = - — ]
2 2 2 dx3 dx3 2 2 dx3 dx3

Problem 289: Result unnecessarily involves higher level functions.
Jx7 Ve+dx3

8c-dx3

dx

Optimal (type 4, 648 leaves, 15 steps):
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214 c x2vJc+dx®  2x°Vc+dx3 12248 c2+/c+d x3
91 d? 13d 91 d8/3 ((1+\/?) c1/3 , g1/3 x)

V3 Ve (cM/3dl/3 x 2d/3 x)?
32+/3 c!¥/®ArcTan]| | 32c®/6ArcTanh]| ]
3 c+d X3 3cY/6)ced X3

d8/3 d8/3

32c13/6Ar‘cTanh[@}
3Ve © |g124 342 /3 73 (/3 + d¥/3 x)

d8/3

c2/3 _ c1/3 d1/3 X + d2/3 X2

(17\/?) cl/3 4 di/3 x
EllipticE[ArcSin|

, 743
((1+\/?) c1/3+d1/3x)2 (1+\/?) c1/3+d1/3x] T4 3}/

c1/3 (C1/3 + d1/3 X)
8/3 3 7/3 1/3 1/3
91d Zw/c+dx - 1122482 ¢ (c +d x)
(1433 ) 3722 dir3x)

€2/3 _ c1/3 q1/3 5, ¢2/3 x2 o ‘ (1—\/?) cl/3 1 dl/3 x
ElllpthF[Ar‘cSm[ ],—7—4\/?}/
(1473 ) s eaiix)? (1473 ) €23 dt/3 x
C1/3 (C1/3 + d1/3 X)
1/4 48/3 3
91 3+%d 5 A/ c+dx
(1443 ) €272 aiax)
Result (type 6, 361 leaves):
1
455d%2+/c+dx3
2 1 5 dx® dx3
2x? |-5 (107 c*+ 114 cdx® + 7d* x®) + (1712@9 c*AppellF1[ =, =, 1, =, - —, —| /
3 2 3 C 8c¢C
3 2 1 5 dx3 dx3
(8c-dx?) (48 cAppellFl[—, —, 1, =, -——, — | +
372 3 c 8¢
3 5 1 8 x> dx3 5 3 8 dx3 dx3
3dx® [AppellFl| =, =, 2, =, - ——, — | -4AppellF1[~, =, 1, —, -——, — | ||| +
3 2 3 C 8¢ 3 2 3 C 8¢
3 .3 5 1 8 dx3 dx3
195968 ¢ d x® AppellF1[ =, =, 1, —, - ——, —| /
3 2 3 C 8c
R 5 1 8 dx3 dx3 R
(8c-dx?) 64 c AppellFl| =, —, 1, —, - ——, ——| +3dx
3 2 3 C 8c¢C
8 1 11 dx3 dx3 8 3 11 dx3 dx3
AppellFl|—, =, 2, —, - ——, —| -4 AppellFl[—, =, 1, —, - ——, —
3 2 3 C 8¢ 3 2 3 C 8¢
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Problem 290: Result unnecessarily involves higher level functions.
Jx“ Ve+dx3

8c-dx3

dx

Optimal (type 4, 624 leaves, 14 steps):
2x2+c+dx3 118 c\/c+d x3
1+ \E) cl/3 +d1/3x)
1/6 (c1/3,q1/3 1/3,41/3 x)°
4+/3 c7/¢ ArcTan [ M] 4 c’/® ArcTanh [ u)—]
A c+dx3 3c1/6q/crd X3

d5/3 d5/3

7d 77d5/3(

4 c7/® ArcTanh [ 3:@]

2/3 1/3 41/3 2/3 2
Ve c?/? —ct2dY P x+d¥ P x
+ 159 31/4 2 _ /3 C4/3 <c1/3 4 d1/3 X>

d°/3 ((1+ﬁ) 173, /3 %2

1*\5) cl/3 4 dl/3 x

(1+\/?) cl/3 4 dt/3 x

EllipticE [ArcSin|

|, -7-43]/

1/3 (1/3 , 41/3
7 d>/3 i G X) ; erdx3 | - [118/2 ¢*3 (c*?+d3x)
((14—\/?) c1/3+d1/3x)

€2/3 | c1/3 d1/3 y , ¢2/3 x2 (1 -+/3 ) cl/3 4+ d1l/3 x
EllipticF [ArcSin|

((1+\/?) c1/3+d1/3x)2 (1+\/?) C1/3 4 4173 ¢

|, -7-4+3] /

. 31/4 d5/3 c1/3 (C1/3 +d1/3X> . +dx3
([14v3) e eain)?

Result (type 6, 349 leaves):

| 81
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1 5 (c+dx?) 2
x| =) (1690 c3Appe11F1[—, -1, - )
d 32 3 C 8¢

35+ c+dx3
5 dx3 dx3

2 1
40cAppe11F1[f, =1, = -, 7] +
3 2 3 C 8c

5 ﬁ dx3]

/

[d (8c-dx?)

J
C 8¢

)

8 dx3 dx3 5 3
52, =y - ——, ——| -4AppellF1][ =, =, 1,
372

3 C 8¢

5 3 5 1 8 dx® dx3
1888 c“ x AppellFl[f, -1, = -—, 7} /
3 2 3 C 8c

8 dx3 dx3
3

N |

5
3dx3 (AppellFl [=,
3

3 5 1 8 dx3 dx3 3
(8c-dx?) |64 cAppellF1[=, —, 1, —, -——, — | +3dx
3 2 3 C 8c
8 1 11 dx3 dx3 8 3 11 dx3 dx3
AppellFl|[—, =, 2, —, -——, —| -4AppellF1|—, =, 1, —, - —, —|
3 2 3 C 8cC 3 2 3 C 8¢

Problem 291: Result unnecessarily involves higher level functions.

Jxx/c+dx3 4
—————dx

8c-dx3
Optimal (type 4, 601 leaves, 12 steps):
3 /6 (c1/34d1/3 x

\/3 c¥/6 ArcTan
[ / c+d x3

2 d2/3

2vVe+dx3
4273 ((1+\E) cl/3 | g1/3 x)
c1/3.41/3 x 2
/6 ArcTanh | %} /6 ArcTanh | @]
3¢Y/64/ cdx - 3Vc L3174 )2 /3 3 (c1/3+d1/3 x)

2 d2/3

2 d2/3

=

\/?) cl/3 , d1/3 x
|, -7-4+3] /
1443 ) s dix

€2/3 _ c1/3 1/3 x | ¢2/3 x2
EllipticE [Ar‘cSin[

((1+\E) C1/3+d1/3x)2

1/3 (1/3 , 41/3
q2/3 i (o x) . [cidx® | - |22 ct/3 (c1/3 4 dV/3 x)
((14—\/?) c1/3+d1/3x)

(1_ﬁ) cl/3 | gi/3
(1+\/?) C1/3+d1/3x]’ _7_4\/?} /

C2/3 _ /3 gl/3 x4 g2/3 2
EllipticF [ArcSin|

((1+\/?) C1/3+d1/3x>2

1/3 1/3 1/3
C ct/? +d¥3 x
31/4 ¢2/3 ( ) \Jc+dx3

((1+\/?) C:L/E‘erlﬁx)2

Result (type 6, 168 leaves):
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)

2 1 5 dx3 dx3
[20cx2\/c+dx3 AppellFl[g,—g, 1, ;,—7 ]/

C 8¢
3 2 1 5 dx® dx3
(8c-dx?) |48 cAppellFl[—, - =, 1, =, - —, +
3 2 3 C 8¢
3 5 1 8 x3 dx3 5 1 8 dx3 dx3
3dx AppellFl[—, -T2, T, -, —] +4AppellF1[—, -1, = -—,
3 2 3 C 8¢ 3 2 3 C 8c¢C

Problem 292: Result unnecessarily involves higher level functions.

Ve+dx3
sz

dx
(8c—dx3)

Optimal (type 4, 632 leaves, 14 steps):
Ve+dx3 d¥/3+c+dx3

- +

8 c X gc(

1+ﬁ) c1/3+d1/3x)

/e / s )\ 2
NER A cl/3.d1/3 x cl/3.d1/3 x
V3 d/3 ArcTan]| | d¥3ArcTanh| ]

/) c+d x3 3cV/6 [ cedx3
16 C5/6 * 16 c5/6 B
di/3 Ar‘cTanh[@]

2/3 _ ~1/3 41/3 2/3 2
3+ _ 3144 /3 gi/3 (c1/3+d1/3x> c/P-cPd x+d X2
(1+\/3)C1/3+d1/3x

), -7-4v3]|/

16 c5/6

(17\5) cl/3 . gi/3

(1+\/?) cl/3 4 d/3 x

EllipticE [ArcSin|

cl/3 (C1/3 +di/3 X)

16 c?/3 \Jerdx? |+ |d? (24 dM P x)
((1+\/?) C1/3+d1/3X)2
2/3  ~1/3 41/3 2/3 2 1-+/3 ) c¥3:d¥3x
C e T d XX iptick [Arcsin] | ) |, -7-4+/3] /
((1+\/?) c1/3’+d1/3’x)2 (1+\/?) cl/3 4 dl/3 x

c1/3 (C1/3 + d1/3 X)

((1+\/?) c1/3+d1/3x)2

4 \/7 31/4 C2/3

N e+dx3

Result (type 6, 345leaves):

| 83
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1 5dx3 3 2 1 5 dx3 dx3
-5 + (1300 cd x> AppellFl[—, —, 1, =, - ——, — /
a8 xcrdx® c 22 3« B
R 2 1 5 dx? dx?
(8c-dx?) |48 cAppellFl[ =, —, 1, =, - —, — | +
3 2 3 C 8c
3 5 1 8 dx* dx3 5 3 8 dx* dx?
3dx AppellFl[—, — 2, —, -—, —}—4App911F1[_; -1, = - >
3 2 3 C 8c¢C 3 2 3 C 8¢
)6 5 1 8 dx3 dx3
32d“x AppellFl[f, -1, = -—, 7] /
3 2 3 C 8¢
R 5 1 8 dx3 dx3
(-8c+dx’) |64 cAppellF1][=, =, 1, —, - s — | +
3 2 3 C 8c
3 8 1 11 dx3 dx3 8 3 11 dx3 dx3
3dx AppellFl[f, —5 2, — -—, 7] —4AppellF1[*, -1l — - 7]
3 2 3 C 8¢ 3 2 3 C 8¢

Problem 293: Result unnecessarily involves higher level functions.
J Verdx®

dx
(8c—dx3)

Optimal (type 4, 654 leaves, 15 steps):

Verdx®  dVc+dx3 d*3+/c+dx®
- - +
32cx? 16 ¢ x 16 ¢2 ((1+\/?> c1/3+d1/3x)

/, /- /- /- /- 2
3 /6 (c1/3.dY/3 x /3 .d/3 x
/3 d*3 ArcTan [ } d*/3 ArcTanh
£/ c+d x3 3c/6 4/ cidx3
+

128 C11/6 h

128 c11/6
d*/3 ArcTanh Jean 2/3 _ ~1/3 41/3 2/3 2
[ 3vc ) C|3vaL[a /3 g4/3 (M3 + d3 x) - Pd x4 dT X
128 c11/6 ((1+\5) 173, 4173 ¢ )2

1*\5) cl/3 1 dl/3x
EllipticE [ArcSin|

|, -7-43]/

(1+\/?) cl/3 4 dt/3 x

cl/3 (C1/3 +dt/3 X)

((1+\/?) C1/3+d1/3x)

32¢%7

—feedx | 1 |dv3 (3 a3 x)

C2/3—C1/3 d1/3X+d2/3 X2 (

; EllipticF [ArcSin|
((1+\/?) C1/3+d1/3x)

1-3 ) cl/3 4 d1/3 x

(1+\/?) C1/3+d1/3x], _7_4\/?} /

c1/3 (C1/3+d1/3 X)
8\/731/4 C5/3

([1473) a2 v g x)?

N e+dx3
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Result (type 6, 367 leaves):

1 - 2 1 5 dx3 dx3
———||625d? x* AppellF1| =, =, 1, =, - ——, —| //
Seﬂlc_'_dx?) 3 2 3 C 8¢
R 2 1 5 dx® dx3
(8c-dx?) |48 cAppellFl[—, —, 1, =, -—, — | +
3 2 3 C 8¢
3 5 1 8 x> dx3 5 8 dx? dx3
3dx® |AppellFl[=, =, 2, —, - ——, —] -4 AppellF1[=, =, 1, —, - y —] -
3 2 3 C 8c 3 2 3 C 8¢
1 5 1 8 dx3 dx3
(5 (c?+3cdx®+2d*x®) + |64 cd®x® AppellF1[ =, =, 1, —, - —, —| /
2C2X4 3 2 3 C 8¢
3 5 1 8 dx3 dx3 3
(8c-dx?) |64 cAppellF1|[ =, =, 1, —, -——, — ] +3dx
3 2 3 C 8¢
8 1 11 dx® dx3 8 3 11 dx® dx3
AppellFl]—, =, 2, —, - ——, — | -4AppellF1[—, =, 1, —, - —, —|
3 2 3 C 8¢ 3 2 3 C 8¢

Problem 294: Result unnecessarily involves higher level functions.
J Ve+dx3
X8

(8c-dx?)

dx

Optimal (type 4, 678 leaves, 16 steps):
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Vvec+dx3 19d+/c+dx3 d2+vc+dx3 d’/3\c+dx3
_ _ + _ _
56 ¢ x’ 1792 c? x4 112 c3 x 112 ¢3 ((1+\/?) cl/3 , ¢1/3 x)

V3 Ve (13,413 1/3,41/3 2
\/3 d7/3 Ar‘cTan{;(u)—} d’/3 ArcTanh | c e ]
3 c+d x3 3cV/64)cedx3

1024 c17/¢ 1024 c17/¢

d7/3A T h @
rcTan [ 3+/c ]+ 31/4 /27\/? 47/3 (c1/3+d1/3x)

1024 c17/6
€2/3 _ c1/3 q1/3 5 4 42/3 x2 (1—\/?) cl/3 4+ d1l/3 x
EllipticE[ArcSin| s _7_4\/?} /
[(1+43) 3 a3’ (143 ) 3 a3
c1/3 <c1/3+d1/3x>
8/3 3 7/3 1/3 1/3
224 c ; \Je+dx® | - |d (c +d x)
([(1+4/3) 2 d2x)
€2/3 _ c1/3 q1/3 5, ¢2/3 x2 (1— \/?) cl/3 4+ d/3 x
EllipticF [ArcSin| |, -7-4+/3] /
(1473 ) s eaiix)? (1473 ) €23 dt/3 x
c1/3 C1/3+d1/3X
56\531/4C8/3 ( ) ; [c+dx3
((1+\/?) c1/3+d1/3x)
Result (type 6, 378 leaves):
3 24,3 2,6 3,9 2 43 9 2 1 > dx* dx?
-5 (32c+51c2dx® +3cd®x® - 16d*x°) - |3250 c® d® x® AppellF1[—, —, 1, =, - ——, —| /
372 3 c  8c
3 2 1 5 dx* dx3
(8c-dx?) |40 cAppellFl[—, —, 1, =, - —, +
3 2 3 C 8¢
3 5 1 8 dx3 dx3 8 dx3 dx3
3dx® |AppellFl|[ =, —, 2, —, - ——, —| -4AppellF1[=, =, 1, —, - ——, —| +
3 2 3 C 8¢ 3 C 8c
5 1 8 dx* dx3
(512cd4x12Appe11F1[, =1, =, ] /[(8cdx3)
3 2 C 8¢
5 1 8 dx* dx? 3 8 1 11 dx® dx3
64 c AppellFl| =, =, 1, —, - ——, —— | +3dx? |AppellFl[—, =, 2, —, - ——, — | -
3 2 3 C 8c 3 2 3 C 8¢
8 3 11 dx3 dx3
4AppellFl[—, =, 1, —, - ——, —| J )/ (8960c3x7x/c+dx3
3 2 3 C 8¢




Mathematica 11.3 Integration Test Results for 1.1.3.4 (e x)~m (a+b x~n)"p (c+d x~n)~q.nb | 87

Problem 299: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(c+dx3’)3/2

X (8c-dx3)

dx

Optimal (type 3, 73 leaves, 7 steps):

2 9 \V dx3 1 \V dx3
4 c+dx® + =A/c Ar‘cTanh[u] - —A/c Ar‘cTanh[i}
3 4 3+/c 12 Je

Result (type 6, 319 leaves):

1 R S s 1 dx3 dx3
———2|-3 (c+dx®) + |240c*d x> AppellF1[1, —, 1,2, - ——, —| /
9+c+dx3 2 ¢ 8c
R 1 dx3 dx3
(8c-dx?) |16 cAppellF1[1, =, 1,2, - ——, — | +
2 C 8c
R 1 dx3 dx3 3 dx® dx3
dx® |AppellfF1(2, —, 2,3, -——, — | -4AppellF1[2, =, 1,3, - —, —| +
2 C 8c 2 C 8c
) 3 3 1 5 C 8c
5c2dx® AppellFl][ =, =, 1, =, - ——, —| /
2 2 2 x> dx3
3 3 3 1 5 C 8c
(-8c+dx’) [5dx>AppellF1[ =, —, 1, =, - ——, — | +
2 2 2 dx3 dx3
5 1 7 C 8c 5 3 7 C 8c
16cAppe11F1[—, -2, =y -—, —} —cAppellFl[—, -1, = -—0, —] )
2 2 2 dx3 dx3 2 2 2 dx3 dx3

Problem 300: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.
3\ 3/2
J (c+dx?) x
x* (8c-dx?)
Optimal (type 3, 78leaves, 7 steps):

A/ c+d X3 A/ crd x3
Nrswes 9dArcTanh| = ]_13dAr‘cTanh[ - ]

- +

24 %3 32+/c 96+/c
Result (type 6, 322 leaves):
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1 3 6 1 dx® dx3
. 73(c+dx>+ 408 c d? x AppellFl[l, — 1,2, -—, 7] /
72x3Vc+dx3 2 ¢ 8c
R 1 dx3 dx3
(8c-dx*) |16 cAppellF1[1, —, 1,2, - —, — | +
2 C 8¢
s 1 dx® dx3 3 dx3 dx3
dx® |AppellF1[2, —, 2,3, -——, — | -4AppellF1[2, =, 1,3, -—, — +
2 C 8¢ 2 C 8¢
)6 3 1 5 C 8 c¢C
(130cd x® AppellFl[=, =, 1, =, - , —})/
2 2 2 dx® dx3
3 3 3 1 5 c 8¢
(-8c+dx’) [5dx AppellFl[=, =, 1, =, - ——, —| +
2 2 2 dx3 dx3
5 1 7 C 8c¢C 5 3 7 C 8c
16cAppellF1[f, — 2, —y -, —] —cAppellFl[*, — 1, = - — ]
2 2 2 dx® dx3 2 2 2 dx® dx3

Problem 301: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

dx

J <c+dx3)3/2

x7 (8c—dx3)

Optimal (type 3, 104 leaves, 8 steps):
9d? Ar‘cTanh[@} 37d? Ar‘cTanh[@}

c+dx? 11d+vc+dx® 34/C c
v v G Vo
_ _ . _

48 x° 192 ¢ X3 256 c3/2 768 c3/2

Result (type 6, 332 leaves):

1 33d2 6¢c 45d - 1 dx3 dx3
- - — +|132d* x> AppellF1[1, =, 1,2, - ——, —| /
288 /¢ + d x3 2c¢ xt  2x3 2 c 8c
R 1 dx3 dx3
(8c-dx?) |16 cAppellF1[1, —, 1,2, - ——, — | +
2 C 8c
s 1 dx3 dx3 3 dx3 dx3
dx® |AppellfF1[2, —, 2,3, -——, — | -4AppellF1[2, =, 1,3, -—, —| +
2 ¢ 8c 2 c  8c
3 3 3 1 5 C 8c
185 d> x® AppellF1[ =, =, 1, =, - ——, —|
2 2 2 dx® dx3
3 3 3 1 5 C 8c¢C
(-8c+dx?) |5dx>AppellF1[ =, —, 1, =, - ——, —] +
2 2 2 dx3 dx3
5 1 7 C 8c¢C 5 3 7 [¢ 8¢
16 c AppellFl| =, =, 2, —, - ——, ——| -cAppellF1[~, =, 1, =, - ——, —| ]
2 2 2 dx® dx3 2 2 2 dx? dx3

Problem 302: Result unnecessarily involves higher level functions.

x’ (c+dx3)3/2
J—dlx
8c-dx3

Optimal (type 4, 669 leaves, 16 steps):
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36534 c2x2vVc+dx3 348cx°Vc+dx3 2
- - - —x8Jc+dx® -

1729 d? 247 d 19
ﬁ 1/6 1/3+d1/3
288 /3 196 ArcTan| M]
A\ c+d x3

2094648 c3+/c+dx3
1729.d% [ (1+/3 ) V2 + dV2 x|

C1/3,41/3 x 2
288 c1%/6 ArcTanh [ j—L} 19/6 Aerdx?
P oy 288 ¢ ArcTanh [ = ]
v 4

d8/3

d8/3

d8/3

c2/3 _ c1/3 d1/3 X + d2/3 X2

1047 324 31/4mc10/3 <C1/3+d1/3x>
((1+\/?) c1/3’+d1/3x)2

@ﬁ)cmdmx}’mm/

EllipticE[Ar‘cSin[(l V3| e avs
+ SR X

1/3 1/3 d1/3
il G d ; Je+dx3 | - |698216+/2 33/4cte/3 (c*?+d¥3x)
((1+\/?) C1/3+d1/3x)

1729 d8/3

(17\/?) cl/3 4 di/3 x
,7-av3
(1+\/?) C1/3+d1/3x] e 3}/

c2/3 _ c1/3 d1/3 X + d2/3 X2

((1+\/?) Cl/3‘+d1/3x)2

C1/3 C1/3 + d1/3 X
1729 d&/3 ( ) AJc+dx3

(14v3) s aaisx)?
Result (type 6, 371 leaves):
1 52 [ 91335c® 97425c?x?

8645 \/c + d x3 d? d

. 5 5 2 1 5 dx? dx3
6545 ¢ x® - 455d x° + (29227200 c® AppellFl[—, —, 1, —, - —, /
8¢

EllipticF [ArcSin|

3 2 3 c

) 3 2 1 5 dx? dx?
d> (8c-dx’) |4@cAppellF1[—, =, 1, =, - ——, — | +
3 2 3 C 8c
3 5 1 8 dx® dx3 5 3 8 dx® dx3
3dx? |AppellFl[ =, =, 2, =, - ——, — | -4 AppellF1[~, =, 1, -, - ——, —| +
3 2 3 C 8c 3 2 3 C 8c
43 5 8 dx3 dx3
33514368 c* x® AppellF1[~, =, 1, —, - ——, — | /
3 3 C 8¢
3 5 1 8 dx? dx3 3
d(8c-dx?) [64cAppellF1[=, =, 1, —, -——, — | +3dx
3 2 3 C 8c
8 1 11 dx® dx3 8 3 11 dx® dx3
AppellFl[—, =, 2, —, -——, —| -4AppellF1|—, =, 1, —, - ——, —
3 2 3 C 8¢ 3 2 3 C 8¢
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Problem 303: Result unnecessarily involves higher level functions.

dx

Jx“ (c+dx3)3/2

8c-dx3

Optimal (type 4, 645leaves, 15 steps):

240 c x2\/c+d X3 2 13782 c?2\/c+dx3
- : - = xAJc+dx® - : -
91d 13 91 d>/3 ((1+A/3 ) cl/3 , gi/3 X)

NEWE (c1/3+d1/3 x) 13,413 %)
36+/3 c¥¥/6 ArcTan| | 36! ArcTanh ]
) c+d x3 3c¢Y/6 ) c+d X3

d5/3 d5/3

—

36 ¢'3/6 ArcTanh | 3;*@}

1 |6891 3V4[2-4/3 73 (P4 dV3x)

d5/3
2/3 _ ~1/3 41/3 2/3 2 1-/3 ) c¥34+d¥3x
e X d X by iptice [Arcsin| | ) |, -7-4+3] /
((1+\/?) C1/3’+d1/3x)2 (1+\/?) cl/3 4+ dl/3 x
1/3 (c1/3 | g1/3
91 d°/3 < (c ! X) nJerdx3 | - [4594+/2 33/4¢7/3 (c1/3+d1/3x)
((1+\/?) C1/3’+d1/3’x)2
2/3 _ ~1/3 41/3 2/3 2 1-+/3 ] c¥34+d¥3x
e Td X dix EllipticF[ArcSin| ( ) |, -7-4+/3] /
(1033 ] @iy’ (105 3 s avix
1/3 ((1/3 , 41/3
91 d°/3 P (P4 dBx) A c+dx3

([1473) a2 s qrx)?

Result (type 6, 357 leaves):
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1 , [ 600 c2 R . . 2 1 5 dx3 dx3
—_—2 X | - -635¢cx®>-35dx°+ (192000 c AppellFl[f, -1, - -— 7} /
455+/c +d x3 d 372 3 c  8c

R 2 1 5 dx® dx3
d(8c-dx?) 40 cAppellFl[ =, =, 1, =, - —, — | +
3 2 3 C 8¢
3 5 1 8 dx* dx? 5 3 8 dx* dx3
3dx AppellFl[—, =52, —, ——, —] —4App611F1[—, — 1, = - +
3 2 3 C 8¢ 3 2 3 C 8¢
3 3 5 1 8 dx3 dx3
220512 3 x® AppellF1[ =, =, 1, —, - —, —| /
3 2 3 C 8c¢C
R 5 1 8 dx3 dx3 3
(8c-dx?) |64 cAppellF1[=, =, 1, —, -——, — | +3dx
3 2 3 C 8¢
8 1 11 dx3 dx3 8 3 11 dx3 dx3
AppellFl[f) 52, —H -, 7] *4APPE11F1[71 1L —, - > ]
3 2 3 C 8c¢C 3 2 3 C 8c¢C

Problem 304: Result unnecessarily involves higher level functions.

dx

Jx <c+dx3)3/2

8c-dx3

Optimal (type 4, 627 leaves, 14 steps):

2 132cVc+dx3
= x?AJc+dx® - -
7 7 d2/3 ((1+“/3)c1/3+d1/3x)
V3 1/6 (c1/3,41/3 1/3,41/3 2
9+/3 (/8 Ar‘cTan[M] 9c7/6 Ar‘cTanh[u]
A c+d X3 3¢5/ c+d X3
2 d2/3 - 2 d2/3 N

9 ¢”/® ArcTanh | Jewax ]

€2/3 _ cl/3 g1/3 x L g2/3 %2
3vc + 66 31/4A/2_ [3 c4/3 <C1/3+d1/3x>
2/3 2
2d?¥ ((1+ﬂ/3)c1/3+d1/3x

1-3 ) cl/3 4 d1/3 x

(1+\/?) cl/3 4 di/3

EllipticE[ArcSin|

|, -7-4v3] |/

7 d?/3 ¢ (P di X> Ne+rdx3 | - |44~2 33443 (c*?+dx)
((1+\/?) c1/3+d1/3x)2

C2/3 _ C1/3 d1/3 X + d2/3 X2

(1_ \/?) cl/3 , d1/3 x
EllipticF [Ar‘cSin[

, -7-43
((1+\/?)c1/3+d1/3x)2 (1+\/?)c1/3+d1/3x] ) /

s €173 (c1/3 4 g1/3 x) —
7e ((1+\/?)c1/3+d1/3x)2 crdx
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Result (type 6, 344 leaves):

1 X R R 2 1 5 dx* dx?
——————2x*|-5 (c+dx*) + |1950 > AppellF1[—, —, 1, =, - ——, —] /
35 /crdx 2 3 o 8
s 2 1 5 dx3 dx3
(8c-dx?) [48cAppellFl[—, —, 1, =, - ——, — ] +
3 2 3 C 8c
3 5 1 8 dx? dx3 5 3 8 dx3 dx3
3dx AppellFl[f, — 2, —y - —, 7] —4Appe11F1[*, -1, = - 7]
3 2 3 C 8¢ 3 2 3 C 8¢
s 5 1 8 dx® dx3
2112 c2d x> AppellF1[ =, =, 1, —, - —, —| /
3 2 3 C 8¢
R 5 1 8 dx® dx3 3
(8c-dx3) |64 cAppellFl[=, =, 1, -, -——, — ] +3dx
3 2 3 C 8¢
8 1 11 dx3 dx3 8 3 11 dx3 dx3
AppellFl|—, =, 2, —, - ——, — | -4 AppellF1[—, =, 1, —, - —, —
3 2 3 C 8¢ 3 2 3 C 8¢

Problem 305: Result unnecessarily involves higher level functions.

dx

(c+dx3)??
sz (8c-dx?)
Optimal (type 4, 626 leaves, 14 steps):

Ve+dx3 15d¥3/c+dx3

8x 8((1+\/?)C1/3+d1/3x)
3 cl/6 1/3 , d1/3 1/3 , 41/3 2
2 3 c1/6d1/3Ar‘cTan[\/7c (e + X>}+ic1/6d1/3Ar‘cTanh{—(c ! X)
16 Ve+dx3 16 3ct6/c+dx3
~/ 3
icl/ﬁ d1/3 Ar‘cTanh[c+7dx} + |15 31/4 [2_,\/? C1/3 d1/3 (C1/3+d1/3 X)
16 3+/c
2/3 _ ~1/3 41/3 2/3 2 1-+/3 ] c¥34+d¥3x
e d xedix EllipticE[ArcSin| ) |, -7-4+/3] /
(103 )t aex)? 1043 e aix

16 s <C1/3 +di? X> lcidx® | - |5 33/4c1/3 41/3 (c1/3 +di/3 X)
((1+\/?) c1/3+d1/3x)2

C2/3 _ 13 g1/3 y 4 d2/3 x2 (1 -+/3 ) cl/3 4+ dl/3 x
EllipticF [Ar‘cSin[

((1+\E) C1/3+d1/3x)2 (1+\/?) c1/3 4 d1/3 x

,-7-av3]|/

T cl/3 <c1/3 +dv/3 X) 2 W
((1+\/?) C1/3+d1/3x)

)
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Result (type 6, 348 leaves):

1 s s 2 1 5 dx3 dx3
———|-c-dx’+ |420c°d X AppellFl[f, -1, = -—, 7] /
gxc dx 372 3 o sc
R 2 1 5 x> dx3
(8c-dx?) 40 cAppellFl|[—, =, 1, =, - ——, — ] +
3 2 3 C 8c
3 5 1 8 x> dx3 5 3 8 dx? dx3
3dx’ |AppellFl[=, =, 2, —, -——, ——| -4AppellF1[=, =, 1, —, - —, —| *
3 2 3 C 8c 3 2 3 C 8¢
- 5 1 8 dx3 dx3
96 c d’> x® AppellF1[ =, =, 1, —, - —, —] /
3 2 3 C 8¢
s 5 1 8 dx3 dx3
(8c-dx?) |64 cAppellFl[ =, —, 1, —, - ——, — | +
3 2 3 C 8¢
3 8 1 11 x3 dx3 8 3 11 dx3 dx3
3dx AppellFl[f, — 2, —y -, 7] —4AppellF1[*, =1, — -—, 7]
3 2 3 c 8¢ 3 2 3 C 8¢

Problem 306: Result unnecessarily involves higher level functions.

dx

[ (c+dx?)??

x> (8c—dx3>

Optimal (type 4, 651 leaves, 15 steps):
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Vve+dx3 3dvVec+dx3 3d¥3+/c+dx3
- +

32 x4 16 c X 16c((1+“/3>c1/3+d1/3x)
fo [ 1/3, g1/ St/ 52
9+/3 d*3ArcTan| 3 [oPedx] | 9d*?3ArcTanh {eedx” ]
A crd X3 . ?:cl/s\/cwl—x3 -
128 c*/¢ 128 ¢5/6
9 d4/3 Ar‘cTanh{@] 2/3 _ (1/3 41/3 2/3 2
3V c*/?—ctPdY P x+d*? x
3 31/4 2-4/3 d4/3 (C1/3+d1/3 X)
128 c>/6

((1+\/?) cl/3 4 dt/3 x 2

1—\/?) cl/3 4 di/3 x

EllipticE[ArcSin| |, -7-4+/3] /
(1+\E) cl/3 4 d1l/3 x

c1/3 (C1/3 + d1/3 X)

39 c2/3 [cvdx@ | + |33/4 g4/3 (V2 +d2/3 x|
(1ovF] @ s’
2/3 _ ~1/3 41/3 2/3 2 1-/3 ) c¥34di3x
C e XX ) iptick [Arcsin| | ) |, -7-4+3] /
(1033 ) @ as)? (103 e aix

v cl/3 (c1/3+d1/3 x) ;
82 ¢ ((1+\/?)c1/3+d1/3x)2 A/ C+dx

Result (type 6, 363 leaves):

1 5(c2+7cdx3+6d2x6) 2 1 5 dx3 dx3
+ [3225cd2 x* AppellFl[=, =, 1, =, - —, —] /
80+ c+dx3 2cx* 3 2 3 c 8c
3 2 1 5 dx3 dx3
(8c-dx?) |48 cAppellFl|[—, —, 1, =, , — |+
3 2 3 C 8¢
3 5 1 8 x> dx3 3 8 dx3 dx3
3dx3 |AppellFl[=, =, 2, =, - ——, —] -4AppellF1[=, =, 1, —, - —, —] ||| +
3 2 3 C 8¢ 2 3 C 8¢
3 s 5 1 8 dx3 dx3
96 d* x° AppellF1[ =, —, 1, —, - ——, —| /
372 3 c 8¢
; 5 1 8 dx3 dx3
(-8c+dx’) |64 cAppellFl[=, =, 1, —, - ——, — ] +
3 2 3 C 8c¢C
3 8 1 11 dx? dx3 8 3 11 dx® dx3
3dx? |AppellFl|—, =, 2, —, - ——, ——| ~4AppellF1|—, =, 1, —, - —, —|
3 2 3 C 8¢ 3 2 3 C 8¢

Problem 307: Result unnecessarily involves higher level functions.

d33/2
j<c+ X) dx

X8 (8c—dx3)
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Optimal (type 4, 675leaves, 16 steps):

Ve+rdx®d  75dVc+dx®  3d2v/c+dx3 3d73+c+dx3
- - - + -
56 X’ 1792 ¢ x* 56 c2 x 56 2 ((1+\/?) cl/3 4 g1/3 X)

1/6 (c1/3,41/3 1/3,41/3 2
9\/?(17/3 APCTBH[M] 9d7/3 Ar‘cTanh[&]
A\ c+dx3 3¢/6/c+d X3

1024 c11/6 1024 c11/6

9d7/3 Ar‘cTanh[@]
3 31/44 2_,\/? d7/3 (C1/3+d1/3 X)

3+/c
1024 c11/6

13 | e dix

c2/3 _ c1/3 d1/3 X d2/3 X2
- E1lipticE [ArcSin| |, -7-4+3] /
((1+V/3) 2 rarax)? (1+4/3) 13+ a2 x
C1/3 (C1/3+d1/3 X>
5/3 3 3/4 47/3 1/3 1/3
112 ¢ ; Jerdx® |+ [3%34d (c +d x)
(1043 ] 23]
€2/3 _ 13 41/3 y 4 d2/3 x2 1- \/?) cl/3 4 di/3 x
EllipticF[ArcSin| |, -7-4+/3] /
((1+\/?) c1/3’+d1/3x)2 (1+\/?) cl/3 4+ d/3x
c1/3 <C1/3+d1/3 X)
5/3 3
28+/2 ¢ ; A/ C+dXx
((1+\/?) C1/3+d1/3x)
Result (type 6, 379 leaves):
1
4480+ c +d x3
5(32¢+107 c2dx®+ 171 c d? x® + 96 d* x°) 2 1 5 dx? dx?
- + [33375 d®x? AppellF1[—, =, 1, =, - ——, —— /
2¢2x’ 3 2 3 c 8c
3 2 1 5 dx? dx?
(8c-dx?) |48 cAppellFl[ =, —, 1, =, -—, — | +
3 2 3 C 8c
3 5 1 8 x> dx3 3 8 dx3 dx3
3dx® |AppellFl|[ =, =, 2, =, - ——, — | -4AppellF1[~, =, 1, —, - ——, —] -
3 2 3 C 8c 2 3 C 8¢
s 5 1 8 dx3 dx3
1536 d* x> AppellF1] =, —, 1, —, - —] /
3 2 3 C 8cC
3 5 1 8 dx® dx3
c(8c-dx?) |64cAppellFl[ =, —, 1, —, - ——, — | +
3 2 3 C 8¢
3 8 1 11 dx3 dx3 8 3 11 dx3 dx3
3dx? |AppellFl|—, =, 2, —, -——, — | -4AppellF1[—, =, 1, —, - ——, —
372 3 c  8c 372 3 c  8c
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Problem 312: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1
dx
Jx <8c—dx3) Ve+dx3

Optimal (type 3, 58 leaves, 6 steps):
Ar‘cTanh[A;E] Ar‘cTanh[@]

[o C

36 c3/2 12 c3/2

Result (type 6, 161 leaves):

3 3 1 5 C 8¢
[10dx AppellF1[=, =, 1, =, - ——, —| /
2 2 2 dx3 dx3
s 3 R 3 1 5 c 8c
9 (-8c+dx’)\Jc+dx® |5dx AppellFl[ =, =, 1, =, - ——, — | +
2 2 2 dx> dx3
5 1 7 C 8¢ 5 3 7 C 8¢
16 c AppellFl| =, =, 2, —, - ——, ——| -cAppellF1[ =, =, 1, =, - ——, — ]
2 2 2 dx3 dx3 2 2 2 dx3 dx3

Problem 313: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1
dx
Jx4 (8c—dx3) Ve+dx3

Optimal (type 3, 81 leaves, 7 steps):
dAr‘cTanh[@] dAr‘cTanh[@]

Ve+dx3 34c J
- + +
24 c? x3 288 c°/? 32 ¢c>/?

Result (type 6, 326 leaves):

1 R . 1 dx3 dx3
~c-dx*+ [8cd?x®AppellF1[1, =, 1,2, - ——, —| /
24 c2x3\c+dx3 2 ¢ 8c
R 1 dx3 dx3
(8c-dx*) |16 cAppellF1[1, —, 1,2, - ——, — | +
2 C 8¢
3 1 dx? dx3 3 dx3 dx3
dx® (AppellF1[2, =, 2,3, - ——, —| -4AppellF1[2, =, 1,3, - —, —] +
2 C 8c¢C 2 C 8¢
) 6 3 1 5 C 8¢
[10cd xC AppellFl[ =, =, 1, =, - ——, —| /
2 2 2 dx3 dx3
3 3 3 1 5 C 8c
(8c-dx?) |5dx>AppellF1[ =, —, 1, =, - ——, — | +
272 2 dx3 dx3
5 1 7 C 8¢ 5 3 7 C 8¢
16 c AppellFl| =, =, 2, —, - ——, ——| -cAppellF1[ =, =, 1, —, - ——, —| ]]
2 2 2 dx3 dx3 2 2 2 dx3 dx3
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Problem 314: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1
dx
Jx7 (8cfdx3) Ve+dx3

Optimal (type 3, 107 leaves, 8 steps):
d2 ArcTanh | @] 7 d? ArcTanh | @}

Ve+dx?  5d+c+dx3 34C J<
_ . + _
48 c? x°b 192 c3 x3 2304 c7/? 256 ¢’/

Result (type 6, 332 leaves):

1 , 4c® «cd 3 3 1 dx3 dx3
5d°- —+ — - |40 cd>x AppellFl[l, 1,2, -——, —] /
1923 V/crdx® S 2 ¢ 8¢
R 1 dx3 dx3
(8c-dx?) |16 cAppellF1[1, —, 1,2, - ——, — | +
2 C 8c
; 1 dx3 dx3 3 dx® dx?
dx® |AppellFi[2, —, 2,3, -——, — | -4AppellF1[2, =, 1,3, -—, —| +
2 [« 8c 2 C 8c
3 3 3 1 5 [« 8c
70 c d®> x> AppellFl[=, =, 1, =, - ——, —|
2 2 2 dx3 dx3
3 3 3 1 5 C 8c
(-8c+dx®) |5dx>AppellFl[ =, —, 1, =, - ——, —| +
272 T2 dxd de
5 1 7 C 8c 5 7 C 8c
16cAppellF1[—, — 2, =, - —, —] —CApp911F1[—, — 1, = -, —})]
2 2 2 dx3 dx3 2 2 2 dx3 dx3

Problem 315: Result unnecessarily involves higher level functions.

J\ X7
dx
(8c—dx3) Vve+dx3

Optimal (type 4, 630 leaves, 14 steps):

| 97
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32 c’/6 ArcTan [ &l R ]
\ c+d x3

- +

Lo/ ) et dirax) 343 dea

2x2Vc+dx3 104 cVc+dx3

7 d? 7 48’3 (

V/3.d1/3 %)’
32¢7/6 Ar‘cTanh[ ] Jerdx® }

s foan 32 c’/6 ArcTanh | =
/6 [ cedx 3+/¢C

9d8/3 9d8/3

c2/3 _ c1/3 d1/3 X + d2/3 X2

([1++3) e aix)?

52 31/4 27\5 c4/3 <C1/3+d1/3 X)

(17\5) cl/3 | gi/3

(1+\/?) cl/3 L gi/3

), -7-4v3]|/

EllipticE [ArcSin|

1/3 1/3 L g1/3
7 d8/3 P (1P i) ~ Jerdx® | - ]104/2 ¢ (M2 dM P x)
((1+\/?) C1/3+d1/3x)

C2/3 _ C1/3 d1/3 X + d2/3 X2

(1 _ \/?) cl/3 | gi/3
EllipticF [ArcSin|

, -7-44/3
((1+\/?)c1/3+d1/3x)2 (1+\/?)c1/3+d1/3x} ) /

S g ges cl/3 (C1/3 +dl/3 X) o
((1+\/?) C1/3+d1/3’x)2

Result (type 6, 347 leaves):

1 X s 3 2 1 5 dx3 dx3
—_2x 75<c+dx)+ 1600 c AppellFl[f, =1, =, -—, 7}/
35V dxd 3720 3 o 8c
3 2 1 5 dx® dx3
(8c-dx?) [40cAppellF1[—, —, 1, =, - ——, — | +
3 2 3 C 8¢
3 5 1 8 dx3 dx3 5 3 8 dx3 dx3
3dx AppellFl[—, — 2, —5 - —, —] —4AppellF1[—, -1, = - —
3 2 3 C 8¢ 3 2 3 C 8¢
) 43 5 1 8 x3 dx3
1664 c- d x AppellFl[f, -1, - -— 7} /
3 2 3 C 8c
R 5 1 8 dx3 dx3 3
(8c-dx?) |64 cAppellF1[=, =, 1, —, -——, — | +3dx
3 2 3 C 8¢
8 1 11 dx3 dx3 8 3 11 dx3 dx3
Appe:l-lFl[fz IE) 2: T T T 7] *4App911F1[*: IS 1: . ) ]
3 2 3 C 8c¢C 3 2 3 C 8c¢C
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Problem 316: Result unnecessarily involves higher level functions.

4

X
dx
J(8cdx3) Vve+dx3

Optimal (type 4, 601 leaves, 12 steps):
4 ¢/ ArcTan | M}

2+Vc+dx3 \erd
- - +
d5/3 ((1 +\E) cl/3 | g1/3 X) 3+/3 d5/3
4.ct/e ArcTanh[M} 4 cl/6 Ar‘cTanh[lz“d"3 ]
3cofedx 3ve 314.]2 /3 (173 (c1/3+d1/3 x>
9d5/3 9 d5/3
2/3 _ ~1/3 41/3 2/3 2 1-/3) 3 4dl/3x
e Td e dix EllipticE[ArcSin[( ) |, -7-4+3] /
(1043 ] e s ain? 13 ) i
d°/3 A3 [P+ d P x) Nerdx3 | - |22 173 (c*?+d'x)
((1+\E> c1/3+d1/3x)2
2/3 _ ~1/3 41/3 2/3 2 1-/3 ) c¥34+dv3x
e d X d X EllipticF[ArcSin[( ) |, -7-4+/3] /
((1+\/?) C1/3’+d1/3x)2 (1+\/?) cl/3 4+ dl/3x
1/3 (c1/3 , 41/3
31/4 d5/3 ¢ (C + X) ; ,C+dX3
((1+\/?) C1/3+d1/3x)
Result (type 6, 170leaves):
s 5 1 8 dx3 dx3
[64cx AppellFl[ =, =, 1, —, - ——, —| /
3 2 3 C 8¢
3 3
(5 (8c-dx?) \Jc+dx® 64cAppellF1[E, 1, 1, §) _dix’ dix] +
3 3 C 8c
3 8 1 11 dx3 dx3 8 3 11 dx3 dx3
3dx AppellFl[_: =5 2, Ty -, —] 74AppellF1[_, -1, — -, —] )]
3 2 3 C 8¢ 3 2 3 C 8¢

Problem 317: Result unnecessarily involves higher level functions.

X
dx
J(8c—dx3’) Vve+dx3

Optimal (type 3, 141 leaves, 8steps):
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V3 /6 (/3,413 x /3,413 %)

ArcTan Q—l ArcTanh A cxd X3
[ o ] [3c1/5 e } Ar‘cTanh[ /e }
_ v i v _

6+/3 C5/6 ¢2/3 18 c>/6 g2/3 18 c°/6 ¢2/3

Result (type 6, 168 leaves):

) 2 1 5 dx? dx3
20c x?AppellFl| =, =, 1, =, - ——, —| /
3 2 3 C 8c
2 1 5 dx® dx3
((8cdx3)xlc+dx3 40cAppellF1[f, =,1, =, -—, —]Jr
3 2 3 C 8¢
3 5 1 8 dx3 dx3 5 3 8 dx3 dx3
3dx> [AppellFl[=, =, 2, —, - ——, ——| -4AppellF1[=, =, 1, —, - —, —
3 2 3 C 8c 3 2 3 C 8¢

Problem 318: Result unnecessarily involves higher level functions.

1
dx
sz (8c—dx3) Ve+dx3

Optimal (type 4, 632 leaves, 14 steps):
Ve+dx3 d¥3/c+dx3

8 c2x 8C2((1+\/?)c1/3+d1/3x)

p / b2
\/? cl/6 [c1/3,.41/3 cl/3.d1/3 x
d/3 ArcTan | | d¥3ArcTanh| ] qi/3 Ar‘cTanh[llc*dxz ]
\ c+d x3 3cl/64/cdx3 3¢
+ _ _

48 /3 cl11/6 144 c11/6 144 c11/6

3V4./2 /3 g3 (c1/3 1 d2/3 x) €2/3 _ /3 d1/3 y , ¢2/3 x2
((1+\/?) (:1/3+dl/3x)2

(17\5) cl/3 , g1/3

(1+\/?) cl/3 4+ d/3 x

EllipticE [ArcSin|

), -7-4v3]|/

16 c>/3 ¢ (1P + dP ) ; \Jerdx? |+ |d? (24 dM P x)
((1+\E) C1/3+d1/3x)

€2/3 _ 13 41/3 y 4 d2/3 x2 (1 -+/3 ) cl/3 4+ dl/3 x
EllipticF [Ar‘csin[

((1+\/?) c1/3+d1/3x>2 (1+\/?) C1/3 4 4173 ¢

|, -7-4v3]|/

1/3 1/3 d1/3
4-/2 31453 < (C ! X) ; \Jo+dx3
((1+\/?) c1/3+d1/3x)

Result (type 6, 350 leaves):
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1 R 2 5 dx3 dx?
— | | 500d x AppellFl[*, -1, =, - B ] /
40 x\c+dx3 3 3 ¢ 8c
R 2 1 5 dx® dx3
(8c-dx?) |48 cAppellFl[—, —, 1, =, - s +
3 2 3 C 8¢
3 5 1 8 X2 dx3 3 8 dx* dx?
3dx AppellFl[—, > 2, —y - 5 —} —4Appe11F1[_) ) 1; Ty ) ] +
3 2 3 C 8¢ 3 2 3 C 8¢
1 5 1 8 dx3 dx3
{5 (c+dx?) - (32cd2 x® AppellFl[ =, =, 1, —, - ——, —| /
c? 3 2 3 c 8c
s 5 1 8 x> dx3 3
(8c-dx?) |64cAppellFl[ =, =, 1, —, -——, — | +3dx
3 2 3 C 8c
8 1 11 dx3 dx3 8 3 11 dx3 dx3
AppellFl|—, =, 2, —, -——, — | -4AppellF1[—, =, 1, —, - —, —|
3 2 3 C 8¢ 3 2 3 C 8c

Problem 319: Result unnecessarily involves higher level functions.

1
dx
st (8c—dx3) Ve+dx3

Optimal (type 4, 654 leaves, 15 steps):

Ve+rdxd  dVc+dx3 d*3+/c+dx3
_ 4 _ _
32c2 x4 16 c3 x 16 ¢3 ((1+\/?> cl/3 4 ¢1/3 x)
\/?cy's c1/3.d1/3 x c1/3.d1/3 x 2
d*/3 ArcTan | | d*3ArcTanh : ] d4/3 ArcTanh | Jerdx? ]
A crd X3 3cV/6 4/ cedx® 34/
4 _
384+/3 cl7/6 1152 c17/8 1152 c17/6

31/4 m 4473 <C1/3 L d1/3 x) 3 -3 x + d*3 X2
((1+\/?) C1/3+d1/3x)2

(1_\/?) cl/3 L g1/3

EllipticE[Ar‘cSin[
(1+\E) cl/3 4+ dl/3 x

|, -7-4v3]|/

c1/3 (C1/3 + d1/3 X)

39 (8/3 [cvdx3 | - | g3 (c1/3 e x)
(145 ] @3 aix)?
2/3 _ ~1/3 41/3 2/3 2 1-/3 ) c¥34dl/3x
e XX ) iptick [Arcsin| K |, -7-4+3] /
(1043 ] e s aiian? 13 ) i

cl/3 (C1/3 +dy/3 X)

((1+\/?) C1/3+d1/3x)2

8 \/? 31/4 c8/3

\Jo+dx3
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Result (type 6, 364 leaves):

1 5 dx3 dx3
[-5c2+5cdx3+1ed2x6_ 750 ¢ d? x® AppellF1| —, =, 1, =, - ——, —— /
2 3 c 8¢
3 2 1 5 dx3 dx3
(8c-dx?) |48 cAppellFl[—, =, 1, =, -—, — | +
3 2 3 C 8¢
3 5 1 8 x> dx3 5 3 8 dx3 dx3
3dx® [AppellFl| =, =, 2, =, - ——, —| -4AppellF1[ =, =, 1, —, -—, — | ||| +
3 2 3 C 8c¢C 3 2 3 C 8¢
5 1 8 dx3 dx3
(64cd3x9AppellF1[—, =, 1, -, -—, —})/ (8c-dx?)
372 3 c  8c
5 1 8 dx® dx3 3 8 1 11 dx3 dx3
64 c AppellFl[~, =, 1, —, - , — | +3dx® |AppellFl[—, =, 2, —, - —, ] -
3 2 3 C 8c¢C 3 2 3 C 8¢

8 3 11 dx3 dx3
4AppellFl[—, =, 1, —, - ——, —|
372 3 c  8c

|

Problem 320: Result unnecessarily involves higher level functions.

)/ (160c3x“x/c+dx3

1
dx
st (8c—dx3> Ve+dx3

Optimal (type 4, 678 leaves, 16 steps):
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Vvec+dx3 37dVc+dx3 3d?2+vc+dx3
4 _
56 c2 x’ 1792 c3 x4 56 c* x

) 3373 s dx
56 c* ((1+\/?) c1/3+d1/3x)

1/6 (c1/3, 41/3 1/3,41/3 |2
@73 rcTan 2y s ppcrann [ A4

\ c+d x3 3cl/64/cdx3
4 _
3072+/3 c23/6 9216 c?%/¢

d’/3 ArcTanh | @]
e R
9216 ¢

€2/3 _ 13 g1/3 y 4 d2/3 x2 (1 - \/?) cl/3 4+ dl/3 x
EllipticE [Ar‘cSin[

, ~7-44/3
((1+\/?)c1/3+d1/3x)2 (1+\/?)c1/3+d1/3x] ) /

cl/3 (c1/3 +di/3 X)

112 c11/3 5 [c+dx3 + 33/4 d7/3 (C1/3+d1/3 X)
((1+\/?) c1/3+d1/3x)
2/3 _ ~1/3 41/3 2/3 2 1-4/3) /3 4dl/3x
¢ crdxedT X EllipticF [ArcSin| ( ) B —7—4\/?} /
([103 ] 3 s aiin? 1043 e aex

c1/3 c1/3+d1/3x
28+/2 ¢11/3 ( ) ; \Jc+dx3
(1043 2 arex]

Result (type 6, 378 leaves):

2 1 5 dx3 dx3
[-5 (32 -5c2dx® +59cd*x® + 96 d* x°) + (38750c2 d®x® AppellF1[ =, =, 1, =, - —, —| /
3 2 3 C 8¢
3 2 1 5 dx3 dx3
(8c-dx?) |48 cAppellFl[—, —, 1, =, - ——, — | +
372 3 c 8c
3 5 1 8 dx3 dx3 5 3 8 dx3 dx3
3dx® |AppellFl] =, =, 2, =, - ——, —| -4AppellF1[=, =, 1, —, - —, — -
3 2 3 C 8¢ 3 2 3 C 8¢
5 1 8 dx3 dx3
(3072cd4x12Appe11F1[—, =1, -, -—, }J/ ((8c—dx3)
372 3 c 8¢
5 1 8 dx3 dx3 3 8 1 11 dx? dx3
64 c AppellFl| =, —, 1, —, - ——, ——| +3dx® [AppellF1][—, =, 2, —, - —, — | -
3 2 3 C 8¢ 3 2 3 C 8¢
8 3 11 dx3 dx3
4AppellFl[—, =, 1, —, - —, —| J )/(8969c4x71/c+dx3
3 2 3 C 8¢

Problem 321: Result more than twice size of optimal antiderivative.

J x3
dx
(8c—dx3) Vve+dx3
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Optimal (type 6, 66 leaves, 2 steps):

4 dx 4 17 dx dx®
x* [1+ ; AppellF1[3,1, oo S5, - ]
32c\/c+dx3

Result (type 6, 168 leaves):

4 4 1 7 dx3 dx3
14 c x* AppellFl|—, =, 1, —, - ——, —| /
3 2 3 C 8c
4 1 7 dx3 dx3
((8cdx3)x/c+dx3 56 c AppellFl[—, —, 1, —, - ——, — | +
3 2 3 C 8¢
3 7 1 16 dx* dx? 7 3 10 dx* dx?
3dx® |AppellFl|—, =, 2, —, - ——, — | -4AppellF1[—, =, 1, —, - —, —]
3 2 3 C 8c¢C 3 2 3 C 8¢

Problem 322: Result more than twice size of optimal antiderivative.

1
dx
J(8c—dx3) Ve+dx3

Optimal (type 6, 64 leaves, 2 steps):

| dx3 1 1 4 dx dx3
X 1+T AppellFl[;, 1_, ;, ;, ;’_T}
8cvc+dx3

Result (type 6, 166 leaves):

1 1 4 dx® dx3
32 cxAppellFl[ =, =, 1, —, - ——, —
372

3 bl

3 C 8¢
1 1 4 dx3 dx3
((SCdxs) \Jc+dx3 (32cAppellF1[, =, 1, —, - , — |+
3 2 3 C 8c
3 4 1 7 x3 dx3 4 3 7 dx3 dx3
3dx* |AppellFl|—, =, 2, =, -——, ——| -4AppellF1[—, =, 1, —, - ——, —|
3 2 3 C 8¢ 3 2 3 C 8¢

Problem 323: Result more than twice size of optimal antiderivative.

1
dx
Jx3 (8c-dx®) Vc+dx®
Optimal (type 6, 66 leaves, 2 steps):
dx3 dx3 x3
[ 1+ o AppellFl[—f, 1, i, i, e’ —T]
16 cx?\c+dx3
Result (type 6, 347 leaves):
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1 3 1 1 4 dx3 dx3
————— | |6ad 3 AppellF1[=, =, 1, —, - —, —| /
16x2/cidx® 372 3 c 8c
R 1 1 4 dx3 dx3
(-8c+dx®) |32cAppellFl[~, =, 1, —, - ——, — ] +
3 2 3 C 8c¢C
3 4 1 7 dx® dx? 4 3 7 dx® dx®
3dx* |AppellFl|—, —, 2, —, -——, ——| -4AppellF1[—, =, 1, —, - ——, — _
372 3 c 8c 372 3 c 8c
1 5 . 4 1 7 dx3 dx3
—lc+dx’ - 7cdxAppellF1[7, -1, - -—, 7} /
c? 3 2 3 c 8c
s 4 1 7 dx® dx? 3
(8c-dx?) |56 cAppellFl[—, —, 1, —, - ——, — | +3dx
3 2 3 C 8c
7 1 10 dx3 dx3 7 3 10 dx3 dx3
AppellFl|[—, =, 2, —, -——, — | -4AppellF1[—, =, 1, —, - —, —|
3 2 3 C 8¢ 3 2 3 C 8c

Problem 324: Result more than twice size of optimal antiderivative.

1
dx
Jx6 (8c-dx®) Vec+dx?
Optimal (type 6, 66 leaves, 2 steps):
| dx3 5 1 2 dx3 dx3
1+ T AppellFl[—;, 1, ;, 7;, Z_, 7?}
40 cx>vc+dx3
Result (type 6, 364 leaves):

1 1
3264 c*d* x® AppellF1[~, =, 1, —, - ——, —]
372

[—16c2+7cdx3+23d2x6+

3 11 4 dx* dx?
(8c-dx?) [32cAppellF1[ =, =, 1, —, - ——, — | +
3 2 3 C 8c¢C
3 4 1 7 dx® dx? 4 3 7 dx® dx?
3dx® |AppellFl[—, =, 2, —, - ——, — | -4 AppellF1[—, =, 1, -, - ——, —— -
3 2 3 C 8¢ 3 2 3 C 8c
4 1 7 dx® dx3
(161cd3 x° AppellFl[—, =, 1, =, - ——, —| /[(8cdx3>
3 2 3 C 8¢
4 1 7 dx3 dx3 3 7 1 10 dx? dx3
56 c AppellFl|—, —, 1, —, - ——, — | +3dx® |AppellF1][—, =, 2, —, - —, —| -
3 2 3 C 8¢ 3 2 3 C 8¢
7 3 10 dx3 dx3 S
4Appe11F1[_) ) 1: I ) ] J ]/ (640 C3 X5 C+dX3
3 2 3 C 8¢

Problem 329: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

dx

1
Jx <8c—dx3) (c+dx3)3/2
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Optimal (type 3, 76 leaves, 7 steps):
Ar‘cTanh[@} Ar‘cTanh[@}

2 . 3+/c ~ c
27c2V/c+dx3 32432 12¢%2
Result (type 6, 310leaves):
1 3 1 dx3 dx3
————2|1- |8cdx?AppellFl|1, =, 1,2, - —, —| /
272c+dx® 2 c 8c
R 1 dx3 dx3
(8c-dx?) |16 cAppellF1[1, =, 1,2, - ——, — | +
2 C 8¢
; 1 dx® dx3 3 dx? dx?
dx® |AppellfF1(2, —, 2,3, -——, — | -4AppellF1[2, =, 1,3, - —, —| +
2 C 8c 2 c 8c
3 3 1 5 C 8¢
(15cdx AppellFl[ =, =, 1, =, - ——, —| /
2 2 2 dx3 dx3
, R 3 1 5 c 8c
(-8c+dx®) [5dx>AppellF1[ =, —, 1, =, - ——, — | +
2 2 2 dx3 dx3
5 1 7 C 8c 5 3 7 C 8c
16cAppellF1[7, —5 2, =, —-——, 7} —cAppellFl[*, =1, = -, 7] )
2 2 2 dx3 dx3 2 2 2 dx3 dx3

Problem 330: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1

J dx
x* (8c-dx?) (c+dx3)3/2

Optimal (type 3, 100leaves, 8 steps):
dAr‘cTanh[@} 11dArcTanh[@}

25d 1 3vc c

- - +
216 3c+dx®  24c2x3Vc+dx 2592¢72 96 c”/2
Result (type 6, 326 leaves):
3 - 1 dx3 dx3
-9c-25dx*+ (200 cd?x® AppellF1[1, —, 1,2, -——, —| /
2 C 8c
3 1 dx3 dx3
(8c-dx?) |16 cAppellF1[1, =, 1,2, - ——, — | +
2 C 8c¢C
3 1 dx? dx3 dx3 dx3
dx® |AppellF1(2, =, 2,3, - ——, —| -4 AppellF1[2, =, 1,3, - —, — +
2 C 8c C 8c
3 1 5 C 8¢
(330cd2x6AppellF1 = 1, o, e, —] /[(8c—dx3>
22 2 dx3 dx3
3 3 1 5 C 8c¢C 5 1 7 C 8c¢C
[de AppellFl[ =, =, 1, =, - ——, ——] +16cAppellF1][ =, =, 2, =, - ——, ——
202 2 dx3 dx3 2 2 2 dx3 dx3
5 3 7 C 8¢
cAppellFl|[ =, =, 1, —, - ——, —| )]/ [216c3x31/c+dx3
202 2 dx3 dx3
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Problem 331: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J ! dx
X (8c-dx?) (c+dx3)3/2

Optimal (type 3, 128 leaves, 9 steps):
245 d2 1

- +

1728 c*Vc+dx3 48 c?x®+/c+dx3
d2 ArcTanh | @] 109 d? ArcTanh | @}

34/c C
+ —

64 c3 X3 Ae+d X3 20736 C9/2 768 C9/2

3d

Result (type 6, 336 leaves):

2 3 2 6 39 1 dX3 dX3
-36c“+8lcdx’+245d“ x° - |1960 c d° x AppellFl[l, -1, 2, - R /
2 C 8¢
3 1 dx3 dx3
(8c-dx?) |16 cAppellF1[1, =, 1,2, - ——, — | +
2 C 8¢
3 1 dx3 dx3 3 dx3 dx3
dx® |AppellF1[2, —, 2,3, - ——, —| -4AppellF1[2, —, 1, 3, - y — | +
2 C 8 c¢C 2 C 8 c¢C
3 1 5 C 8c
(3270cd3x9AppellF1[f, =1, =, - y —] /((—8c+dx3>
2 2 2 dx3 dx3
R 3 1 5 c 8c 5 1 7 c 8c
[de AppellFl[ =, =, 1, =, -——, ——| +16cAppellF1[~, =, 2, —, - ——, —| -
2 2 2 dx> dx3 2 2 2 dx> dx3
5 3 7 C 8¢
cAppellFl[ =, =, 1, —, - »y —] )]/[1728c4x64/c+dx3
2 2 2 dx3 dx3

Problem 332: Result unnecessarily involves higher level functions.

7

J(8c—dx3) (c+dx3)3’/2

dx

Optimal (type 4, 629 leaves, 14 steps):
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2x2 56V c+dx3
27 crdxd 27 (143 ] 34 dV3 x|

/ P / 2
A3 cl/s c1/3.d1/3 x c1/3,41/3 x
| 32c¥¢ArcTanh|

A\ c+d X3 3¢Y/6 ./ c+d X3 ]

+ —

27 /3 d8/3 81d®/3

32 cY/6 ArcTan|

32 c1/6 ArcTanh [ 3;@]

< C2/3_C1/3 d1/3x+d2/3 XZ

+28~/2-+/3 173 (c1/3+d1/3x)
81d8/3 ((1+\/?) 173, g1/3 x| 2

(17\5) cl/3 4 di/3

(1+\/?) cl/3 4 d/3 x

EllipticE [ArcSin|

|, -7-4+/3] /

cl/3 (C1/3 +dt/3 X)

9 33/4d8/3 /c+dx3 _ 56,\/?(:1/3 (C1/3+d1/3 X)
((1+\/?) C1/3+d1/3‘x>2
2/3 _ ~1/3 41/3 2/3 2 1-+/3 ] c¥34+d¥3x
¢ T x e dTx EllipticF [ArcSin| ( ) |, -7-4+3] /
([103 ] 3 s aiin? 1043 e aex

c1/3 (C1/3 + d1/3 X)

([1473) a2 vqx)?

27 31/4 d8/3

\Jo+dx3

Result (type 6, 337 leaves):

1 s 5 2 1 5 dx* dx3
2x? |5- 1606 2 AppellFi[=, =, 1, >, - ——, —] /
135d2/crd 3 2 3 C 8c
R 2 1 5 dx3 dx3
(8c-dx?) 40 c AppellFl[—, =, 1, =, - ——, —] +
3 2 3 C 8c
3 5 1 8 dx? dx3 5 3 8 dx3 dx3
3dx® |AppellFl| =, =, 2, —, - ——, —| -4AppellF1[ =, =, 1, —, - —,
3 2 3 C 8¢ 3 2 3 C 8¢
R 5 1 8 dx® dx3
896 c d x> AppellFi[ =, =, 1, =, - —, —] /
3 2 3 C 8c
R 5 1 8 dx3 dx3 3
(8c-dx?) |64 cAppellFi[=, =, 1, —, -——, — | +3dx
2 3 C 8¢
8 1 11 dx3 dx3 8 3 11 dx3 dx3
AppellFl[—, =, 2, —, - ——, —| -4AppellF1[—, =, 1, —, - —,
3 2 3 C 8¢ 3 2 3 C 8¢

Problem 333: Result unnecessarily involves higher level functions.

4

J(8c—dx-”) (crdx?)®?

dx
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Optimal (type 4, 635 leaves, 14 steps):
2 x2 2\Vc+dx3
- +
27cdVc+dx®  27cds/3 ((1+ﬁ) c1/3+d1/3x)
1/6 (c1/3,41/3 1/3,41/3 )2
4Ar‘cTan[M} 4 ArcTanh [ M]
3/ c+d x3 3cl/6./cedx3
+
27 /3 ¢5/6 ¢5/3 81 c°/6 d5/3
4Ar‘cTanh[3zc+dX3 ]

3Vc B 2-+/3 (c1/3+d1/3x)
81 ¢5/6 45/3 ((1 N ﬁ) cl/3 , g1/3 x)2

C2/3 _ C1/3 d1/3 X + d2/3 XZ

[(1_\/?) cl/3 . gi/3

(1+\E) cl/3 4+ dl/3 x

|, -7-av3]|/

EllipticE [Ar‘cSin

1/3 1/3 d1/3
9 33/4c2/3 d5/3 ¢ (C * X) ; C+dX3 4 2\/7 <C1/3+d1/3x>
([10v3] o)

13| e dix

c2/3 _ c1/3 d1/3 x + d2/3 x2

EllipticF [ArcSin|

((1+\E) c1/3+d1/3x)2 (1+ﬁ) c1/3 4 41i/3 ¢

|, -7-43]/

1/3 (,1/3 , 41/3
C ct/? +dY° x
27 3423 ¢5/3 ( ) A c+dx®

((1+\/?) C1/3+d1/3x)2

Result (type 6, 340leaves):

1 ) 5 2 1 5 dx3> dx3
—————2x* |- ——+ |160@ c AppellF1[—, —, 1, =, - ——, —— /
135/ c+dx3 cd 3 2 3 c 8c
3 2 1 5 dx® dx3
d(8c-dx?) [48cAppellF1[—, =, 1, =, -——, — | +
3 2 3 C 8¢
3 5 1 8 dx3 dx3 5 3 8 dx3 dx3
3dx® |AppellFl][ =, =, 2, =, - ——, — | -4AppellF1[ =, =, 1, —, - —, — _
3 2 3 c 8c 3 2 3 c 8c
3 5 1 8 dx3 dx3
323 AppellF1[ =, =, 1, —, - —, —| /
3 2 3 C 8¢
3 1 8 dx3 dx3 3
(8c-dx?) |64 cAppellF1[ =, =, 1, —, -——, — | +3dx
2 3 C 8c

8 1 11 dx® dx3 8 3
AppellFl[—, =, 2, —, -——, — | -4AppellF1|—, =, 1, —, - ——, ——
372 372

3 C 8c
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Problem 334: Result unnecessarily involves higher level functions.

J X dx
(8c-dx?) (c+dx3)3’/2

Optimal (type 4, 632 leaves, 14 steps):

V3 Ve (V/3dY/3 x
ArcTan [ ]
2 x? 2Vc+dx3 NS

- +

272V crdxd 272 d (1443 ) V3 di3x] 54~/3 c11/6 g2/

1/’34r 1/3 2
Ar‘cTanh[w)—] Achanh[lzud% ]

3 ede Ve~ 2-/3 (c?/3+d3x)
162 c11/6 d2/3 162 C11/6 d2/3
€2/3 | c1/3 d1/3 5, 42/3 x2 (1 - \/?) cl/3 4+ dl/3 x
EllipticE [ArcSin| |, -7-4+3] /
(1033 ] 3 s aiian? 13 ) e ain

c1/3 (C1/3 +d1/3 X)
3/4 ~5/3 42/3 3 1/3 1/3
9 334c3/3(¢ Zw/c+dx - |2+/2 (c +d x)
(1043 2 dirsx)

€2/3 _ c1/3 q1/3 5 4 42/3 x2 (1 -3 ) cl/3 4+ d3 x
EllipticF [ArcSin|

((1+ﬁ) c1/3+d1/3x)2 (1+ﬁ) c1/3 4 d1/3 x

|, -7-433]/

1/3 (~1/3 , 41/3
C ct/? +dY3 x
27 - 3Y/4 5/3 423 ( ) AJc+dx3

((1+\/?) c1/3+d1/3x)2

Result (type 6, 336 leaves):

1 X 2 1 5 dx3 dx3
— 2 X" | - 250Appe11F1[—, 1, = - —} /
135 y/C s dx 3720 '3 < 8c
R 2 1 5 dx3 dx3 3
(8c-dx?) (4@ cAppellFl[—, —, 1, =, -——, — | +3dx
3 2 3 C 8c
5 1 8 dx3 dx3 5 3 8 dx3 dx3
AppellFl| =, =, 2, =, - ——, —| -4AppellF1[ =, =, 1, —, - —, +
3 2 3 C 8c 3 2 3 [« 8c
1 5 5 1 8 dx? dx?
— |5+ (32cdx®AppellFl[ =, =, 1, —, - ——, — /
c? 3 2 3 c 8c
R 8 dx® dx? 3
(8c-dx?) |64 cAppellF1[ =, =, 1, —, -——, — | +3dx
2 3 C 8c
8 1 11 dx3 dx3 8 3 11 dx3 dx3
AppellF1[=, =, 2, =, - ——, ——] -4AppellF1[~, =, 1, —, - —, —|
3 2 3 C 8¢ 3 2 3 C 8¢
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Problem 335: Result unnecessarily involves higher level functions.

J ! dx
x? (8c-dx?) (c+dx3)3/2

Optimal (type 4, 653 leaves, 15 steps):
2 43/ c+dx3 43d¥3+/c+dx3
- +
27c2xVe+dx3 216 c* x 216c3((1+\/?)c1/3+d1/3x)
1/6 (c1/3,41/3 1/3,41/3 2
d/3 ArcTan [ M] d/3 ArcTanh [ u)_} 413 ArcTanh { [crdx? ]
\ c+d x3 3cY/6/c+dx3 3+/c

432 +/3 cl17/6 1296 c17/6 1296 c17/6

c2/37c1/3 d1/3X d2/3 XZ
43]2-+/3 dV3 (V31 dY3x) - .
((1+7/3) a3 x]

+

=

_/3 ) cl/3 | gi/3

EllipticE[ArcSin| ( |, -7-4+3] /
(1+\/?) cl/3 4 d1/3 x
144 3%/4 33 bl G Ll \Jerdx? |+ [43dY3 (P4 dM P x)
((1+\/?> c1/3+d1/3x)2
2/3 _ 1/3 g1/3 2/3 y2 1-+/3 ] c¥/34+d1/3x
e T dxedTx EllipticF[ArcSin[( ) |, -7-4+/3] /
((1+\E) C1/3+d1/3x)2 (1+\/?) /3, d1/3

1/3 1/3 d1/3
108 +/2 31/4¢8/3 P (P X) - N c+dx3
((1+\/?) C1/3+d1/3x)

Result (type 6, 356 leaves):

| 111
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1 " 2 1 5 dx3 dx3
—————— | |4375dx2 AppellF1[ =, =, 1, =, - ——, —] /
276/ c+dx 32 3 ¢ 8¢
3 2 1 5 dx® dx3
c(8c-dx?) 40 c AppellFl][ =, =, 1, =, - ——, — | +
3 2 3 C 8¢
3 5 1 8 dx3 dx3 5 3
3dx* |AppellFl| =, =, 2, —, -——, ——| -4AppellF1[—, —, 1
372 3 c 8¢ 372
; ) 6 5 1 8 dx3 dx3
135¢+215d x> + [1376 ¢ d® x® AppellF1|[ =, —, 1, —, - ——, ——
4c3x 3

3 C 8¢
, 5 1 8 dx3 dx3 3
(8c-dx?) |64 cAppellF1[ =, —, 1, —, -—, | +3dx
3 2 3 C 8c
8 1 11 dx® dx3 3
AppellFl[i) ) 2: T T T 7] 74AppellF1[7’ 5 1’ N
3 2 3 C 8c 3 2

3

]

8
)
3

/

-

dx3

C

Problem 336: Result unnecessarily involves higher level functions.

J ! dx
x® (8c-dx3) (c+dx3)3/2

Optimal (type 4, 675 leaves, 16 steps):

3

d x3

8c
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2 91+Vc+dx> 113d+c+dx3
_ + _
27¢2x4\Vecrdx® 864 c3 x* 432 c* x
1/6 (c1/3,41/3
4473 Aman[w}
113d%43+c+dx3 A/ crd x3
- +
432¢* (1443 ) 24 d2x] 3456 /3 236
1/3,41/3 2
d4/3 Ar‘cTanh{u} q4/3 ArcTanh[3(c+dx3 ]
3cY6+/c+d x3 - 3+/c + 1113 27\5 d4/3 (C1/3+d1/3 X)
10368 c?3/6 10368 c23/6

1—\/?) cl/3 4+ d3x

C2/3 _ c1/3 d1/3 X d2/3 XZ
- E1lipticE [ArcSin| |, -7-4+/3] /
((1+\/?) C1/3+d1/3x)2 (1+\/?) cl/3 4+ dl/3 x
c1/3 (C1/3+d1/3 X)
3/4 ~11/3 3 _ 4/3 1/3 1/3
288 3¥“c S erdx 113d%3 (2 + d'? x)
((1+\/?) C1/3+d1/3x>
€2/3 | c1/3 q1/3 y 4, ¢2/3 x2 o ' 1—\/?) cl/3 4+ dl/3 x
EllipticF [ArcSin| |, -7-4+3] /
(143 ) e aox]? (1443 3 a3
c1/3 <C1/3+d1/3 X)
1/4 ~11/3 3
216/2 34 ¢ - A c+dx
((1+v3 ) 3 aiy]
Result (type 6, 364 leaves):
2 1 5 dx® dx3
[-135 c2+675cdx®+1130d% x° - (99250 c?d*x® AppellFl[—, =, 1, =, - —, —] /
3 2 3 C 8¢
3 2 1 5 dx3 dx3
(8c-dx?) [48cAppellFl[—, —, 1, =, -——, — | +
32 3 c  8c
3 5 1 8 dx3 dx3 5 3 8 dx3 dx3
3dx® [AppellFl]| =, =, 2, =, - ——, —| -4AppellF1[~, =, 1, —, - —, —| +
3 2 3 C 8¢ 3 2 3 C 8c
5 1 8 dx3 dx3
(7232cd3x9AppellF1[—, 1, =y — | /[<8c—dx3)
372 3 c  8c
5 1 8 dx? dx 3 8 1 1 dx? dx¥®
64 c AppellFl| =, =, 1, —, - ——, ——| +3d x> [AppellF1[—, =, 2, —, - —, — | -
3 2 3 C 8c¢C 3 2 3 C 8c¢C
8 3 11 dx3 dx3 |
4APP911F1[—) ) 1) y k) ] ) )/ (432@C4X4 C-%—dX3
3 2 3 C 8¢

Problem 337: Result unnecessarily involves higher level functions.

J ! dx
x® (8c-dx?) (c+dx3)3/2
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Optimal (type 4, 699 leaves, 17 steps):
2 139+ c+dx3 6095d+/c+dx? 953d?>+/c+dx?

272y’ crdx® 1512 3 x’ 48384 c* x* 3024 ¢ x

1/6 (c1/3,41/3
d7/3Ar‘cTan[\Ec — X]

953d7/3+c+dx3 \crdx®

+

- +
3024 ¢5 ((1+ﬁ) c1/3+d1/3x) 27648 /3 c29/6
1/3,41/3 2
72 A"'CTanh[jc,—X)_} d7/3 Ar‘cTanh[lz“dxg ]
3cl/6 ./ cidx3 ~ 3\5 _|953 2_\/? d7/3 (C1/3+d1/3 X)

82944 c?°/6 82944 c?9/6

(17\/?) cl/3 | gi/3

c2/3 _ c1/3 d1/3 X + d2/3 X2

|, -7-4+3] /

EllipticE [ArcSin|

([1+3/3]) 2 va2x)? (1443 3+ a3 x
cl/3 (¢l/3 1 dY/3 x
2016  3%/% 143 ( ) \Je+dx® | +|953d7/3 (3 +dV3 x)

([1:73) @2 s g x)?

€2/3 _ c1/3 q1/3 5 4 42/3 x2 (17 \/?) cl/3 1 d1l/3 x
EllipticF[ArcSin| |, -7-4+3] /
((1+V/3) 2 raax)? (1+4/3) 13+ a2 x
c1/3 <C1/3+d1/3 X)
1/4 ~14/3 3
1512+/2 3V4¢ - A c+dx
((1+\/?) C1/3+d1/3x)
Result (type 6, 378 leaves):
[-5 (864 c - 1647 c*d x® + 9153 c d® x°® + 15248 d* x°) +
2 39 2 1 5 dx3 dx3
6100250 c? d> x° AppellF1[—, =, 1, =, - ——, — | /
3 2 3 C 8¢
3 2 1 5 dx> dx3
(8c-dx?) [48cAppellFl[—, =, 1, =, - —, — | +
3 2 3 C 8¢
3 5 1 8 x> dx3 5 3 8 dx3 dx3
3dx® |AppellF1[ =, =, 2, =, - ——, — | -4 AppellF1[~, =, 1, -, - ——, —| -
3 2 3 C 8¢ 3 2 3 C 8¢
4 12 5 1 8 dx3 dx3
487936 c d* x*? AppellF1[ =, =, 1, —, - ——, —] /
3 2 3 C 8¢
3 5 1 8 dx3 dx3 3 8 1 11 dx3
(8c-dx?) [64cAppellFl[ =, =, 1, —, -——, —| +3dx? |AppellF1[—, —, 2, —, - —,
3 2 3 C 8¢ 3 2 3 C

dx3 8 3 11 dx® dx3
——] -4AppellF1[—, =, 1, —, - ——, —|
8¢ 372 3 c  8c

/ (241920c5x7w/c+dx3 )

|
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Problem 338: Result more than twice size of optimal antiderivative.

3

J(8c—dx3) (c+dx?)®?

dx

Optimal (type 6, 66 leaves, 2 steps):

4 [q ., d 4 3 7 de de
xt 149 Appe11F1[3,1, Sr s G c}

32c2+/c+dx3
Result (type 6, 338 leaves):
1 1 1 1 4 dx3 dx3
————————2x|-——+ 256 cAppellF1[~, =, 1, —, - ——, —| /
27Vc+dx3 cd 3 2 3 C 8c
3 1 1 4 dx3 dx3
d(8c-dx?) [32cAppellF1[=, =, 1, —, - —, — | +
3 2 3 C 8c¢C
3 4 1 7 dx® dx3 4 3 7 dx3 dx3
3dx® |AppellFl[—, =, 2, =, - ——, — ] -4 AppellF1[—, =, 1, —, - , +
3 2 3 C 8¢ 3 2 3 C 8c
3 4 1 7 dx3 dx3
7% AppellFl|—, =, 1, —, - ——, —| /
3 2 3 C 8c¢C
3 4 1 7 dx3 dx3 3
(8c-dx?) 56 c AppellFl[—, =, 1, —, - —, | +3dx
3 2 3 C 8c
7 1 10 dx3 dx3 7 3 10 dx3 dx3
AppellFl[—, =, 2, —, -——, —— | -4AppellF1|—, =, 1, —, - —, —|
3 2 3 C 8cC 3 2 3 C 8¢

Problem 339: Result more than twice size of optimal antiderivative.

J ! dx

(8c-dx?) (c+dx3)3/2

Optimal (type 6, 64 leaves, 2 steps):

x |1+ 9% appellF1[t, 1, 2, 4, &<, _dx]

8c2\/c+dx3
Result (type 6, 334 leaves):




116 | Mathematica 11.3 Integration Test Results for 1.1.3.4 (e x)~"m (a+b x”~n)”p (c+d x~n)~q.nb

1 1 1 4 dx3 dx3
——————2x | |176 AppellF1[ =, =, 1, —, - —, —| /
27/ c+dx3 3 2 3 ¢ 8¢
R 1 1 4 dx3 dx3
(8c-dx?) 32cAppellFl[ =, =, 1, —, - ——, — | +
3 2 3 C 8c¢C
4 1 7 x> dx3 4 3
3dx® |AppellFl|—, —, 2, —, -——, ——| -4AppellF1[—, =, 1,
372 3 c  8c 32
1 4 1 7 dx3 dx3
—|1-|7cdx? AppellFl[f -1, - -— 7] /
c? 3 2 3 c 8c
R 4 1 7 dx3 dx3
(8c-dx?) |56 cAppellF1[—, —, 1, —, -——, — | +3dx
3 2 3 C 8¢
7 1 10 dx3 dx3
AppellF1[ =, =, 2, —, - ——, ——| -4 AppellFl|—, =, 1, —
3 2 3 C 8¢

Problem 340: Result more than twice size of optimal antiderivative.

J ! dx
x? (8c-dx}) (c+dx?)??
Optimal (type 6, 66 leaves, 2 steps):
[1+ 9% AppellF1[-2,1, 2, 2, &0 _dx]
_ 16c2x2/c+dx®
Result (type 6, 351 leaves):

3 11 4 dx? dx?
-27¢c-59dx? - |7360 c*d x> AppellFl[—, =, 1, —, - ——, —| /
3 2 3 C 8¢
3 1 1 4 x3 dx3
(8c-dx?) [32cAppellF1[ =, =, 1, —, - ——, — | +
372 3 c 8c
4 1 7 x3 dx3 4
3dx® |AppellFl|—, =, 2, —, - ——, ——| - 4 AppellF1]
3 2 3 C 8c¢C 3
4 1 7 dx3 dx3
(413cd2x6Appe11F1[— =1, - ] /[(8c—dx3>
372 3 c 8c
4 1 7 dx3 dx3 3 7
56cAppellF1[f -1, = -—, 7] +3dx AppellFl[f
3 2 3 C 8c¢C 3
7 3 10 dx3 dx3 —
4AP|9911F1{—) ) 1: oy~ k) ] ) )/ (432 C3 X2 C+dX3
3 2 3 C 8¢

Problem 341: Result more than twice size of optimal antiderivative.

J ! dx
X6 (8c-dx?) (c+dx3)3’/2

Optimal (type 6, 66 leaves, 2 steps):
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| 117
[, a2 5 4 3 _2 d _dx
1+ 9% pppellf1[-2, 1, 2, -2, &, ]
40 c2 x>+ c+dx3
Result (type 6, 364 leaves):
1 1 4 dx® dx3
[432 c?2+1269 cdx3+2981d?x®+ |382528 c? d? XGAppellFl[f, =51, -, -—, — /
2 3 C 8¢
3 11 4  dx® dx?
(8c-dx?) 32cAppellFl[ =, =, 1, —, - ——, — | +
3 2 3 C 8¢
3 4 1 7 x3 dx3 4 3 7 dx® dx3
3dx® |AppellFl|—, =, 2, =, - ——, —| -4AppellF1[—, =, 1, —, - —, —| -
3 2 3 C 8¢ 3 2 3 C 8¢
30 4 1 7 x> dx3
20867 c d® x° AppellFl[—, =, 1, —, - ——, — | /
3 2 3 C 8¢
3 4 1 7 dx3 dx3 3 7 1 10 dx3
(8c-dx?) [56 cAppellF1[—, —, 1, —, -——, ——| +3dx® |[AppellF1[—, =, 2, —, - —,
3 2 3 C 8¢ 3 2 3 C
dx3 7 3 10 dx3 dx3
——] -4AppellF1[~, =, 1, —, - ——, —] )] /(17280c4x54/c+dx3
8¢ 3 2 3 C 8¢

Problem 342: Result unnecessarily involves higher level functions.

xVa+bx3
2(5+3\/?)a+bx3

dx

Optimal (type 4, 737 leaves, 5steps):
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33/4 31/6 ArcTan | 34 (1443 at/6 (a¥/24p%/2 x|

2vVa+bx3 . 2 +Jatbx3 )

p2/3 ((1+ ﬁ) al/3 | pl/3 X) 2+/2 b2/3
1/6 ApcT 143 ) \Jarbx' 31/4 al/é ArcTanh 3/4al/e (1043 ) 2/2-20%2 x]

a rc an[ JT 3 e ] . VZ +[arbx3 .

ﬁ 31/4 p2/3 \/7 p2/3
31/4al/6 ArcTanh | 3/ (13 ) 2¥/€ a0/ x|

A2 +Ja+bx3
e C|3van[a /3 at/3 <a1/3 L bl/3 x)
a2/3 _ a1/3 p1/3 x | p2/3 y2 1- \/?) al’3 + bl/3 x
EllipticE [ArcSin|

,7-avE
((1+\/?)a1/3+b1/3x)2 ] 7-4 3}/

(1+\/?) al/3 L pl/3

1/3 (41/3 , p1/3
b2/ a (a +b x)

((1+\E> a1/3+b1/3x>

; Ja+bx® |+ |2+/2 al? (a3 4 b3 x)

1/3 , p1/3
a2/3 _ al/3 pl/3 x , p2/3 x2 1—\/3) a‘’? +b*°x

" EllipticF[Ar‘cSin[
((1+\E) al/3 . pl/3 X)

e

1/3 1/3 1/3
J1/4 23 a (a +b x)

((1+\/?) a1/3+b1/3x)

5 \Ja+bx3

Result (type 6, 250 leaves):

2 1 5 b3 b x3
10(26+15\/3)ax2w/a+bx3 AppellF1[=, - =, 1, = s ]/
37 2 3

bl 3

a 10a+6+/3 a

((5+3v§j(2(5+3¢§ja+bxﬂ

2 1 5 b x3 b x3
(19 (54373 | amppellf1[=, - —, 1, >, -, - ——————] -

3 3 a 10a+6+/3 a

3 5 1 8 b x3 b x3

3bx> [AppellFl[=, - =, 2, —, - —, - ———— | -
3 2 3 a 10a+6+/3 a

5 1 8 b x3 b x3

(5+3\/?) AppellF1[=, =, 1, —, - y -]
3 2 3 a

10a+6\/?a

Problem 343: Result unnecessarily involves higher level functions.
J\ xva-bx3
2 (5+3\/?) a-bx3

dx
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Optimal (type 4, 757 leaves, 5steps):
31/4 (1+\/?) al/e (al/Bibl/S x)

3%/4al/6 ArcTan |

2vVa-bx3 2 A a-bx3
+ +
p2/3 ((1+4/3 ) al/3 _pl/3 X) 2+/2 b2/3

13 ) Jabx ] 31/4 al/6 ArcTanh | 34 [14/37) ¥ (a1 b2 x) ]
VTyie ) V2 Jabe .

2 31/4p2/3 2+/2 b2/3

/0 a1/s (103 ) 2351208

V2 +Ja-bx3
\/? p2/3

2/3 , 41/3 p1/3 2/3 42
3149 _ /3 al/3 (a1/3—b1/3x> at”+a’Pb P x+ b x
2

((1+\/?) a1/3—b1/3x)

al’® ArcTan [

31/4 3176 Ar‘cTanh[

(1_ﬁ) al/3 _pl/3
[(1+\/?) al/3 _pl/3

EllipticE [ArcSin

, -7-44/3] /

al/3 (al/3 _pl/3
p2/3 ( ) a-bx3 |+ [2+/2 a3 <a1/3 _pl/3 x)

((1+\5) a1/3—b1/3x)2

=

a2/3 4 al/3 pl/3 x 4 h2/3 x2 ( - \/?) al/3 _pl/3 x
EllipticF [Ar‘cSin[

((1+\/?) a1/3—b1/3x)2 (1+\/?) al/3 _pl/3

, 7443 ] /

al/3 <a1/3 _pl/3 X)

((1+\/?) a1/3—b1/3x)2

31/4 b2/3 a—bx3

Result (type 6, 244 leaves):
3 3
10 (25+15ﬁ) ax?+/a-bx3 AppellFl[E, 12 b—x, bix}J/
37 2

((5+3ﬁ) (2(5+3V3 ] a-bx)

2 1 5 bx3 b x3 5 1 8
10(5+3\/?)3Appe11F1[7,—7, 1, =, —, ——————] +3bx® Appe11F1[ -, 2, S’
3 2 3 a 190a+6+/3 a 2’
b x3 b x3 5 1 8 bx3
X 7}—(5+3\/?)AppellF1[*, =1, -, —, ]J]
a 10a+6+/3 a 3 2 3 a 10a+6\/—a
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Problem 344: Result unnecessarily involves higher level functions.

xV-a+bx3
-2(5+3ﬁ)a+bx3

dx

Optimal (type 4, 774 leaves, 5steps):

31/4 (17\/§) al/e (al/37b1/'3 X)

31/4al/6 ArcTan |

2+ -a+bx3 A2 4/ -a+bx3
- + +
b2/3 ((17ﬁ) al/3 _pl/3 x) 2/2 b2/3

31/4 41/6 ((1+\/?) al/3,2pl/3 x) 31/4 <1+\/?) a1/6 (31/3_b1/3 x)
V2 4/ -atbx? V2 A/ -atbx®
A2 b2/3 2+/2 b2/3

al/e Ar‘cTanh[M]
V2 3¥/4a . |31/4 W al/3 (al/3 - bt/3 X)

31/4 31/6 ApcTan [

} 33/4 g1/6 Ar‘cTanh[

\/?31/4 p2/3

2/3 , 41/3 y1/3 2/3 2 1++/3 ) a3 _pl/3x
AT b X b EllipticE[ArcSin[( ) |, ~7+4+/3] /
((17\5) a1/3—b1/3x)2 (17\/?) al/3 _pl/3

1/3 (q1/3 _ pl/3
b2/3 | - &' (a X) ; A -a+bx3 | - |2+/2 a3 (a'? - b3 x)
((1_\/?) a1/3_b1/3x)

=

2/3 , 41/3 p1/3 2/3 2 ++/3 ] al/3 - bt/3x
alraltb X bTTX EllipticF [ArcSin| ( ) |, -7+4+3 ] /
((1_\/?) al/3_b1/3x)2 (1—\/?) al’3 - b3 x

vavars | al/3 (a1/3—b1/3x) - :
P ((1—\/?)a1/3—b1/3x>2 2 rbx

Result (type 6, 245 leaves):

3 3
10 (26+15\E> ax?+/-a+bx3 AppellFl[g, —1, 1, E, bix’ bx]]/
3

2 3 @ 10a+6+/3 a

3
((5+3ﬁ) (2(s+3v3 ) a-bx*) [10 (5233 | ampperrra[ 2, -2, 1, 2, 2,
37 2 37 a
b x3 5 1 8 bx3 b x3
7} +3bx3 AppellFl[*, -T2, T, T/, 7] -
10a+6+/3 a 3 2 3 a 19a+6+/3 a
3 3
(5+3\/?)Appe11F1[5, 1,1, g, b_x, bix]]]])
372 3 a 18a+6+/3 a
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Problem 345: Result unnecessarily involves higher level functions.

J x\“abx
—2(5+3\/?>a—bx3

dx

Optimal (type 4, 768 leaves, 5steps):

31/4 a1/6 ArcTan [ 31/4 31/6 ((1+\/?) al/3_2pl/3 X)
2:/abx VT e
_ . )

b2/3 ( (1 _ \E) al/3 . pl/3 X) \2 b2/3

31/4 (1_\5) 31/6 (a1/3+b1/3 x) 31/4 (1+\/?) al/6 (31/3+b1/3 x)
2 4 —a-bx3 V2 A/ -a-bx3

247 b3 247 b3

_ | a_px3
a1/6 ArcTanh[M]

\/— 1/4\/72/333/4\/? . 31/4 N 24 \/? a1/3 <a1/3 4 b1/3 X)
2 3D

31/4 31/6 ApcTan [

} 33/4 g1/6 Ar‘cTanh[

a2/3 _ al/3 pl/3 x4 h2/3 x2 (1 +4/3 ) al/3 + bl/3 x
EllipticE [Ar‘cSin[

((17\5) a1/3+b1/3x)2 (1,\/?) al/3 4 pl/3 x

|, -7+4+3] /

al/3 (al/3 . pl/3
p2/3 | _ < ) —a-bx3 |- |2+/2 a3 (31/3 +bl/3 x)

((1_\/?) a1/3+b1/3x)2

=

a2/3 _ 3ql/3 pl/3 y 4 p2/3 x2 ( +1/3 ) al’3 + bl/3 x
EllipticF [ArcSin|

((1_\/?) a1/3+b1/3x)2 (1_\/?) al/3 4 pl/3 x

|, -7+4+3 ] /

1/3 1/3 1/3
a at’? + b3 x
31/4p2/3 | _ ( ) —a-bx?

((1_\/?> a1/3+b1/3x)2

Result (type 6, 253 leaves):
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b x3 b x3

10(26+15\/?>ax2x/—a—bx3 AppellFl[%,—%,l, 3, a,r]]/
10a+6+/3 a
((5+3ﬁ) (2(5+3ﬁ)a+bx3)

2 1 5 b x3 b x3
(10 (5+3\/?) aAppellFl[—, - =, 1, =, - —, - ———| -

3 3 a 10a+6+/3 a

3 5 1 8 bx3 b x3

3bx® |AppellFl[ =, - =, 2, —, - , o ————] -
3 2 3 a 10a+6+/3 a

5 1 8 b x3 b x3

sosvs mpeinl S Lo, 8P
3 2 3 a 10a+6+/3 a

Problem 346: Result unnecessarily involves higher level functions.
J x+va+bx3
2(5-3V3)asbx

dx

Optimal (type 4, 738 leaves, 5steps):

31/4 a1/6 ArcTan { 31/4 51/6 ((l—ﬁ) al/3 o pl/3 x)
2/a+bx® P
p2/3 ( (1 + \/?) al/3 4+ pl/3 x) 77 b2

31/4 (1+\E> al/e (31/3+b1//3 X)

31/4 31/6 ApcTan [ } 33/4 31/6 ArcTanh [ (/5] @V (oo e
V2 A/ a+bx3 V2 +/a+bx3
+ +
2+/2 b2 2+/2 b3

+ A/ a+b x3
al/6 Ar‘CTaﬂh[lﬂ)/a—x
V2 34 a C3vanfa /3 ats3 (31/3 L pl/3 x)
\/j31/4 p2/3

aZ/3 _ a1/3 b1/3 X + b2/3 X2

=

_\/?) al/3 4 pl/3 x

EllipticE [Ar‘csin [

|, -7-4+3] /
([133) a2 s bix)? (1043 | a5 61
b2/3 al/3 (31/3 + p1/3 x) /_a b3 |+ |22 al/3 (a1/3+b1/3 x)
((14—\/?) a1/3+b1/3x)2
a2/3 _ al/3 pl/3 y 4 h2/3 x2 1- ﬁ) al/3 4+ pl/3 x
EllipticF [ArcSin|

L7 av
((1+\E)al/3+b1/3x)2 |,-7-4 3}/

(1+\/?) al/3 4 pl/3

a1/3 <a1/3 + b1/3 X)

((1+\/?) a1/3'+b1/3x)2

31/4 b2/3

\Ja+bx3
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Result (type 6, 250 leaves):

3 3
[1@ (—26+15\/?) aXZWAppellFl[g, _1, 1, 5, _b—x, bx}]/
37 2

3 a 10a-6+/3 a

(52333 [2 (52393 a0

2 1 5 bx3 b x3
(19(-5+3\/?)aAppe11F1[—,-—, 1, 2, 22X
37 2 3 a 10a-6+/3 a
3 5 1 8 b x3 b x3
3bx® |AppellFl[=, - =, 2, =, - —, - ——— | +
32 3 a 10a-6-/3 a
5 1 8 b x3 b x3
(75+3\E)AppellF1[f, =, 1, ,X,X]]]]
372 3 a 10a-6-/3 a

Problem 347: Result unnecessarily involves higher level functions.

J xVa-bx3
2(5—3ﬁ)a—bx3

dx

Optimal (type 4, 758 leaves, 5 steps):
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31/4 (1+\/?) al/6 (al,/37b1/3 X)

31/4 3t/ ArcTan |

2va-bx3 ) V2 ~Jabx? )
p2/3 ((1+\/?) al/3 _pl/3 X) 2+/2 b2/3

31/4 31/6 ((17\/?) al/3,2p/3 x) 31/4 (17\/?) al/e (al/é—bl/@ x)
\/TW V2 +Ja-bx3
A2 b2/3 2+/2 b2/3

. [0 b3
al/6 ArcTanh[M]

V2 34 Va C3vaL[a /3 al/3 (a1/3 _pl/3 x)
\/?31/4 p2/3

31/4 31/6 ApcTan [ } 33/4 31/6 ArcTanh [

2/3 , 41/3 y1/3 2/3 2 1-+/3 ) a3 _pl/3x
ara b e bX EllipticE[ArcSin[( ) |, -7-4+3] /
((1+ﬁ) a1/37b1/3x)2 (1+\/?) al/3 _pl/3
b2/3 al/3 (31/3 _pl/3 x) a_bx3 |+ |2+/2 al/3 (al/s _pl/3 x)
((1+\/?) a1/3—b1/3x)2
2/3 , 41/3 1y1/3 2/3 2 1-+/3]al3-bl/3x
a e b X bX EllipticF[ArcSin[( ) |, -7-4+/3] /
((1+\/?) a1/3_b1/3x>2 (1+\/?) al/’3 _pl/3

1/3 1/3 1/3
a a/? - b3 x
31/4 p2/3 ( ) a-bx3

((1+\/?) a1/3_b1/3x)2

Result (type 6, 242 leaves):

3 3
10 (26715\/?> ax?+/a-bx3 AppellFl[%, —1, 1, E, bix, bX}J/
3

2 3 a 10a-6+/3 a

2 1 5
10 (75+3\E) aAppellFl[;, e 1, i

(52373 [z (50345 ) 2o

b x3 b x3 3 5 1 8 bx3 b x3
—, ———————| -3bx® |AppellF1| =, -, 2, -, —, ———— | +
a 10a-6+/3 a 3 2 3 a 10a-6+/3 a
5 1 8 bx3 b x3
(-5+3\/?) AppellF1[ =, =, 1, =, —, —————— ]] ]
372 3 a 10a-6+3 a

Problem 348: Result unnecessarily involves higher level functions.

J < —aibx
2(5—3\/?)a—bx3

dx

Optimal (type 4, 774 leaves, 5steps):



Mathematica 11.3 Integration Test Results for 1.1.3.4 (e x)~m (a+b x~n)"~p (c+d x~n)”~q.nb | 125

31/4 (17\/?) al/6 (a1/37b1/'3 X)
2+ -a+bx3 2 4/ —arb X3
- +

p2/3 ((17\/?) al/3 _pl/3 X) 2+/2 b2/3

33/4al/6 ArcTan |

1/4 1/6 (41/3_p1/3
2176 ArcTan| 144/3 ) 4/ —asb X3 ] 31/4 41/6 Ar‘cTanh[3 (243 ] a¥° [a17-077 ) ]
VZ 3343 V2 4/ -abx®
+ +
A2 31/4p2/3 2+/2 b2/3
31/4 51/6 ( (17\/?) al/3.2pl/3 X)

V2 A -atbx®
\/7 p2/3

31/4./2 /3 al/3 <a1/3 _pl/3 x) a*? +alB bl x+ b?3 x?
((1_ﬁ> a1/3—b1/3x)2

31/4al/6 ArcTanh |

(1+\/?) al/3 _pl/3
(17\5) al/3 _pl/3

EllipticE [Ar‘cSin [

|, -7+4+3] /

b2/3 | - Gl (a1/3—b1/3x) , N —a+bx3 |+ |24/2 a3 (a1/3—b1/3x)
((1_ﬁ) a1/3—b1/3x)

2/3 , 41/3 p1/3 2/3 2 1+4/3 ) a3 _pl/3x
BT X DT ) ipticF[Arcsin| 23] |, -7+43] /
(133 ] a b’ (15 a3 b

1/3 1/3 1/3

a at’? -b'°x

31/4 p2/3 | _ ( ) ,—a+bx3
2

((17\5) a1/3—b1/3x)

Result (type 6, 243 leaves):

3 3
10 (26—15\/?> ax’/-a+bx3 AppellFl{E, —l, 1, E, b_x, bix]]/
3

2 3 a 10a-6-/3 a
5

10 (—5+3ﬁ) aAppellFl[E, 1,2,
37 2 3

(5333 [2 (52373 ] s b

b x3 b x3 5 5 1 8 bx? b x3
—, ———————]-3bx3 |AppellF1[ >, - =, 2, =, —, —————— ] +
a 10a-6+/3 a 3 2 3 a 10a-6+/3a
5 1 8 bx3 b x3
(75+3\E> AppellFl[*, -1, - > ]]])
372 3 a 10a-6+/3 a
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Problem 349: Result unnecessarily involves higher level functions.

J xV-a-bx3
2(5—3ﬁ)a+bx3

dx

Optimal (type 4, 768 leaves, 5steps):

33/4al/6 ArcTan | 3/ (1-vF) o/° (a0t x|

2+ -a-bx3 V2 A -a-bx3

- +

p2/3 ((17\/?) al/3 | pl/3 X) 2+/2 b2/3

1/6 M 31/4 31/6 ApcTanh [ 3/ave (13 ) @261 ]
al/® ArcTan | e ] Jz [Cabx

+ +

ﬁ31/4 p2/3 \/?bZ/S

31/4 (1+\/?) al/e (alr’/3+b1/3 X)

V2 \[-abx _ 31442 /3 al/3 (a1/3+b1/3x)
2+/2 b?3

31/4 a1/ ArcTanh |

a2/3 _ 31/3 pl/3 y 4 p2/3 y2 (1 +4/3 ) al/3 + b3 x
EllipticE [ArcSin|

((17\5) a1/3+b1/3x)2 (1_ﬁ) al/3 4 pl/3 x

|, -7+4+/3] /

al/3 (al/3 L pl/3
b2/3 | _ < ) —a-bx3 |+ |24/2 a3 (a1/3 + pl/3 x)

((17\/?) a1/3+b1/3x)2

a2/3 _ al/3 pl/3 y 4 h2/3 x2 (1 +4/3 ) al/3 + bl/3 x
EllipticF [Ar‘cSin[

((1_\/?) a1/3+b1/3x)2 (17\/?) al/3 4 pl/3 x

|, -7+4+3] /

1/3 (41/3 , pl1/3
a a2 +b*3?x
31/4 p2/3 | _ ( ) —a-bx3

((1_\/?) a1/3+b1/3x)2

Result (type 6, 253 leaves):
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2 1 5 b x3 b x3
10 (—26+15\/?) ax?~/-a-bx? AppellFi[=, -=, 1, =, - —, ]]/
3 2 3 a 10a-6+/3 a

((5+3ﬁ) (2 (—5+3\/?>a—bx3)

2 1 5 b x3 b x3
[19 (_5+ 3\/?> aAppellFl[f: ) 1) T T T _7} +
32 3 a 10a-6+/3 a
3 5 1 8 bx3 b x3
3bx? [AppellFl[=, - =, 2, =, - —, - ———— | +
3 2 3 a 10a-6+/3 a
5 1 8 b x3 b x3
(-5+3\/?)Appe11F1[—, =, 1, —,-—,_7]]]]
3.2 3 a 10a-6+/3 a

Problem 350: Result unnecessarily involves higher level functions.

X

Vva+bx3 (2 (5+3\/?>a+bx3)

dx

Optimal (type 3, 318leaves, 1step):
(2 B \/?) ArcTan [ 31/4 (hﬁ) al/e (al,/’3+b1/3 X) ] (2 ) \/?) ArcTan [ 1-4/3 | +Ja+bx3 }

B N2 Afa+bx3 - V2 334 a
2 \/7 33/4 35/6 p2/3 3 \E 33/4 35/6 py2/3
(2 - \/?) ArcTanh| 3/t a0 ({103 ) o/2-20%2 x] (2 - \/?) ArcTanh | il CENLI il ]
\/7\ a+bx3 \/7\ a+bx3
3 ﬁ 31/4 35/6 p2/3 6 ﬁ 31/4 35/6 p2/3

Result (type 6, 249 leaves):

3 3
[10 (26+15\/?) aszppellFl[z, 14,2, -b—X, -bix]]/
3 2 3 a 10a+6+/3 a
[5+373] Jarox (252373 ] a0
3 3
(10 (5+3ﬁ) aAppellFl[E, 14,2, 7b—x, 7b7X] ~3bx3 AppellFl[E, 1,8
3 2 3 a 10a+6+/3 a 3 2 3
3 3 3 3
,bix’ 7b7)(} + (5+3\/?) AppellFl[E, E, 1, §; 7b7X, bX]J]]
a 10a+6+/3 a 3 2 3 a 10a+6+/3 a

Problem 351: Result unnecessarily involves higher level functions.

X

Va-bx3 (2 (5+3\E)a—bx3)

dx

Optimal (type 3, 324 leaves, 1step):
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] 4 103 ) ¥ [ ) (IR
Gl = ) e e

2 \/7 33/4 35/6 p2/3 3 ﬁ 33/4 35/6 p2/3 B
(2 - \E) ArcTanh | 3/t [1-V5) ¥ (at/2-b12 x| ]
V2 Ja-bx3

62 31/4 a5/6 b2/3

(25 Arctann [ 222/t [/F] 2 20
VT Javx

34/2 31/4 a5/6 b2/3

Result (type 6, 243 leaves):

_J_Jll_J—J
3 2 3 a 10a+6/3 a

[5+373] oo (252373 ] a-bx)

2 1 5 bx3 b x3
[10 (26+15 \/?) a x? AppellFi| _ }/

2 1 5 bx3 b x3 5 1 8
10 (5+3ﬁ) aAppellfi[=, =, 1, =, X 7)(] +3bx3 |AppellF1[>, =, 2, =,
372" 73" 2 162,643 a 37277 3
b x3 b x3 5 3 8 bx3 b x3
,7}+(5+3\E)Appellm[—, 21, -, ,—]]J]
a 10a+6+/3 a 3 2 3 a 10a+6+/3 a

Problem 352: Result unnecessarily involves higher level functions.

X

V-a+bx3 (—2(5+3\E)a+bx3)

dx

Optimal (type 3, 328 leaves, 1step):

(2 - \/?) ArcTan [ 31/4 (1—\5) al/e (al,/’s,bl/s X) } (2 B /3‘) ArcTan [ 31/4 51/6 ((1+\/?) al/3.7 pl/3 X)
+
6 \/? 31/4 35/6 p2/3 R \/? s s g2

(2- /3 | ArcTann| 2 I
GRETS
2+/2 33/435/6 p2/3

(27\5) ArcTanh | 1-g33/4—j+_bx3 ]
/4~/a

3+/2 33/4 a5/6 b2/3

Result (type 6, 244 leaves):

2 1 5 bx3 b x3
10 (26 + 153 | aszppellFl[;, b oreiea ]/
a 10a+6+/3 a

(5373 [2(s+3v3 ) a-be) -arbn

2 1 5 bx3 b x3
(1@(5+3\/?)aAppe11F1[, , 1, =, —, 7]+3bx3
3

5 1
— AppellFl[ =, =, 2,
2 3 a 10a+6+/3 a 3

2

)

8
3

b x3 b x3

5 3 8 bx3 b x3
, ———— | + (5+3\/?) AppellFl[=, =, 1, —, —, ]]j]]
2 102:6+3 a 372 3 a 18a+6+/3 a
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Problem 353: Result unnecessarily involves higher level functions.

X

V-oa-bx® (-2 (5+3ﬁ) a-bx3)

dx

Optimal (type 3, 330leaves, 1step):
(2 - \/?) ArcTan |

31/4 31/6 ((1+\/?) al/3_2p1/3 x) 31/4 (17\/?) al/6 (al/3+b1/3 X)

(2 - \/?) ArcTan |

N2 4/ -a-bx3 V2 A/ -a-bx3
+ +
3\531/4 a5/6 p2/3 6\/731/4 35/6 p2/3
1/4 (1, 1/6 (31/3,p1/3
(23 ) ArcTann [ L (23 ) Arctann[ 210200
V2 +)-a-bx? - V2 33/44a
2ﬁ33/4 a5/6 p2/3 3ﬁ33/4 a5/6 p2/3
Result (type 6, 252 leaves):
2 1 5 b x3 b x3
T (26+15ﬁ) ax?AppellF1[=, =, 1, =, 2 -7)(] /
3 2 3 a 10a+6+/3 a
2 1 5
((5+3\/?> A -a-bx3 (2 (5+3\/?) a+bx3) (10 (5+3\/?) aAppellFl[—, =, 1, —,
3 2 3
b x3 b x3 3 5 1 8 b x3 b x3
-, -] -3bx® |AppellF1[ =, =, 2, —, - —, - ———— | +
a 10a+6+/3 a 3.2 3 a 10a+6+/3 a
5 3 8 b x3 b x3
(5+3\/?) AppellFi[=, =, 1, =, X X})]]J
3 2 3 a 10a+6+/3 a

Problem 354: Result unnecessarily involves higher level functions.

X

Vva+bx3 (2 (573\E)a+bx3)

dx

Optimal (type 3, 310leaves, 1step):

(20 VT retan [ 2T LTI A0 |y 2 T2
2 4/ a+bx3 2 A/ a+bx3
3 ﬁ 31/4 35/6 p2/3 6 \/7 31/4 35/6 p2/3 v
31/4 (17\/?) al/e (al//3+b1/3 x) ]
2 ++/3 | ArcTanh 1443 ) \arbx
( ) [ \/? \/m } . (2 + '\/?) Ar‘CTanh { ﬁ 33/,4 \g ]
2 \/? 33/4 35/6 p2/3 3 \E 33/4 35/6 p2/3

Result (type 6, 249 leaves):
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10 (26 - 15 ﬁ) a x? AppellF1]

1 5 b x3 b x3
J 71 1) 7)771 —] /
2 3 a  _10a+6+/3 a

((5+3ﬁ) (2 (—5+3\/?)a—bx3)\/m

2 1 5 bx3 b x3
(10(—5+3\/?)aAppellF1[, =1, =, - —, —]+
3 2 3. a 10a-6+/3 a
3 5 1 8 bx3 b x3
3bx3 [AppellFl[=, =, 2, =, - —, - ————— | +
3 2 3 a 18a-6+/3 a
5 3 8 bx? b x3
(5—3ﬁ)Appe11F1[—, =1, —,_—,_7})]”
3 2 3 a 10a-6+/3 a

Problem 355: Result unnecessarily involves higher level functions.

X

Vva-bx3 (2 (5—3\/?>a—bx3)

dx

Optimal (type 3, 316 leaves, 1step):

31/4 (1+ﬁ) al/e (al/éfbl/g X)

(2 + \/?) ArcTan | (2 + \/?) ArcTan | 3/at/e (143 ) atPe2btx]
2 +Ja-bx3 2 +Ja-bx3
- - +
6 \/? 31/4 35/6 p2/3 3 \E 31/4 35/6 H2/3
31/4 (1_ﬁ> 31/6 (31/3_b1/3 x) .
2 +4/3 | ArcTanh 1:v3 | \Jabx
( ) [ vy ] (2 + \E) ArcTanh | = ]
+
2 ﬁ 33/4 35/6 p2/3 3 ﬁ 33/4 35/6 p2/3

Result (type 6, 242 leaves):

2 1 5 bx3 b x3
10 (26 -15V/3 | ax? AppellF1[~, =, 1, =, —, —— ] /
3 2 3 a 10a-63a

(5393 b (25233 ar0x] [0 (52345 ) 2

2 1 5 bx3 b x3 3 5 1 8 bx3
AppellFl[—, =, 1, =, —, ————————| -3bx? |AppellF1[ =, =, 2, —, —,
3 2 3 a 19a-6+/3 a 3 2 3 a
b x3 5 3 8 bx3 b x3
—] ¢ (5—3\/3 ) AppellFl[ =, =, 1, —, —, ]]]])
10a-6+/3 a 3 2 3 a 10a-6+/3 a

Problem 356: Result unnecessarily involves higher level functions.

J(Z (5—3ﬁ)a—bx3) V-a+bx3 o

Optimal (type 3, 320 leaves, 1step):
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31/4 17\/? a1/e al/B—bl/3x 3
(2 + \/?) ArcTan | | ﬁ> TLXS ! ] (2 + \E) ArcTan | 1+g33/;j;_bx ]

24/2 33/4 a5/6 b2/3 3ﬂ/2 33/4 a5/6 b2/3

31/4 (1-*\5) a1/6 (al/q—bl/é X) 31/4 31/5 ((1_\/?) al/3.2 b1/3 )()

V2 \[-a+bx3 N2 A —arb X3

62 31/435/6 b2/3 3./2 31/4 35/6 b2/3

(2+\5) Ar‘cTanh[ (2+\E) Ar‘cTanh[

Result (type 6, 243 leaves):

2 1 5 bx3 b x3
10 (26 - 153 | ax? AppellF1[~, =, 1, =, —, ——— ] /
3 2 3 a2 10a-63a

(5e3v3) Favne (2 [-523v3) av0x)

10(—5+3\/?)a

2 1 5 bx3 b x3 3 5 1 8 bx3
AppellFl[—, =, 1, =, —, ———————| -3bx? |AppellF1[ =, =, 2, —, —,
372 3° a  193-6/3 a 372 37 a
b x3 5 3 8 bx3 b x3
4]+(5—3x/3)AppellF1[—, =1, -, —, 7]”])
10a-6+/3 a 3 2 3 a 10a-6+/3 a

Problem 357: Result unnecessarily involves higher level functions.

X

V-oa-bx? (2(5—3ﬁ)a+bx3)

dx

Optimal (type 3, 322leaves, 1step):
31/4 143 al/s (a1/3,p1/3 5
(2 i ﬁ) ArcTan | | i ! ] (2 + \/?) ArcTan | L/3 | Jabx ]

V2 [-abxd ) VZ 33
2 \/? 33/4 35/6 p2/3 3 \/? 33/4 35/6 p2/3
1/4 j1/6 _ 1/3_9p1/3 1/4 (1, 1/6 (1/3,p1/3
(2+\/?) Ar‘cTanh[3 2/t ([1-3) 2220t (2+\/?) Ar‘cTanh[3 (13 ) ot (a2t x)
VT Cabx V2 [-abx
3 \/? 31/4 35/6 p2/3 6 \E 31/4 35/6 p2/3

Result (type 6, 252 leaves):

2 1 5 bx3 b x3
10 (26—15 ﬁ) ax?AppellF1[=, =, 1, 2, _2x —X]]/
3 2 3 a -10a+6+3 a

(52293700 (250373 ) -0

2 1 5 b x3 b x3
(10 (75+3\5) aAppellFl{*, ) 1) e > 77] +
3 2 3 a 10a-6+/3 a
; 5 1 8 bx3 b x3
3bx AppellFl[*, =52, =, -, —7] +
372 3 a 10a-6+/3 a
5 3 8 b x3 b x3
(S—Bﬁ)AppellFl[*, =1, ,—,—})]]J
372 3 a 10a-6+/3 a
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Problem 361: Result unnecessarily involves higher level functions.
J Ve+dx3

X (a+bx3)

dx

Optimal (type 3, 85leaves, 6 steps):

A/ crdx3 - Vb A/ c+d X3
2\/?Ar‘cTanh[ S | 2+/bc-ad ArcTanh| — ]

- +

3a 3a+/b
Result (type 6, 160 leaves):

1 1 3 C a
7([2bdx3xlc+dx3 AppellFl[;,f;, 1, = -—— ]

3 3 1 1 3 C a
(a+bx?) [3bdx AppellFl[—, - =, 1, =, - ——, - ——] -
2 2 2 d x3 b x3
3 1 5 C a 3 1 5 C a
2adAppellF1[—,——, 2, —,——,——}+bCApp911F1[_; -1, = - > - })])
2 2 2 dx3 b x3 2 2 2 dx3 b x3

Problem 362: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Jm

x4 (a+bx3)

dx

Optimal (type 3, 115leaves, 7 steps):

A/ c+d X3 \/F:/ +d x3
_m+ <2bc—ad)Ar‘cTanh[ cﬁx ]_Zx/Fx/bc—ad ArcTanh | bcfadx ]

3ax® 3a2+/c 3 a?

Result (type 6, 407 leaves):

6 1 dx3 b x3 1 d x3 b x3
6bcdx®AppellFl[1, =, 1,2, - ——, - —| / ~4acAppellFi[1, =, 1,2, - ——, - — | +
2 C a 2 C a
3 1 dx* bx3 3 dx® bx3
x> |2bcAppellF1[2, —, 2,3, -——, - ——] +adAppellF1[2, =, 1,3, - —, - — ||| +
2 c a 2 c a
3 1 5 C a
(dex3 (3ac+bcx3+4adx3+3bdx6)AppellFl[f, =, 1, 7,77,77]7
202 2 dx? b x3
5 1 7 C a
3(a+bx’) (c+dx’) |2adAppellF1[=, =, 2, =, - ——, - ——| +
2 2 2 d x3 b x3
5 3 7 C a
bcAppellFl[=, =, 1, =, - ——, - —] )/
2 2 2 dx3 b x3
3 3 5 C a 5 1 7 C
[a (—dex AppellFl[—, -1, = -— ——] +2adAppellF1[—, -y 2, = -,
2 2 x3 b x3 2 2 2 dx3
a 5 3 7 C a
-—]| +bcAppellFl|=, =, 1, —, - —, - —— )])/ 9x3 (a+bx3)\/c+dx3
bx3} [2 2 2 dx3 bx3} ( >
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Problem 363: Result more than twice size of optimal antiderivative.
Jx3 Ve+dx3

a+bx3

dx

Optimal (type 6, 64 leaves, 2 steps):
x4 c+dx3 AppellFl[‘;—, 1, —%, Z, b2 dxg}

3 a C

3
4a [1+9¥
C

Result (type 6, 426 leaves):
)y 1 1 4 dx3 b x3
X |[32a cAppellFl[f, - 1, 7,—7,—7]/
3 2 3 C a
11 4 dx* bx? 3
-8acAppellFl[~, =, 1, -, -——, - —] +3x3 |2bc
3 2 3 C a
4 1 7 d x3 b x3 4 3 7 dx3 b x3
AppellFl|—, =, 2, —, - ——, - ——| +adAppellF1[—, =, 1, —, - ——, - — ||| +
3 2 3 C a 3 2 3 C a
3 3 6 4 1 7  dx3 b x3
~7ac(8ac+11bcx*+3adx’+8bdx®) AppellFl|—, —, 1, —, - ——, - — | +
3 2 3 C a
7 1 10 x3 b x3
12x° (a+bx?) (c+dx’) [2bcAppellFl[—, =, 2, —, - ——, - — | +
3 2 3 C a
7 3 10 dx3 b x3
adAppellFl[—, =, 1, —, - —, - —| /
3 2 3 C a
4 1 7 dx3 b x3
-14achAppellFl|—, =, 1, —, - ——, - — | +
3 2 3 C a
3 7 106 dx3 bx?
3 X 2bcAppe11F1[f, —, 2, 7}_7}_7]+
3 2 3 C a
7 3 10 dx3 b x3
adAppellF1[—, =, 1, —, - ——, - —| ])]/[10b(a+bx3>1/c+dx3]
3 2 3 C a

Problem 364: Result more than twice size of optimal antiderivative.
Jx Ve+dx3
——dx

a+bx3

Optimal (type 6, 64 leaves, 2 steps):
x2\/c+dx3 AppellFl[%, 1, -%, 8, b d<

2 3 a C

dx3

C

2a |1+

Result (type 6, 163 leaves):
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- K]
3 C a

2 1 5 dx3 bx3
[Sacxlec+dx3 AppellFl[;,f L1, &, - 77]/

N

3 2 1 5 dx3 b x3 3
(a+bx’) [1@acAppellFl[—, - =, 1, =, -——, - — ] +3x* [-2bc
3 2 3 C a
5 1 8 dx3 b x3 5 1 8 d x3 b x3
AppellFl[ =, - =, 2, —, - , -——| +adAppellF1|[ =, =, 1, —, - , - ]
3 2 3 C a 3 2 3 C a

Problem 365: Result more than twice size of optimal antiderivative.
J\/ c+dx3

a+bx3

dx

Optimal (type 6, 59leaves, 2 steps):
XmAppellFl[i, 1, -1, 4, b¥ dXB]

2131 -

3
a [14+9¢
C

Result (type 6, 161 leaves):

1 1 4 dx3 b x3
[8acxﬁc+dx3 AppellFl|—, - =, 1, —,——,——]/
3 2 3 C a
3 1 1 4 dx3 b x3 3
(a+bx?) [8acAppellFl|—, - —, 1, -, -——, - — | +3x> |-2bc

3 2 3 C a

4 1 7 x3 b x3 4 1 7 d x3 b x3

AppellFl|—, - =, 2, —, -——, - —— | +adAppellF1|[—, =, 1, —, - ——, - —|
3 2 3 C a 3 2 3 C a

Problem 366: Result more than twice size of optimal antiderivative.
J Ve+dx?

x2 (a+bx3)

dx

Optimal (type 6, 62 leaves, 2 steps):
\/mAppellFl[fiJ 1, -1, 2 _b2 dx3]

27 37 a ’ C

3
ax [149<
C

Result (type 6, 344 leaves):



Mathematica 11.3 Integration Test Results for 1.1.3.4 (e x)~m (a+b x~n)"~p (c+d x~n)”~q.nb | 135

1
10xvVec+dx3
10 (c+dx3) R 2 1 5 dx> bx? 3
— 25c(2bc—3ad)x AppellFl[f, =, 1, f,—i,—i]/ (a+bx)
a 3 2 3 c a
2 1 5 dx*  bx? 3 5 1 8 dx?
-10acAppellF1[~, =, 1, =, - ——, - ——| +3x? |2bcAppellF1[~, =, 2, —, - —,
3 2 3 C a 3 2 3 c
bx? 5 3 8 dx* bx?
- ——] +adAppellF1[ =, =, 1, =, - —, - —| -
a 3 2 3 c a
6 5 1 8 x3  bx3 3
16 b c d x® AppellFi[~, =, 1, f,—i,—i}/ (a+bx?)
3 2 3 c a
5 1 8 dx* bx3 3 8 1
-16acAppellFl| =, =, 1, —, -——, - ——| +3%® |2bcAppellF1|—, =, 2,
3 2 3 C a 3 2
11 dx3 b x3 8 3 11 dx3 b x3
—, -——, -——] +adAppellF1[—, =, 1, —, - ——, - —|
3 C a 3 2 3 C a

Problem 367: Result more than twice size of optimal antiderivative.
J Ve+dx3

x3 (a+bx3)

dx

Optimal (type 6, 64 leaves, 2 steps):
Ve +dx® AppellFi[- f, 1, -1, %, b2 _dx]

2 3 a C

2ax? |1+ %=

Result (type 6, 344 leaves):

1
8x%2\/c+dx3
4(c+dx3) R 1 1 4 dx3 b x3 3
—_— 16c(4bc—3ad)xAppe11F1[f, =, 1, ,,_7,_7}/ (a+bx)
a 3 2 3 C a
1 1 4 dx3 b x3 3 4 1 7 dx3
-8acAppellFl[~, =, 1, -, -——, - ——] +3x> |[2bcAppellF1][—, =, 2, =, - —,
3 2 3 C a 3 2 3 C
bx? 4 3 7 dx>  bx?
-——] +adAppellF1|—, =, 1, —, - ——, - —| +
a 3 2 3 C a
p 4 1 7 x3 bx3 3
7bcdx AppellFl[f, =, 1, f,—i,—i]/ (a+bx)
3 2 3 C a
4 1 7 d x3 b x3 5 7 1
-14acAppellFl[—, =, 1, =, -——, - ——| +3x* |2bcAppellFi[—, —, 2,
3 2 3 C a 3 2

10 dx3 b x3 7 3 10 d x3 b x3

—, -——, -——] +adAppellF1[—, =, 1, —, - ——, - —|

3 C a 3 2 3 C a

Problem 371: Result unnecessarily involves higher level functions and more
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than twice size of optimal antiderivative.

dx

J(c+dx-”)3/2

X (a+bx3)

Optimal (type 3, 104 leaves, 7 steps):
2 ¢32 ArcTanh]| e | 2(bc-ad)*?*ArcTanh| Vo Jedx ]

2d+c+dx3 Nre Vbc-ad
- +
3b 3a 3ab3/2

Result (type 6, 325leaves):

1 R 5 1 dx>  bx3
————2d |3 (c+dX?) + 6ac(—2bc+ad)xAppe11F1[1, =1,2, -, -—] /
obVcrdx 2 ¢ o

R 1 dx3 b x3 3
(a+bx?) -4acAppellfFif1, =, 1,2, -——, -— ] +x*® |2bc
2 c a
1 dx3 b x3 3 dx3 b x3
AppellF1[2, =, 2,3, -——, - — | +adAppellF1[2, =, 1,3, - —, - —| +
2 C a 2 C a
3 1 5 C a
(5 b? c?x® AppellFl[ =, =, 1, =, - ——, - —| /
2 2 2 dx3 b x3
3 3 3 1 5 C a
(a+bx?) |-5bdx®AppellF1[ =, —, 1, =, - ——, - ——| +
2 2 2 d x3 b x3
5 1 7 C a 5 3 7 C a
2adAppe11F1[—, -, 2, —,——,——}+bcAppellF1[—, — 1, —,——:——})]]
2 2 2 dx3 b x3 2 2 2 dx3 b x3

Problem 372: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

dx

(c+dx?) 3/2
Jx“ (a+bx?)
Optimal (type 3, 116 leaves, 7 steps):

+d x3 +d x3
_cm+\/?(2bc—3ad)Ar‘cTanh[%] _2(bc—ad)3/2Ar‘cTanh[Wbcfaddx ]

3ax3 332 3a2+/b

Result (type 6, 414 leaves):
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. 1 d x3 b x3
c||6d(bc-2ad) x®AppellF1[1, —, 1, 2, - ,f—]/
2 C a
1 dx3 b x3 3
~4achppellFl[1, =, 1,2, -——, - —| +X
2 C a
1 dx3 b x3 3 dx3 b x3
2bcAppellFl[2, —, 2,3, -——, - ——| +adAppellF1[2, =, 1, 3, - -]+
2 C a 2 C a
3 1 5 C a
(dexs(3a(c+2dx3)+bx3(c+3dx3))AppellF1[—, =,1, =, - , -—] -
272 2 dx3 bx
5 1 7 C a
3(a+bx’) (c+dx’) |[2adAppellFl[=, =, 2, =, - ——, - ——| +
2 2 2 d x3 b x3
5 7 C a
bcAppellFl[=, =, 1, =, - ——, - —| )/
2 2 dx3 b x3

N W N W

5 5 c 5 1 7 c
(a (—dex AppellFl|[ =, =, 1, =, , - | +2adAppellFi[ =, =, 2, —, - s
2 x3 b x3 2 2 2 dx3
a 5 3 7 C a
-——] +bcAppellF1|=, =, 1, —, - —, - — )) / 9x3 (a+bx?) \Jc+dx®
bx3} [2’ 277727 axd’ bx3} ( )

Problem 373: Result more than twice size of optimal antiderivative.

)3/2

x3 (c+dx3
J—dlx

a+bx3

Optimal (type 6, 65leaves, 2 steps):
cxtVec+dx3 AppellFl[g, 1, —i, %, _bx 4]

3
4a |1+9<
C

Result (type 6, 382leaves):

1
X |4 (c+dx’) (14bc-11ad+5bdx?) +
110 b2+ c+dx3
Sy 11 4 dx* bx?
32a’c? (14bc-11ad) AppellFl][~, —, 1, —, - ——, - —] /
3 2 3 C a
3 11 4 dx* bx? 3 4 1
(a+bx?) |-8acAppellF1[—, =, 1, —, -——, - —— | +3x> |2bcAppellF1| -, —,
3 2 C a 3 2

7 d x3 b x3 4 3 7 dx3 b x3
2, =, -——, -—— | +adAppellF1[—, =, 1, —, , - ] -
3 C a 3 2 3 C a
4 1 7 dx3 b x3
(7ac (27b®c*-88abcd+55a%d?) x> AppellF1[—, —, 1, —, - ——, ——}J/
3 2 3 C a
3 4 1 7 dx3 b x3 3 7 1
(a+bx?) -14acAppellFl|—, =, 1, —, - , - | +3x* [2bcAppellFl|[—, ~,
2 3 C a 3 2
10 d x3 b x3 7 3 10 d x3 b x3
2, —, - —, ——} +adAppellF1[—, -1, —, -—, ——]
3 C a 3 2 3 C a
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Problem 374: Result more than twice size of optimal antiderivative.

x (c+dx3)??
J— dx
a+bx3
Optimal (type 6, 65leaves, 2 steps):
x2\[c+dx® AppellF1[2, 1, -2, 2, X, _dx]

2a 1+M

Result (type 6, 437 leaves):

3 3
253C2(—7bc+4ad)Appe11F1[E, l,l E dx b x })/
3 2

2 1 _ s ,
-1@acAppellFl[—, =, 1, =, - ——, - —| +3x
3 2 3

5 1 8 d x3 b x3 5 3 8 dx3 b x3
AppellFl| =, =, 2, =, - ——, - —| +adAppellF1[~, =, 1, —, - —, - —]
3 2 3 C a 3 2 3 C a

5
(Zd (—Sac (10ac+20bcx’+3adx’+10bdx®) AppellF1| -,

11

15%* (a+bx?) (c+dx?) 2bcAppellF1[8 1 2, —, -

8 3 11 bx3
adAppellFl[—, =, 1, —, -
3 2 3

5 1
]J/( 16 a c AppellF1[~, —,

3 2
8 dx3 b x3 3 1 dx3 b x3
1, =, - ——, - —] +3x -
3 2

s 2, _J -7 *_] +
C da

8
2 b c AppellF1 [ —
3’

(o]

3 11 dx3 bx3
adAppellFl[—, =, 1, —,

3 2 3 c

35b a+bx3) A C+dx3

/|

Problem 375: Result more than twice size of optimal antiderivative.

d 3\3/2
J(c+ x3) .

a+bx3

Optimal (type 6, 60 leaves, 2 steps):
xVc+dx3 AppellFl[i, 1, 73 : _bX | _dd)

Result (type 6, 434 leaves):
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5 1 1 4 dx3 b x3
16ac’ (-5bc+2ad) AppellF1[—, —, 1, f,f—,f—}/
3 2 3 C a
1 1 4 dx3 b x3
-8acAppellFl[~, =, 1, —, - ——, - —] +3x? |2bc
3 2 3 C a
4 1 7 dx3 b x3 4 3 7 dx3 b x3
AppellFl|—, =, 2, —, - ——, - ——| +adAppellF1[—, =, 1, —, - ——, - — ||| +
3 2 3 C a 3 2 3 C a
3 3 s 4 1 7 x3 b x3
d|-7ac(8ac+16bcx’+3adx®+8bdx®) AppellF1[—, —, 1, —, - ——, - — | +
3 2 3 C a
7 1 10 dx3 b x3
123 (a+bx?) (c+dx?) 2bcAppe11F1[ >’ 2, S e
c a
7 3 1o dx? bx3 4 1
adAppellFl[f, -1, —, - / 14acAppellF1[ —,
3 2 3 3 2
7 dx3 b x3 3 1 10 dx3 b x3
1, = - ——, - ——] +3x 2bcAppe11F1[ =, 2, —,_—,__]+
3 c a 2’ c a
7 10 dx3 bx3
adAppellFl[f, =1, —, -—, ]]] 10b a+bx3) A e+dx3
3 2 3 C

Problem 376: Result more than twice size of optimal antiderivative.

(c+dx?)??

J— ax
X2 (a+bx3)

Optimal (type 6, 63 leaves, 2 steps):
cmAppellFl[—i, 1,-2,2, ¢ d]

2 3 a C

3
ax [149€
C

Result (type 6, 450 leaves):
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3 2 1 5 dx3 b x3
c||25c(2bc-5ad)x AppellFl|[—, =, 1, =, - ——, - ]/
3 2 3 C a
2 1 5 dx3 b x3 3
-10acAppellFl|—, =, 1, =, -——, - — | +3x> [2bc
3 2 3 C a
5 1 8 d x3 b x3 5 3 8 d x3 b x3
AppellFl| =, =, 2, —, - ——, - ——| +adAppellF1[~, =, 1, —, - ——, - — ||| +
3 2 3 C a 3 2 3 C a

5 1 8 dx3 b x3
(16a(bcx3(10c+9dx3)+2a(5c2+5cdx3—d2x6))AppellFl[, =1, =, - -] -
3 2 3 C a
8 1 11 dx3 b x3
30x° (a+bx?) (c+dx’) [2bcAppellFl|—, =, 2, —, - ——, - — | +
3 2 3 C a
8 3 11 dx3 b x3
adAppellFl[*, -1, = -, —7} /
3 2 3 C a
5 1 8 d x3 b x3
a|-16acAppellFl[ =, =, 1, —, - ——, - — | +
3 2 3 C a
3 8 11 dx3 b x3
3 X 2bcAppe11F1[f, —, 2, f,—i,—7]+
3 2 3 C a
8 3 11 dx3 b x3
adAppellF1[—, =, 1, —, - ——, - —| ]J]]/ 10x (a+bx?) \/c+dx’
3 2 3 C a

Problem 377: Result more than twice size of optimal antiderivative.

dx

(c+dx?)®?
Jx3 (a+bx?)
Optimal (type 6, 65leaves, 2 steps):

cVerdx® AppellFi[-2,1, -2, %, _bd_dx]

2 3 a C

3
2ax? [149X
C

Result (type 6, 449 leaves):
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3 1 1 4 dx3 b x3
c||16c (4bc-7ad)x AppellFl|—, =, 1, 7,—7,—7]/
3 2 3 C a
11 4 dx* bx? 3
-8acAppellFl[~, =, 1, —, - ——, - —] +3x? |2bc
3 2 3 C a
4 1 7 d x3 b x3 4 3 7 d x3 b x3
AppellFl|—, =, 2, —, - ——, - ——| +adAppellF1[—, =, 1, —, - ——, - — ||| +

3 2 3 C a 3 2 3 C a

4 1 7 dx3 b x3
( (bcx’ (8c+9dx’) +a (8c*+8cdx d*x®) ) AppellFl|[—, —, 1, —, - ——, - —] -

3 2 3 C a

10 dx3 b x3
123 (a+bx?) (c+dx®) [2bcAppellFl|—, =, 2, —, - ——, |+
2 3 C a
7 3 10 dx3 b x3
adAppellF1[—, =, 1, —, - —, - —| /
3 2 3 C a
4 1 7 dx3 b x3
-14acAppellFl[—, =, 1, —, - ——, - +
3 2 3 C a
7 10  dx3 b x3
3x 2bcAppe11F1[f —y 2y, —y ——, —7] +
3 2 C a
7 3 10 dx3 b x3
adAppellF1[—, =, 1, —, - ——, - —| ]J]]/ 8x* (a+bx?) \/C+dX3]
3 2 3 C a

Problem 381: Result unnecessarily involves higher level functions.

1
dx
Jx (a+bx®) Vc+dx?
Optimal (type 3, 85leaves, 6 steps):
2Ar‘cTanh[@} ZWArcTanh[m}

N C N \bc-ad
3a\/? 3aybc-ad

Result (type 6, 162 leaves):

5 C a

-2

277727 4’ by

3
[10 bdx AppellFl[

/

3 1 5 C a
(9(a+bx c+dx3 ( 5bdx3 AppellFl{ =, 1, —,——,——}+
2’ 2 2 dx3 b x3
5 1 C a 5 3 7 C a
2adAppe11F1[— -, 2, —, -—, ——] +bcAppellF1[— -1, = - s *—] )
2 2 2 dx3 x3 2 2 2 dx3 b x3

Problem 382: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1
dx
Jx4 (a+bx3) Ve+dx3

Optimal (type 3, 117 leaves, 7 steps):
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N (2bc+ad)Ar‘cTanh[@] 2b3/2Ar‘cTanh[W —

~ . N B bc-ad
3acx3 3a%c3? 3a2-/bc-ad
Result (type 6, 409 leaves):
6 1 dx3 b x3 1 dx3 b x3
6bdx®AppellFl[1, —, 1,2, -—, - —] / -4acAppellFi[1, =, 1, 2, - y -]+
2 C a 2 C a
3 1 dx3 b x3 3 dx3 b x3
x> |2bcAppellFl(2, =, 2,3, -——, - —— ]| +adAppellF1[2, =, 1,3, - —, - —]
2 C a 2 C a
3 1 5 C a
(5bdx3 (3ac+bcx’+2adx®+3bdx®) AppellF1[ =, =, 1, =, - ——, - ——| -
22 2 dx? b x3
1 7 C a
3 (a+bx?) (c+dx?) 2adAppellFl[ =, —, 2, =, - ——, -——| +
2 2 d x3 b x3
5 3 7 C a
bcAppellFl[ =, =, 1, =, - ——, - ——] )/
2 2 2 d x3 b x3
s 31 5 c a 5 1 7 c
(ac [—dex AppellFl| =, =, 1, =, - ——, - ——| +2adAppellF1| =, —, 2, —, - ——
2 2 2 dx3 b x3 2 2 2 dx3
a 5 3 7 C a
-—— ] +bcAppellF1|=, =, 1, -, - —, - — ])/ 9x3 (a+bx3)\/c+dx3
bx3} {2'2’ "7 4’ bx3} ( )

Problem 383: Result more than twice size of optimal antiderivative.

3

J(a+bx3)xm

dx

Optimal (type 6, 64 leaves, 2 steps):

4 [q, 42 4 4 1 7 _bx _de
xt [1s 2 Appe11F1[3,1, I c]
4ac+dx3

Result (type 6, 165 leaves):

. 4 1 7 dx* bx?
-|17acx AppellFl[;, ;’ 1, —, - » = ]
1

3 C a
4 7 dx3 b x3 7
(2 (a+bx?) /c+dx® (—14acAppe11F1[—, »1, =, - ——, -——] +3x3|2bcAppellFi| -,
3 2 3 C a 3
1 10 dx3 b x3 7 3 10 dx3 b x3
=,2, —, -——, -— ] +adAppellF1[~, =, 1, —, - —, - —]
2 3 C a 3 2 3 C a

Problem 384: Result more than twice size of optimal antiderivative.

X
dx
J(a+bx3) Vve+dx3

Optimal (type 6, 64 leaves, 2 steps):
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2 |4, 4@ 2 4 1 5 _bx _de
X [1+ 2 Appe11F1[3,1, I C]
2a/c+dx3

Result (type 6, 163 leaves):

5 2 1 5 dx3 b x3
-||5acx AppellFl[f, - 1, 7,—7,—7] /
3 2 3 C a
2 1 5 dx3 b x3
((a+bx3) \Je+dx® |-10acAppellFl|—, =, 1, =, -——, - —| +3x° |2bc

3 2 3 C a

5 1 8 dx3 b x3 5 3 8 dx3 b x3

AppellFl[ =, =, 2, —, -——, - ——| +adAppellF1[~, =, 1, —, - ——, - —|
3 2 3 C a 3 2 3 C a

Problem 385: Result more than twice size of optimal antiderivative.

1
dx
J(a+bx3) Ve+dx3
Optimal (type 6, 59 leaves, 2 steps):

dx? 1 1 4 b x3 dx3
x |1+ 9 AppellF1[l, 1, 2, 4, 02X, 4]

avec+dx3
Result (type 6, 161 leaves):

1 1 4 dx3 b x3
_ 8achppe11F1[—, -, 1, —,——,——}/
3 2 3 C a

1 1 4 dx3 b x3
((a+bx3>x/c+dx3 -8acAppellFl[ =, =, 1, -, -——, -——| +3x% |2bc
3 2 3 C a
4 1 7 dx3 b x3 4 3 7 d x3 b x3
AppellFl|—, =, 2, —, -——, - ——| +adAppellF1[—, =, 1, —, - ——, - —|
3 2 3 C a 3 2 3 c a

Problem 386: Result more than twice size of optimal antiderivative.

1
dx
sz (a+bx?) Vc+dx?
Optimal (type 6, 62 leaves, 2 steps):
[1+ dc—xa AppellF1[- 2,1, -, %, —bai, —%}
axvVec+dx3
Result (type 6, 345Ileaves):
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1

10xVc+dx3

10 (c+dx3)

3 2 1

+]25 (2bc-ad) x> AppellF1[ =, =, 1, =, - —, - —|
ac 3 2
1 5 dx*  bx3 3
— 1, 71*71*7}+3X
2 3 C a

b x3 5 3 8 dx3 b x3
-——] +adAppellFi[=, =, 1, =, - ——, - —|
a 3 2 3 C a

dx* bx3 /((a+bx3)

5 1 8
[16bdx6Appe11F1[, S, =, e, ]
372
2bcAppellFi| -,
3’

2
(10 a c AppellF1l [ -
3

5 1
2bcAppellFl| =, ~, 2,
3

-

3 C a

8 dx3 b x3 3
> 1, _J_—J_—}_"BX
3 C a

x3 8 3 11 dx3 b x3
——] +adAppellFl|[—, =, 1, —, - —, - ——
3 C a 3 2 3 C a

5
(—16 acAppellFl[ =,
3

ST N

11 dx3

—

Problem 387: Result more than twice size of optimal antiderivative.

1
dx
Jx3 (a+bx3) Ve+dx3

Optimal (type 6, 64 leaves, 2 steps):

dx? 2 11 bx3 dx3
[1+ e AppellFl[—;, 1, 3, 3, -, _?}

2ax?Vc+dx3
Result (type 6, 344 leaves):
o
8x2+Vc+dx3
4 (c+dx?) s 1 1 4 dx bx3
—_— 6 (4bc+ad) x> AppellFl[ =, —, 1, —, - —— / a+bx?)
ac 3 2 3
1 1 4 dx3 b x3 3 4 1 7 dx3
-8acAppellFl[~, =, 1, —, -——, - ——| +3x> |[2bcAppellFl|—, =, 2, —, - —,
3 2 3 C a 3 2 3 C
b x3 4 3 7 dx3 b x3
-——] +adAppellF1|—, =, 1, —, - ——, - —| N
a 3 2 3 C a
4 1 7 dx*  bx3 3
7bdx®AppellFl|—, —, 1, —,-—,——}/ (a+bx?)
3 2 3 C a
4 1 7 dx3 b x3 3 7 1
-14acAppellFl[—, =, 1, =, - ——, - — | +3x 2bcAppe11F1[ =, 2,
3 2 3 C a 2
10 dx3 b x3 7 3 10 dx3 bx3
~—, -——, -——| +adAppellF1|—, =, 1, —,
3 C a 3 2 3

Problem 391: Result unnecessarily involves higher level functions and more
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than twice size of optimal antiderivative.

J ! dx
x (a+bx3) (c+dx3)3’/2

Optimal (type 3, 114 leaves, 7 steps):
2 ArcTanh| @} 2% ArcTanh | m]

B 2d B N N Vbc-ad
3c(bc-ad)Ve+dx? 3ac?? 3a(bc—ad)3/2
Result (type 6, 396 leaves):
3 1 dx3 b x3
2d | [6abx’AppellF1[1, =, 1,2, - ——, - —| /
2 C a
1 d x3 b x3 3
-4acAppellFl[1, =, 1,2, -——, - —] +x
2 C a
1 dx3 b x3 3 dx3 b x3
2bcAppellFl[2, ~, 2,3, -—, - ——| +adAppellF1[2, =, 1,3, - —, - — ||| +
2 C a 2 C a
3 1 5 C a
(be3 (2ad+b (c+3dx?)) AppellF1[ =, =, 1, =, - ——, - ——| -
2 2 2 dx3 b x3
5 5 1 7 c a
3(a+bx’) |2adAppellF1[=, =, 2, =, - ——, - ——| +
2 2 2 dx3 b x3
5 3 7 C a 3
bcAppellFl[fJ - 1, 7,—7,—7] )/(c [—dex
272 2 dx3 b x3
3 1 5 C a 5 1 7 C a
AppellFl| =, =, 1, =, - ——, - ——| +2adAppellF1[~, =, 2, —, - ——, - ——| +
2 2 2 dx3 b x3 2 2 2 dx3 b x3
5 3 7 C a =
bCAppellFl[i) NE) 1) 7177177] ])]/[9 (bC*ad> <a+bX3> C+dX3
272 2 dx3 b x3

Problem 392: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1

J dx
x4 (a+bx3) (c+dx3>3/2

Optimal (type 3, 158 leaves, 8 steps):
d(bc-3ad) 1

3ac2(bc—ad)\/c+dx3 3acx3Vc+dx3

+

(2bc+3ad) AV‘CTBNh[@] 2b5/2Ar‘cTanh[V5bCi*dd"3 ]
¢ c-a
3a%c?/? 3 32 (bc—ad)3/2

Result (type 6, 501 leaves):
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6 1 dx3 b x3
6bcd (bc-3ad) x®AppellF1[1, —, 1,2, -——, - —| /
2 C a
1 dx3 b x3 3
(bc-ad) |-4acAppellFi[1, =, 1,2, -——, -—] +x* [2bc

2 C a

1 dx3 b x3 3 dx3 b x3

AppellF1[2, =, 2,3, -——, - —| +adAppellF1[2, =, 1,3, - ——, - —| -
2 C a 2 C a

(dex3 (-3a%d (c+2dx®) +b?cx® (c+3dx’) +ab (3c2—cdx3—9d2x6)>AppellFl[i,
2

1 5 C a
=, 1, —,7—,7—]+3(7b2cx3 (c+dx3)+a2d(c+3dx3)7ab(c2—3d2x6))(Zad
2 2 d x3 b x3
5 1 7 C a 5 7 C a
AppellFl[~, =, 2, —, -——, - ——| +bcAppellF1[~, =, 1, =, - ——, - ——] )/
2 2 2 dx3 b x3 2 2 2 dx3 b x3
3 3 1 5 C a
[a(fbc+ad) -5bdx?AppellFl| =, =, 1, =, - ——, - ——| +
22 2 dx? bx?
5 1 7 C a
2adAppellFl[ =, =, 2, =, - ——, -——| +
272 2 dx3  bx
5 3 7 C a
bcAppellFl[ =, =, 1, —, - ——, - ——] ])/(9c2x3 <a+bx3)«/c+dx3
272 2 dx? bx?

Problem 393: Result more than twice size of optimal antiderivative.

X3
J dx
(a+bx3) <c+dx3)3/2
Optimal (type 6, 67 leaves, 2 steps):

4 dx? 4 3 7 bx? dx®
xt 1+ ; AppellF1[3,1, a0, - ]

4acc+dx3
Result (type 6, 332 leaves):

5 11 4 dx* bx?
-4-132a cAppellFl[f, -1, = -—, —7}
3 2 3 o a

X

/

11 4 dx* bx? 3 1
-8acAppellF1[~, =, 1, —, -——, - ——] +3x> |2bcAppellF1|—, —,
3 2 3 C a 3 2

I

-14 a c AppellF1]|

IN

“a+bxﬂ

7 dx3 b x3 4 3 7 dx3 b x3
2, =, -——, -—— | +adAppellF1[—, =, 1, —, - ——, - —|
3 C a 3 2 3 C a

4
3

(7 abcx® AppellF1]

1
R T _—]
2

7 1 10 dx3 b x3
2bcAppellFl|—, =, 2, —, - ——, - —] +
372

P RS
3 C a

C a

w | b

1 7 x3 b x3
y 1: N
2 3

7 3 10 d x3 b x3
adAppellFl[—, -1, — -, ——]
3 C a
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Problem 394: Result more than twice size of optimal antiderivative.

J X dx
(a+ bXS) <C+dx3)3/2

Optimal (type 6, 67 leaves, 2 steps):

2 dx® 2 3 5 bx3 dx3
x2 |1+ ; Appe11F1[3,1,2,3,— - C]
2acc+dx3

Result (type 6, 366 leaves):
1

15Vc+dx3 /
5 dx3 b x3

[(bc+ad) (a+bx?) (10acAppellF1[§, 5, 1, = -, -] +3%°

2 1 5 d x3 b x3
25a (3bc+ad)Appe11F1[;, r 1, I -—]
C a

X2

)

2 3 C a

5
2bcAppellFl| =,
3

8 d x3 b x3 5 3 8 d x3 b x3
»2, =5 - ——, - —— ] +adAppellF1[ =, =, 1, —, - ——, - ] +
3 C a 3 2 3 C a

/((bc+ad)
8 d x3 b x3

(a+bx?) (—16acAppellF1[5, 1, 1, = ——— ——— ] +3%°
3 2 3 c a

11 d x3 b x3 8 3 11 dx3 b x3
2, —, -——, -—— | +adAppellF1|—, =, 1, —, - —, - —]
3 c a 372 3 c a

1
2
5

8 dx3 b x3
bc?-acd

5 1
+ [8abx3 AppellFl[—, =51, =5 - s *—]
3

Zd[
2 3 C a

2 b c AppellF1 [

il

) )

w |
N

Problem 395: Result more than twice size of optimal antiderivative.

J ! dx

(a+bx?) (c+dx?)??

Optimal (type 6, 62 leaves, 2 steps):

x |1+ 9% AppellF1[l, 1, 2, 4, -2, _dx]
acVc+dx®

Result (type 6, 362 leaves):
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1
6Vc+dx3
4d 1 1 4 dx3 b x3
X |- +|16a (-3bc+ad) AppellFi[—, —, 1, —,——,——}/ (bc-ad)
bc?-acd 3 2 3 C a
3 1 1 4 dx3 b x3 3 4 1
(a+bx?) -8acAppellF1[~, =, 1, -, -——, - ——] +3x> |2bcAppellF1[ -, —,
3 2 3 C a 3 2
7 dx3 b x3 4 3 7 dx3 b x3
2, =, - ——, - —— ] +adAppellF1[—, =, 1, —, - —, - —] ||| -
3 C a 3 2 3 C a
3 4 1 7 dx3 b x3 3
7abdx®AppellFl|[—, =, 1, —, - ——, - —| / (-bc+ad) (a+bx?)
3 2 3 C a
4 1 7 dx*  bx? 3 7 1
-14acAppellFl|—, =, 1, —, -——, - ——| +3x> |2bcAppellF1|—, =, 2,
3 2 3 C a 3 2
10 dx3 b x3 7 3 10 dx3 b x3
—, - ——, -—| +adAppellF1[—, =, 1, —, - —, - —]
3 C a 3 2 3 C a

Problem 396: Result more than twice size of optimal antiderivative.

dx

1
sz (a+bx3) (c+dx3>3/2

Optimal (type 6, 65leaves, 2 steps):

dx3 1 3 2 bx3 dx3
[1+ e AppellFl[—;, 1, 2, %, -0, _T}

acxVec+dx3
Result (type 6, 408 leaves):
1
30c2xVc+dx3
2 1 5 dx3 b x3
(ZSC(6b2c2—3abcd+5a2d2)x3Appe11F1[—, =1, 5, e -] /((bc—ad)
3 2 3 C a
3 2 1 5 dx3 b x3 3 5 1
(a+bx?) -10acAppellF1[~, =, 1, =, - ——, - ——| +3x? |2bcAppellF1[~, =,
3 2 3 C a 3 2
8 dx3 b x3 5 3 8 dx3 b x3
2, =, - ——, -——— ] +adAppellF1[ =, =, 1, —, - —, - —] ||| +
3 C a 3 2 3 C a
1 15bc (c +dx3
< )—5d(3c+5dx3>+(8bcd(3bc—5ad)x6
-bc+ad a
5 1 8 dx3 b x3
AppellF1[=, =, 1, —, - —, - —] /
3 2 3 C a
3 5 1 8 dx3 b x3 3 8
(a+bx?) |-16acAppellFl|[ =, —, 1, —, -——, - ——| +3x? |2b c AppellF1[ —,
3 2 3 C a 3
1 11 dx3 b x3 8 3 11 dx3 b x3
=,2, —, - ——, -—] +adAppellF1[=, =, 1, —, - —, - —|
2 3 C a 3 2 3 C a
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Problem 397: Result more than twice size of optimal antiderivative.

1
Jx3 (a+bx?) (c+dx3>3’/2

dx

Optimal (type 6, 67 leaves, 2 steps):

dx? 2 3 1 bx3 dx?
[1+ . AppellFl[—;, 1, 2, 5, -0, _T}

2acx?Vc+dx3

Result (type 6, 418 leaves):
12bc (c+dx®) -4ad (3c+7dX°)

a (—bc+ad)

1
24 c2x2\/c+dx3

11
[16c (12b?c?+3abcd-7a*d?) x> AppellFl| -, —, 1,
372

+

3 1 1 4 dx3 b x3 3
(bc-ad) (a+bx’) |-8acAppellF1[—, =, 1, —, -—, -— | +3x> |2bc
3 2 3 C a
4 1 7 dx3 b x3 4 3 7 dx3 b x3
AppellFl|[—, =, 2, —, -——, - ——| +adAppellF1[—, =, 1, —, - ——, - —| +
3 2 3 C a 3 2 3 C a
6 4 1 7 dx}  bx
7bcd (3bc-7ad) x®AppellFl[—, —, 1, —, - ——, - —] /
3 2 C a
3 4 1 7 dx3 b x3 3 7
(bc-ad) (a+bx’) |-14acAppellF1[—, =, 1, =, -——, - —— | +3x> |2b c AppellF1| —,
3 2 3 C a 3
1 10 dx3 b x3 7 3 10 dx3 b x3
=,2, —, -——, -—] +adAppellF1[ =, =, 1, —, - —, - —]
2 3 C a 3 2 3 C a

Problem 402: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J Vve+dx3
X

(8c-dx3)?

dx

Optimal (type 3, 88leaves, 7 steps):
5 ArcTanh | @] ArcTanh | @]

Ve+dx3 . N Nra
24 ¢ (8 c-d x3) 288 c3/2 96 c3/2

Result (type 6, 316 leaves):



150 | Mathematica 11.3 Integration Test Results for 1.1.3.4 (e x)~"m (a+b x”~n)”p (c+d x~n)~q.nb

1 5 1 dx3 dx3
———— | |24dx® AppellFl[1, =, 1,2, - —, —| /
72V dx 2 ¢ sc
R 1 dx3 dx3
(8c-dx*) |16 cAppellF1[1, —, 1,2, - —, — | +
2 C 8c
s 1 dx3 dx3 3 dx3 dx3
AppellF1[2, =, 2,3, -——, ——| -4AppellF1[2, =, 1,3, - ——, —— +
2 c 8c C 8c
1 3dx3 3 3 5 C 8c
- - + (10dx AppellFl[*, -1, = -—, 7})/
_8c+dx3 272 2 dx® dx3
3 1 5 C 8¢
(de AppellFl[— =1, 5, -, ]
2 2 2 dx3 dx3
5 1 7 C 8¢ 5 3 7 C 8c
16cAppellF1[f — 2, —y ——, 7] —cAppellFl[*, =1, = -, 7}
202 2 dx3 dx3 2 2 2 dx3 dx3

Problem 403: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J Vve+dx3
x4 (8c—dx3)2

Optimal (type 3, 124 leaves, 8 steps):

c+d x3 c+d X
dverdd ) NP ) 7dAr‘cTanh[A;} ) dAr‘cTanh[g}
96c? (8c-dx?) 24cx® (8c-dx?) 1152 /2 128 c>/2
Result (type 6, 338 leaves):
1 _— 1 dx3 dx3
8cd?x®AppellFl[1, —, 1,2, -—, —| /
96 c2x3vVc+dx3 2 ¢ 8c
dx3 dx3
((8cdx3) 16 c AppellF1[1, —, 1,2, - —, — | +
C 8c
3 1 dx3 dx3 3 dx3 dx3
dx* |AppellFi[2, =, 2,3, -——, —| -4AppellFi[2, =, 1,3, - —, — +
2 C 8¢ 2 C 8¢
1 3 1 5 C 8¢
——————[4c?+3cdx®-d*x®+ [10cd?®x® AppellFl|[ =, —, 1, =, - ——, —— /
-8c+dx3 2 2 2 dx3 dx3
3 1 5 C 8c
5dx3 AppellFl[f =1, = -, 7} +
272 2 dx3 dx3
5 1 7 C 5 7 C 8¢
16cAppe11F1[— — 2, =y -, —] —cAppellFl[—, -1, - - ]
2 2 2 dx® dx3 2 2 2 dx® dx3

Problem 404: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J Ve+dx3 4
x7 (8c—dx3)2
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Optimal (type 3, 164 leaves, 9steps):
5d2+/c+dx3 Ve+dx3

1536 c® (8 c - d x?) 48 xS (8c-dx?)

23 d? ArcTanh | @} d? ArcTanh | @]

7dvVc+dx3 34/C Nra
" -
384c2x3 (8c-dx?) 18432¢7/2 2048 c7/?

Result (type 6, 349 leaves):

3 0 1 dx3 dx3
40 c d® x° AppellF1[1, —, 1,2, - ——, —| /
2 C 8c
3 1 dx3 dx3
(8c-dx?) |16 cAppellF1[1, —, 1,2, - ——, — | +
2 c  8c
3 1 dx3 dx3 3 dx3 dx3
dx® |AppellF1[2, —, 2,3, - ——, —| -4AppellF1[2, =, 1,3, - —, — +
2 C 8¢ 2 C 8c
1
————32c3+60c?dx>+23cd*x5-5d3x° +
-8c+dx3
3 9 3 1 5 C 8¢
(10cd x? AppellFl| =, =, 1, =, - ——, —| /
2 2 2 dx® dx3
3 3 1 5 C 8¢ 5 1 7 C 8c¢C
[de AppellFl[ =, =, 1, =, - ——, ——| +16cAppellF1[~, =, 2, —, - ——, —| -
2 2 2 dx3 dx3 2 2 2 dx3 dx3
5 3 7 C 8¢
cAppellFl[—, -1, - -—, —] )]/[1536c3x64/c+dx3
2 2 2 dx® dx3

Problem 405: Result unnecessarily involves higher level functions.
Jx7 Vve+dx3

(8c—dx3)2

dx

Optimal (type 4, 663 leaves, 15 steps):

| 151
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13x2vc+dx3 746 c V¢ +d x3 x*Vc+dx3

+ + +
21 g2 21d8/3((1+\/?) c1/3+d1/3x) 3d (8c-dx?)
NER L PsTE e 1/3,41/3 ) °
76 ¢7/6 ArcTan[—————"L] 76 ¢7/6 ArcTanh [ ———

A\ c+d X3 3¢Y/6 ./ c+d X3

- +
3+/3 ¢8/3 9d®?

76c7/6Ar‘cTanh[@]
e 13734/2-4/3 3 (V24 d2x)

9d8/3
2/3 _ ~1/3 41/3 2/3 2 1-+/3 ) c¥3 1 d¥3x
e dxd X EllipticE[ArcSin[( ) |, -7-4+3] /
((1+\/?) c1/3+d1/3x)2 (1+\/?) cl/3 1 d1/3 x

1/3 ((1/3 | g1/3
7 33/4 483 S G X) Ne+rdx3 |+ |7462 /3 (c*?+d3x)
((1+\/?) C1/3+d1/3‘x>2

€2/3 | c1/3 d1/3 5, 42/3 x2 (1 -4/3 ) cl/3 4+ d1l/3 x
EllipticF [ArcSin|

((1+\/?) c1/3+d1/3x)2 (1+\/?) C1/3 4 4173 ¢

|, -7-av3]]/

c1/3 (C1/3+d1/3 X)
1/4 48/3 3
21 3 d N \/C+dXx
([1473) @2 vax]

Result (type 6, 344 leaves):

, s s 3 2 1 5 dx3 dx3
2x? |5 (c+dx®) (-52c+3dx?) + (10400 c® AppellFl][—, —, 1, —, - —, —]/
3 2 3 C 8¢
2 1 5 dx3 dx3
40 cAppellFl[—, =, 1, =, - —, — | +
32 3 ¢ 8c
3 5 1 8 dx3 dx3 5 3 8 dx3 dx3
3dx AppellFl[f, —5 2, —y ——, 7]—4AppellF1[*, -1, = - > T +
3 2 3 C 8c¢C 3 2 3 C 8c
s 5 1 8 dx3 dx3
11936 c2d x* AppellFl[ =, =, 1, —, - —, —| /
372 3 c  8c
5 1 8 dx® dx3 3 8 1 11 dx® dx3
64 c AppellFl[ =, =, 1, —, - , — | +3dx® |AppellFl|—, =, 2, —, - —, —| -
3 2 3 C 8c¢C 3 2 3 C 8¢

8 3 11 dx® dx3
4AppellFl[—, =, 1, —, - —, —|
3 2 3 (@ 8c

|

Problem 406: Result unnecessarily involves higher level functions.
Jx“ Ve+dx®

(8(:—dx3)2

)/ (105d2 (-8c+dx?) \/c+dX

dx
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Optimal (type 4, 641 leaves, 14 steps):
7N c+dx3 x2\/c+dx3
3055 (1043 ) x| 3d (Bc-dx)

+

V3 cl/s (cl/3.dY3 x C1/3,.41/3 x 2
5 cl/® ArcTan | 4(—l] 5 c/6 ArcTanh | Lot

£/ c+d x3 3cl/6 4/ ced X3 ]
- +
3+/3 d5/3 9d°/3
5 cl/6 Ar‘cTanh[@]
3+/c

2/3 1/3 41/3 2/3 2
c?/? - ct?dY? x+d“/° x
7+]2 /3 /3 (c1/3+d1/3 x)

((1+\/?) cl/3 4+ dt3 x 2

9d°/3

(1_\/?) cl/3 . gi/3

EllipticE[Ar‘cSin[
(1+\E) cl/3 4+ dl/3 x

|, -7-4v3]|/

c1/3 <c1/3 + d1/3 X)

2 33/4g5/3 [cidxd | 4|72 ct/3 (V3 + V3 x)
(135 ) a3 ax)?
2/3 _ ~1/3 41/3 2/3 2 1-/3) 3 4di3x
o d X dTx E1lipticF [ArcSin| ( ) |, -7-4+3] /
(1043 ] 2 s aiian? 13 ) i
s g g 173 (13 4 d1/3x)

d 3
([1ov3)amvas®

Result (type 6, 357 leaves):

1 R 5(c+dx3) , 2 1 5 dx3 dx3
X2 |- + 200 c2 AppellF1[=, =, 1, =, - —, —| /
15Vecrdxd d(-8c+dx3) 372 3 c 8c
3 2 1 5 dx3 dx3
d(-8c+dx?) |40 cAppellFl|—, —, 1, —, - s +
3 2 3 C 8¢
3 5 1 8 dx3 dx3 5 3 8 dx3 dx3
3dx® |AppellFl| =, =, 2, =, - ——, — | -4AppellF1[~, =, 1, —, - ——, — _
3 2 3 C 8¢ 3 2 3 C 8¢
3 5 1 8 dx3 dx3
224 ¢ X AppellFl|[ =, =, 1, —, - ——, —| /
3 2 3 C 8c
, 5 1 8 dx3 dx3 ;
<8cfdx) 64cAppellF1[f, =51, -, -—, 7]+3dX
3 2 3 C 8c¢C
8 1 11 dx3 dx3 8 3 11 dx3 dx3
AppellFl|—, =, 2, —, - ——, —| -4 AppellF1[—, =, 1, —, - —, —
3 2 3 C 8¢ 3 2 3 C 8¢
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Problem 407: Result unnecessarily involves higher level functions.
Jxx/c+dx3

(8c-dx3)?

dx

Optimal (type 4, 644 leaves, 14 steps):

V3 /e (/i x
ArcTan [ 4—L]
Ve+dx3 x2+c+dx3 crd 3

+ + -

2cd (1443 ) 2 aiox|  24c (8c-dx] 483 56 23

1/3,41/3 2
Ar‘cTanh{w] Ar‘c-l-anh[jc+dx3 ]

el 2le 123 (¢M2edi?x)
144 c>/6 d2/3 144 c>/6 d%/3
2/3 _ c1/3 41/3 y , ¢2/3 x2 1-+/3 ] c¥/34d/3x
< < abi X EllipticE [ArcSin| ( ) |, -7-4+3] /
((1+\/?) c1/3+d1/3x)2 (1+\/?) c1/3 4 d1/3 x

1/3 (¢1/3 4 ¢1/3
16 - 33/4 ¢?/3 ¢%/3 < <C ’ X> " erdxE |+ (c1/3+d1/3x)
((1+\/?) C1/3+d1/3x)

€2/3 | c1/3 d1/3 5, ¢2/3 x2 (1 -+/3 ) cl/3 4+ dl/3 x
EllipticF [ArcSin|

((1+\/?) c1/3+d1/3x)2 (1+\/?) C1/3 4 4173 ¢

|, -7-4v3]|/

C1/3 C1/3 +d1/3X
12/7 314 ¢/ @3 ( ) - Jerax
([1:73) 22 aox]

Result (type 6, 353 leaves):

1 R 5 (c+dx?) 2 1 5 dx3 dx3
X + 100cAppellF1[—, — 1, = - — /
120Vc+dx® c (8c-dx?) 32 3 c 8c
R 2 1 5 dx3 dx3
(8c-dx?) 40 c AppellFl[~, =, 1, =, - —, +
3 2 3 C 8¢
3 5 1 8 dx® dx3 5 3 8 dx3 dx3
3dx AppellFl[—, —5 2, —, ——, —] —4App911F1[_; =1, = - > ]
3 2 3 C 8¢ 3 2 3 C 8¢
3 5 1 8 dx3 dx3
32dx AppellFl[f, -1, =, - 5 7] /
3 2 3 C 8¢
R 5 1 8 dx® dx3 3
(-8c+dx’) |64 cAppellFl| =, =, 1, —, -——, — | +3dx
3 2 3 C 8c¢C
8 1 11 dx3 dx3 8 3 11 dx3 dx3
AppellFl[f, 2, —H -, 7] *4APP911F1[*: -1, — - > ]
3 2 3 C 8¢ 3 2 3 C 8c¢C
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Problem 408: Result unnecessarily involves higher level functions.
J Ve+dx3

x2 (8(:—dx3)2

dx

Optimal (type 4, 665 leaves, 15 steps):
Ve+dx3 d’3\/c+dx3 Vve+dx3

+ —

48 2 x +48c2 ((1+ﬁ) c1/3+d1/3x) 24cx (8c-dx?)

/ /- /. /- 2
3 /6 (c1/3.dY3 x /3,413 x
d/3 ArcTan [ ] d/3 ArcTanh [ }
£/ c+d x3 3cl/64/ced X3

+ —

48 /3 cl1/6 144 c11/6
d1/3Ar‘cTanh[@] 2/3 13 41/3 2/3 2
c?/3 _cl/3dl/3 x + d?/3 x
Ve - 2-+/3 d¥/3 (c1/3+d1/3x)
144 c11/6 ((1+ﬁ> cl/3 4 dqi/3 ¢ ?

[(1_\/?) cl/3 L gi/3

EllipticE [Ar‘cSin
(1+\E) cl/3 4 d3 x

|, -7-av3]|/

32 33/4 C5/3 C1/3 (C1/3 * d1/3 X) ; c+d X3 4 d1/3 (C1/3 + d1/3 X)
([14v3] o)

€2/3 _ c1/3 q1/3 5 4 ¢2/3 x2 (1 -+/3 ) cl/3 4+ d/3 x
EllipticF [ArcSin|

((1+\E) c1/3+d1/3x)2 (1+ﬁ) c1/3 , 4i/3 ¢

|, -7-4+3] /

1/3 (c1/3 , 41/3
24+/2 31453 € <C : X> ; A c+dx®
((1+\/?) c1/3+d1/3x)

Result (type 6, 372leaves):

| 155
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1 5(6c-dx3) (c+dx?) 2 1 5 dx? dx3
_ + (125dx2AppellF1[—, -1, = - —} /
30Vc+dx? 8c? (8cx-dx* 3 2 3 c 8¢
3 2 1 5 dx3 dx3
(8c-dx?) |48 cAppellFl[—, —, 1, =, - ——, — | +
3 2 3 C 8c
3 5 1 8 dx3 dx3 5 3 8 dx3 dx3
3dx® |AppellFl|[ =, =, 2, —, - ——, — | -4 AppellF1[~, =, 1, -, - ——, —
3 2 3 C 8c 3 2 3 C 8¢
) 5 5 1 8 dx3 dx3
4d2x° AppellfFl[=, =, 1, —, - ——, —| /
3 2 3 C 8¢
3 5 1 8 dx3 dx3
c(8c-dx?) |64cAppellFl[ =, —, 1, —, - ——, — |+
3 2 3 C 8¢
3 8 1 11 dx3 dx3 8 3 11 dx3 dx3
3dx AppellFl[—, > 2, Ty T T —] —4APP911F1[_; ) 1) T T T T
3 2 3 C 8¢ 3 2 3 C 8¢

Problem 409: Result unnecessarily involves higher level functions.

Ve+dx3
S e s any

(8c—dx3)2

dx

Optimal (type 4, 687 leaves, 16 steps):

)
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7Vcrdx3 dvc+dx3 d*3+/c+dx3
- - +

768 c? x* 96 c3 x 96 ¢3 ((1+\/?> cl/3 4 ¢1/3 x)

1/6 (c1/3,41/3 1/3,41/3 ) °
17 d*/3 ArcTan [ M} 17 d*/3 ArcTanh [ < . ]
Ve+dx3 \ c+d X3 3cY/6 4/ cHdx3

— + —

24cx* (8c-dx?) 3972 /3 c17/6 9216 c17/6

+

17 d4/3 ArcTanh [ et
rcTan [ 34/cC ] ) mdwa (c1/3+d1/3x>

9216 c17/6

€2/3 _ 13 4173 y 4 d2/3 x2 (1 -+/3 ) cl/3 4+ d1/3 x
EllipticE [Ar‘cSin[

, -7-44/3
((1+\/?)c1/3+d1/3x)2 (1+\/?)c1/3+d1/3x] ) /

cl/3 (c1/3 + d1/3 X)

((1+\/?) C1/3+d1/3x)2

64 33/4 C3/3

'C+dX3 + d4/3 (C1/3+d1/3 X)

€2/3 _ c1/3 q1/3 5 4, 42/3 x2 (1 -4/3 ) cl/3 4+ dl/3 x
EllipticF [ArcSin|

((1+\/?) c1/3+d1/3x)2 (1+\/?) 13, 4173 ¢

|, -7-4v3]|/

C1/3 c1/3+d1/3x
48~/2 31/4¢8/3 ( ) ; A c+rdx3
((1+ﬁ) c1/3+d1/3x)

Result (type 6, 362 leaves):

[-5 (c+dx’) (24c®+57cdx’-8d*x®) + [5759 c? d? x° AppellF1[ -, 1,2, X, — ]
2

2 1 5 dx3 dx3
40 cAppellFl[—, =, 1, =, -——, — | +
372 3 c 8c
5
3

3 1 8 dx3 dx3 5 3 8 dx3 dx3
3dx3 |AppellF1[=, =, 2, =, - ——, ——] -4AppellF1[=, =, 1, =, - —, —] || -
2 3 C 8c¢C 3 2 3 C 8¢
3 o 5 1 dx3 dx3 5 1 8 dx3 dx3
256 ¢ d*> x® AppellF1[ =, —, 1, -—, —] / 64 cAppellF1[ =, =, 1, —, - —, — | +
3 2 3 2 3 C 8¢

8 1 1
AppellFl[—, —, 2,

2 3 C 8c 3 2 3 C 8c

(3840c3x4 (8c—dx3) A crdx®

3dx3

8
)
3 C 8¢
1
)

dx3 dx3 8 3 11 dx® dx3
] 7} *4App911F1[*: ) 1: T T T })]]/

w

Problem 410: Result unnecessarily involves higher level functions.
J Vve+dx3

x8 (8c—dx3’)2

dx
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Optimal (type 4, 711 leaves, 17 steps):

5+c+dx3? 53dvc+rdx?  d2/c+dx3 d’/3+c+dx3
- - - +
672 c2 x’ 21504 c3 x* 5376 c* x 5376 c4 ( (1 /3 ) /3, gi/3 X)
V3 /6 (cl/3,d1/3 1/3,41/3 x|
13d7/3 Ar‘cTan{;(c—XH 13d7/3 ArcTanh[u]
Vve+dx3  crd 3 3c/6/cedx3
_ . _
24cx” (8c-dx?) 12288 /3 (23/6 36864 c23/¢

13 d’/3 ArcTanh [ @]
3Vc

36864 c23/6

Alzi\/? d7/3 <C1/3+d1/3X>

€2/3 | c1/3 d1/3 5, ¢2/3 x2 1-+/3 ) cl/3 4+ d1l/3 x
EllipticE [ArcSin|

((1+\/?) c1/3+d1/3x)2 (1+\/?) C1/3 4 4173 ¢

|, -7-4v3]|/

c1/3 <c1/3 + d1/3 X)

[(14v3] @2 atox)?

3584 33/4 C11/3

e+dx® |+ [d773 (¢34 d¥2x)

C2/3 _ c1/3 q1/3 5 4 ¢2/3 x2 (1 -+/3 ) cl/3 4+ d/3 x
EllipticF [ArcSin|

((1+\E) c1/3+d1/3x)2 (1+\/?) c1/3 , 4i/3 ¢

), -7-433]/

c1/3 <C1/3 + d1/3 X)

((1+\/?) c1/3+d1/3x)

2688 /2 3%/4 /3

; AJc+dx?

Result (type 6, 377 leaves):

[—5 (384c4+648c3dx3+243c2d2x6—25cd3x9—4d4x12) +

5 3o 2 1 5 dx3 dx3
15250 ¢ d® x® AppellF1[~, =, 1, =, - s ] /
3 2 3 C 8¢
2 1 5 dx3 dx3
40 c AppellF1[=, =, 1, =, - —, — ] «
3 2 3 C 8cC
3 5 1 8 dx3 dx3 5 3 8 dx3 dx3
3dx® |AppellFl[ =, =, 2, =, - ——, — ] -4 AppellF1[~, =, 1, —, - —, — ||| -
3 2 3 c 8¢ 3 2 3 C 8¢
5 1 8 dx3 dx3
(128cd4x12Appe11F1[—, =1, =, - — /
3 2 3 C 8¢
5 1 8 dx3 dx3
64cAppe11F1[f, -1, = -—, 7] +
3 2 3 C 8¢
3 8 1 11 dx3 dx3 8 3 11 dx3 dx3
3dx® |AppellFl|—, —, 2, —, -——, — | -4AppellF1[—, =, 1, —, - —, —| /
3 2 3 C 8¢ 3 2 3 C 8¢

(107520c4x7 <8c—dx3) AJc+dx3
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Problem 415: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

d33/2
J<c+ x) ix

x(8c—dx3)2

Optimal (type 3, 85leaves, 7 steps):
3ArcTanh[@] ArcTanh[@]

3+ c+dx3 34/cC Nr
8 (8c-dx?) 32+/c 96 /¢

Result (type 6, 317 leaves):

1 3 1 dx3 dx3
———— |- | |168 cdx? AppellF1[1, =, 1, 2, - ——, —| /
72/ Crdn 2 ¢’ 8c
3 1 dx®> dx3
(8c-dx?) |16 cAppellF1[1, —, 1,2, -——, — | +
2 C 8c
3 1 dx® dx3 3 dx3 dx3
dx® |AppellF1[2, —, 2,3, -——, — | -4AppellF1[2, =, 1,3, -—, —| +
2 C 8¢ 2 C 8¢
1 3 3 3 1 5 C 8¢
= .27 (c+dx ) + (lecdx AppellFl[—, -1, =, -—, —])/
_8c+dx3 272 2 dx3 dx?
3 3 1 5 C 8c
5dx?AppellFl[ =, =, 1, =, - ——, —| +
2 2 2 dx3 dx3
5 1 7 C 8¢ 5 3 7 C 8c
16cAppe11F1[—, =52, = -——, —] —CApp911F1[—, — 1, = -, —})]
2 2 2 dx3 dx3 2 2 2 dx3 dx3

Problem 416: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

d 3\3/2
J& i

x4 (8c—dx3’)2

Optimal (type 3, 121 leaves, 8 steps):
3dArcTanh| @] 7d ArcTanh | @}

5d+/c+dx3 Ve+dx3 N Jo
- . -
9%6c (8c-dx’) 24x* (8c-dX°) 128 c3/2 384 c3/2

Result (type 6, 333 leaves):
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1 5 3 1 dx3 dx3
———| |60 d? x> AppellF1[1, =, 1,2, -—, —| /
144+ c+dx3 2 c 8c
R 1 dx® dx3
(8c-dx?) |16 cAppellF1[1, —, 1,2, - ——, — | +
2 C 8c
, 1 dx3 dx3 3 dx3 dx3
dx® |AppellFi[2, —, 2,3, -——, — | -4AppellF1[2, =, 1,3, - —, — +
2 c 8c¢C 2 C 8¢
1 12c 15d*x%® )3 3 1 5 c 8c
— | -3d+ -—+ |70d xAppellFl[—, =1, = -, —})/
2 (-8c+dx?) x3 c 2 2 2 dx3 dx®
3 3 1 5 C 8¢
(de AppellFl[ =, =, 1, =, - ——, — | +
2 2 2 dx3 dx3
5 1 7 C 8¢ 5 3 7 C 8¢
16cAppellF1[—, =52, =, - ——, —] —CApPEIIFl[—, -1, = -—0 —}
22 2 dx3 dx3 2 2 2 dx® dx?

Problem 417: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

d33/2
J(c+ x) i

x7 (8c—dx3)2

Optimal (type 3, 161 leaves, 9steps):
7d?>~c+dx3 Ve+dx3

512 c? (8c—dx3) _48x6 (8c—dx3)

2 A/ c+d X3 2 A/ c+d X3
23dVcidxd 15 d? ArcTanh | = | 17 d?ArcTanh| - ]

+ —

384 c x3 (Sc —dx3) 2048 c5/2 2048 c5/2

Result (type 6, 349 leaves):

s s 1 dx3 dx3
168 c d* x° AppellF1[1, =, 1,2, - —, —| /
2 C 8¢
R 1 dx3 dx3
(8c-dx?) |16 cAppellF1[1, =, 1,2, - ——, — | +
2 C 8¢
; 1 dx3 dx3 3 dx? dx3
dx® |AppellF1(2, —, 2,3, -——, —| -4AppellF1[2, =, 1,3, - —, —| +
2 C 8c 2 C 8c
1
—————(32c®+124c?2dx®+71cd?*xb - 21 d3 x° +
-8c+dx3
. 31 5 c 8c
170 c d® x® AppellF1[=, =, 1, =, - ——, —| /
2 2 2 dx3 dx3
3 3 1 5 C 8¢ 5 1 7 C 8¢
(de AppellFl[ =, =, 1, =, - ——, ——| +16cAppellF1[~, =, 2, —, - ——, —| -
2 2 2 dx® dx3 2 2 2 dx® dx3
5 3 7 c 8c
cAppellFl[—, -1, - -—, — )J/[1536c2x6«/C+dx3
2 2 2 dx® dx3
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Problem 418: Result unnecessarily involves higher level functions.

x? (c+dx3)3/2
J—dlx
(8c—dx3)2

Optimal (type 4, 681 leaves, 16 steps):

103 cx?Vec+dx? 19x>+Vc+dx3 5906 c? ¢ +dx3 x° (C+dx3)3/2
+ + +
13 d? 39d 13 d8/3 ((1+4/3 ) c1/3+d1/3x) 3d (8C—dx3)

NERICH PETERCYER 1/3.41/3 x) 2
108 /3 c13/6 ArcTan]| | 108 c'*/6 ArcTanh| ]
N c+d X3 3cl/6/c+dx3

8/3 8/3
d d

108 c13/¢ ArcTanh | @]
e 12953 3144[2-/3 773 (V3. dV3x)

d8/3
2/3 _ ~1/3 41/3 2/3 2 1-+/3 ) c¥3 1 d¥3x
e T d e dTx EllipticE[ArcSin[( ) ],7774\/?}/
((1+\/?) C1/3’+d1/3x)2 (1+\/?) cl/3 4+ dl/3 x

1/3 (c1/3 4 g1/3
13 d8/3 < (c ! X) A/ C +dX3 + 59@6\/?C7/3 <C1/3 +d:|'/3 X)
((1+\/?) C1/3’+d1/3’x)2

€2/3 _ c1/3 q1/3 y | d2/3 y2 o ' (1—\/3 ) cl/3 4+ dl/3 x
EllipticF [ArcSin|

((1+ﬁ) c1/3+d1/3x)2 (1+\/?) c1/3 4 d1/3 x

|, -7-433]/

cl/3 (C1/3 +dy/3 X)
13 344 d%3 \e+dx®

([1473] e avix)’

Result (type 6, 357 leaves):

| 161
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2 1
82400 c* x? AppellF1| —,

[2 (5 (c+dx®) (-412c*x*+24cd X’ +d*x®) + =1, =, - —,
3 2 3 c 8c¢C
2 1 5 dx3 dx3
40 c AppellFl[—, =, 1, =, - ——, —] +
3 2 3 C 8¢
3 5 1 8 dx3 dx3 5 3 8 dx3 dx3
3dx® |AppellFl|[ =, =, 2, —, - ——, —| -4AppellF1[=, =, 1, —, - ——, —
3 2 3 C 8¢ 3 2 3 C 8 c¢C
3 s 5 1 8 dx® dx3
94496 c>d x> AppellF1l| =, —, 1, —, - ——, —| /
3 2 3 C 8¢
5 1 8 dx3 dx3 3 8 1 11 dx3 dx3
64 c AppellFl| =, —, 1, —, - ——, ——| +3dx® [AppellFl|[—, =, 2, —, - ——, — | -
3 2 3 C 8¢ 3 2 3 C 8¢
8 3 11 dx® dx3
4AppellFl[—, =, 1, —, - ——, —| ) )/(GSdZ (-8c+dx®) \/c+dX?
3 2 3 C 8¢

Problem 419: Result unnecessarily involves higher level functions.

dx

Jx“ (c+dx3)3/2

(8c-dx3)?

Optimal (type 4, 657 leaves, 15 steps):

13x2+/c+dx3 265c/c+dx3 x2 (c+dx3)3/2
+ + +
21d 7 d5/3 ((1+\/?) c1/3+d1/3x> 3d (8c-dx?)

/. /. 2
NER R PTE I YER (cl/3+d1/3 X
9+/3 c”/® ArcTan| | 9c”/®ArcTanh]| ]
£/ c+d x3 3cl/6+/cid X3
- +
d5/3 d5/3

9c7/6 Ar‘cTanh[A;*E]

e~ |2es 314[2-4/3 3 (P4 d3x)
d5/3
2/3 _ ~1/3 41/3 2/3 2 1-+/3 ) c¥3 1 d/3x
< A AT EllipticE [ArcSin| ( ) |, -7-4+3] /
([1033) 2 s aiian)? 103 e avix

1/3 1/3 4 g1/3
14 d°/3 il Gt ) ~ Jerdx® |+ 12654/2 ¢ (M4 dM P x)
((1+\/?) c1/3+d1/3x)

€2/3 _ c1/3 d1/3 y 4, ¢2/3 x2 (1 -+/3 ) cl/3 4+ d1l/3 x
EllipticF [ArcSin|

,7-4vF
((1+\/?) c1/3+d1/3x)2 (1+\/?) C1/3+d1/3x] 7-4 } /

. 31/4 d5/3 C1/3 (C1/3+d1/3X> . +dx3
[(14v3) 2 eain)?




Mathematica 11.3 Integration Test Results for 1.1.3.4 (e x)~m (a+b x~n)"~p (c+d x~n)”~q.nb | 163

Result (type 6, 368 leaves):

1 (c+dx®) (-37c+2dx3) 2 1 5 dx3 dx3
X + [148@ A AppellFl[ =, =, 1, =, - ——, —— )/
7+/c+dx3 d(-8c+dx?) 372 3 c 8¢
3 2 1 5 dx3 dx3
d(-8c+dx?) 40 cAppellFl|[—, =, 1, =, - ——, — ] +
3 2 3 C 8¢
3 5 1 8 dx3 dx3 5 3 8 dx3 dx3
3dx AppellFl[—, — 2, —5 - —, —] —4Appe11F1[—, -1, = -—, —} -
3 2 3 C 8¢ 3 2 3 C 8c¢C

. 5 1 8 dx? dx3
1696 ¢ x3 AppellFl[ =, =, 1, —, - ——, —| /
3 2 3 C 8c

dx3 dx3

R 5 1 8 R
(8c-dx?) |64 cAppellFil[=, =, 1, —, -——, — | +3dx
3 2 3 C 8¢
8 1 11 dx3 dx3 8 3 11 dx3 dx3
AppellFl[—, =, 2, —, - ——, —| -4AppellF1|—, =, 1, —, - ——, —
3 2 3 C 8¢ 3 2 3 C 8c¢C

Problem 420: Result unnecessarily involves higher level functions.

Jx<<c rdx3)?? i

8c—dx3)2

Optimal (type 4, 638 leaves, 14 steps):
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19+ c+dx3 3x2\/c+dx3
+ +

8d2/3((1+\/?)cl/3+d1/3x) 8 (8c-dx?)

V3 1/6 (c1/3,41/3 ( c1/3,41/3
9+/3 cl/e Ar‘cTan[;(;)—] 9 ¢/ ArcTanh | . ]
/ c+d x3 3cl/6 ) c+d X3
+
16 d2/3 16 d2/3

9 cl/6 Ar‘cTanh{@]
3v¢ ~ |19 31/4/2_+/3 (/3 <c1/3 +dl/3 x>
16 d?2/3 ((1+\/?) 13, di3x)?

c2/3 _ c1/3 d1/3 X + d2/3 XZ

1—\/?) cl/3 4 di/3 x
(1+\E) cl/3 4 dl/3 x

EllipticE [Ar‘cSin [

, 7443 ] /

C1/3 (C1/3 +d1/3 X)
2/3 3 1/3 1/3 1/3
16d Zw/c+dx + 19 ¢ (c +d x)
(1433 ) 3722 dir3x)

€2/3 _ c1/3 q1/3 5, ¢2/3 x2 (1— \/?) cl/3 1 dl/3 x
EllipticF[ArcSin| |, -7-4+/3] /
((1+ﬁ) c1/3+d1/3x)2 (1+ﬁ) /3, d1/3 x
C1/3 (C1/3+d1/3 X)
1/4 42/3 3
42 3V4¢ 5 A/ c+dx
((1+\/?) C1/3+d1/3x)
Result (type 6, 330leaves):
15 <c+dx3) -
2 1 5 dx3 dx3 2 1 5 dx3 dx3
500 c? AppellF1[—, —, 1, =, - ——, —| / 40 c AppellFl[—, =, 1, =, - ——, — ] +
3 2 3 C 8c 3 2 3 C 8¢
5 1 8 dx3 dx3 5 3 8 dx3 dx3
3dx® [AppellFl|[ =, =, 2, =, -——, — | -4AppellF1[~, =, 1, —, -—, — ||| -
3 2 3 C 8¢ 3 2 3 C 8¢
5 1 8 dx dx3
608 cd x® AppellFl| ~, —, 1, —, - ——, —| /
3 2 3 C 8¢
5 1 8 dx3 dx3 3 8 1 11 dx3 dx3
64 c AppellFl| =, —, 1, —, - ——, ——| +3dx® [AppellFl|[—, =, 2, —, - —, — | -
3 2 3 C 8¢ 3 2 3 C 8cC
8 3 11 dx3 dx3
4AppellFl[—, =, 1, —, - ——, —| ) )/ (40 (8c-dx?) \/c+dx3
3 2 3 C 8¢

Problem 421: Result unnecessarily involves imaginary or complex numbers.

dx

[ (c+dx?)??

2 (8c-dx3)?
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Optimal (type 4, 522 leaves, 6 steps):
Verdx3 di/3+/c+dx® 3v/c+dx3

- +

16 ¢ x 16C((1+ﬁ)c1/3+d1/3x)+8x(8c—dx3)

2/3 _ (1/3 41/3 2/3 2
314 /2 _ /3 di/3 (C1/3+d1/3X>J cP-cPd x+d¥ X

((1+\/?) C1/3+d1/3x)2

(1_ﬁ) cl/3 | gi/3
(1+\/?) cl/3 4 di/3

EllipticE[ArcSin|

|, -7-4v3]|/

32 ¢?/3 < (c1/3+d1/3x) , Jerdx® |+ |dY3 (c1/3+d1/3x)
([143) anvas)

EllipticF [Ar‘cSin [

((1+\E) C1/3+d1/3x)2 (1+\/?) c1/3 4 g1/3 x

€2/3 _ 13 g1/3 y 4 d2/3 x2 1-+/3 ) c¥3 1 d/3x
\I ! | | ],7774\/?}/

c1/3 c1/3 + d1/3 %
8+/2 31/4¢2/3 ( ) AJc+dx3

((1+\/?) c1/3+d1/3x)2

Result (type 4, 242 leaves):

(2c-dx) Verdn e (d>1/3J e [1+ (~d)"x

16cx<—8c+dx3) cl/3

-i+/3 EllipticE[ArcSin|
cl/3 c2/3 31/4

1/3 2/3 2 7(71>5/6,M7_dl)?
N / B .

\/_ (_1>5/6 _i(d)¥x

1/3
- s (-1)*?] /[16 343 \Jcvdx®

(-1)*? EllipticF [ArcSin|

31/4

Problem 422: Result unnecessarily involves higher level functions.

dx3 3/2
j (c+ X ) ix
5

X (8c—dx3)2
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Optimal (type 4, 684 leaves, 16 steps):

13/ c +dx3 dvc+dx3 d*3\/c+dx3
- +

.
322 x 32c2((1+ﬁ) c1/3+d1/3x)

256 c x*

9+/3 d*3 ArcTan [
~ c+d x3

1024 c11/6

, p / 2
\/? cl/6 [¢1/3,.41/3 x c1/3.d1/3 x
| 9d*3ArcTanh| ]
3cY/6 4/ cedx®

3vVc+dx3

8 x4 (8c—dx3)

9 d*/3 ArcTanh [ Ledx
rcTan [ 3¢ ]7 31/4 /27\/? g4/3 (c1/3+d1/3x>

1024 c1/¢

1024 cl1/¢6

17\/?) c1/3+d1/3x}

c2/3 _ c1/3 d1/3 X + d2/3 XZ
EllipticE [ArcSin|
1++3 ) cl/3 4+ d1/3 x

((1+\/?) Cl/':‘+d1/3’x)2

C1/3 (C1/3 +d1/3 X) 'C +dX3 n d4/3 (C1/3 +d1/3 X)

([1473) a2 v g x)?

64 />

(17\/?) c1/3+d1/3x}

€2/3 _ c1/3 41/3 y 4 ¢2/3 x2 o '
EllipticF [Ar‘cSm[
1++/3 ) ¢34 dl3x

([173) e avx)?

cl/3 (c1/3 +di/3 x) ;
A/ Cc+dx

16 /2 31453
((1+\/?) C1/3+d1/3x)2

Result (type 6, 361 leaves):
5(c+dx®) (8c?+51cdx’-8d?x°)

, -7-4+3] /

,-7-av3]|/

- +
. 2 1 5 dx3 dx3 2 1 5 dx3
7250 d* x® AppellFl[—, =, 1, =, - —, —| / 40 c AppellFl[—, =, 1, =, - —,
3 2 3 C 8c 3 2 3 C
3 5 1 8 dx3 dx3 5 3 8 dx3 dx3
3dx® |AppellFl[~, =, 2, =, - ——, — | -4AppellF1[~, =, 1, -, - ——, —|
3 2 3 C 8¢ 3 2 3 C 8¢
s 5 1 8 dx3 dx3
256 d> x° AppellF1[~, =, 1, —, - ——, —| /
3 2 3 C 8¢
5 1 8 dx® dx3 8 11 dx3
c |64 cAppellFl[~, =, 1, =, - ——, — | +3dx> [AppellF1|—, =, 2, —, - ——,
372 3 372 3 c

=1, = -, —]

8
4 AppellFi| —,
372 3 c  8c

C 8¢
11 dx3 dx3
) )/ (1280x4 (8c-dx?) A c+dx3




Mathematica 11.3 Integration Test Results for 1.1.3.4 (e x)~m (a+b x~n)"~p (c+d x~n)”~q.nb

Problem 423: Result unnecessarily involves higher level functions.

dx

J (c+dx?)®?

x8 (8c—dx3’)2

Optimal (type 4, 708 leaves, 17 steps):

11Vc+dx? 83d+/c+dx3 19d2+/c+dx3 19d7/3+c+dx3
- - - + +
224 ¢ X’ 7168 c? x* 1792 c3 x 1792 ¢3 ( (1 N ﬁ) cl/3 4 gi/3 x)
3 1/6 (c1/3,41/3 1/3,41/3 2
9+/3 d7/3 Ar‘cTan[M} 9d7/3 Ar‘cTanh[u}
3vVc+d x3 ~/ c+d x3 3cl/6/cidx®
_ + _
8x’ (8c-dx3) 4096 c17/6 4096 c17/6
9 d7/3 ArcTanh [ @]
2 |19 3Y4+J2-+/3 d7/3 (¢34 dV3x)
4096 c7/6
€2/3 _ c1/3 q1/3 x| d2/3 x2 (1 - \/?) cl/3 4+ dl/3 x
EllipticE[ArcSin] |, -7-4+/3] /
([10+/3) 2 i)’ [14/3) e ain

3584 c®/3 P (TP d P ) SN erdx® e 119d7 (24 dt P x)
(1443 3+ di3x)

€2/3 _ 13 g1/3 y 4 d2/3 x2 (1 -+/3 ) cl/3 4+ dl/3 x
EllipticF [Ar‘cSin[

((1+\E) c1/3+d1/3x)2 (1+\/?) c1/3+d1/3x]’7774\/?} /

1/3 1/3 d1/3
896 /2 31/4¢8/3 P (P X) - N c+dx3
((1+\/?) C1/3+d1/3x)

Result (type 6, 373 leaves):

| 167
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[5 (c+dx3) (128c3+312c2dx3+525cd2x6—76d3x9) +

) 3o 2 1 5 dx3 dx3
58750 ¢ d® x? AppellF1[ =, =, 1, =, - ——, —| /
3 2 3 C 8¢
2 1 5 dx3 dx3
40cAppellF1[f, =1, = -, 7] +
3 2 3 C 8¢
3 5 1 8 dx3 dx3 5 3 8 dx3 dx3
3dx AppellFl[—, — 2, =y ——, —] —4App611F1[—, -1, = - -
3 2 3 c 8c 3 2 3 e 8¢
4 12 5 1 8 dx3 dx3
2432 c d* x*2 AppellF1[ =, =, 1, —, - —, —] /
3 2 3 C 8c
1 8 dx3 dx3
64 c AppellFl[=, =, 1, —, - —, —| +
2 3 C 8c
3 8 1 11 dx3 dx3 8 3 11 dx3 dx3
3dx AppellFl[f, — 2, — ——, 7} —4AppellF1[*, -1, — - — /
3 2 3 C 8c 3 2 3 C 8c

(35840c3x7 (8c-dx?) \/c+dx®

Problem 428: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1
dx
Jx (8c—dx3)2\/c+dx3

Optimal (type 3, 88leaves, 7 steps):
13Ar‘cTanh[@] Ar‘cTanh[@]

Ve+dx? . 34c Jo
216 c2 (8c —dx3) 2592 ¢5/2 96 c°/2

Result (type 6, 329 leaves):

1 c+dx3 3 1 dx3 dx3
+|8cdx AppellFl[l, 1,2, -—, —} /
216 c2/c+dx® |8c-dx 2 ¢ 8¢
s 1 dx3 dx3
(8c-dx®) |16 c AppellF1[1, =, 1,2, -——, —] «
2 C 8c
, 1 dx3 dx3 3 dx3 dx3
dx® |AppellF1[2, —, 2,3, -——, — | -4AppellF1[2, =, 1,3, -—, — +
2 C 8¢ 2 C 8c
3 3 1 5 C 8c¢C
[30cdx AppellF1[=, =, 1, =, - ——, —| /
272 2 dx3 dx?
3 3 3 1 5 C 8¢
(-8c+dx®) |[5dx>AppellF1[ =, ~, 1, =, - ——, — | +
272 2 dx3 dx3
5 1 7 C 8¢ 5 3 7 C 8c
16 c AppellF1[ =, =, 2, —, - ——, —| —cAppellF1[ =, =, 1, =, - ——, —| ])
272 2 dx3 dx3 2 2 2 dx3 dx3

Problem 429: Result unnecessarily involves higher level functions and more
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than twice size of optimal antiderivative.

1
dx
Jx4 (8c—dx3)2\/c+dx3

Optimal (type 3, 124 leaves, 8 steps):
11d ArcTanh| @] d ArcTanh | @]

5d+c+dx3 Ve+dx3 NS Jo
- + +
864 c3 (8 C —dx3) 24 c2 x3 (8c -dx3) 10368 c’/2 384 c7/2

Result (type 6, 347 leaves):

(c+dx®) (-36c+5dx3) 1 dx3 dx3
- + (40cd2 x® AppellF1[1, —, 1,2, - —, —| /
-8c+dx3 2 c 8c
3 1 dx® dx3
(8c-dx?) |16 cAppellF1[1, =, 1,2, - ——, — |+
2 C 8¢
3 1 dx3 dx3 3 dx3 dx3
dx® |AppellF1(2, =, 2,3, -——, —| -4AppellF1(2, =, 1,3, -—, — | |||+
2 C 8c¢C 2 C 8¢
3 1 5 C 8c
(30cd2x6AppellF1[7, =51, =, -—, 7})/ ((8c—dx3)
272 2 dx3 dx3
3 3 1 5 C 8¢ 5 1 7 [« 8¢
[de AppellFl| =, =, 1, =, - ——, ——| +16cAppellF1| =, =, 2, —, - ——, — | -
2 2 2 dx3 dx3 2 2 2 dx3 dx3
5 3 7 C 8¢
cAppellFl|[ =, =, 1, —, - ——, —— ) /(864c3x3x/c+dx3)
2 2 2 dx3 dx3

Problem 430: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1
dx
Jx7 (8c—dx3)2\/c+dx3

Optimal (type 3, 164 leaves, 9 steps):
35d2+c+dx3 Ve+dx3

13824 ¢4 <8c—dx3) 482 xS (8c—dx3) '

31 d2 ArcTanh | @} 19 d? ArcTanh | @]

3dvVe+dx3 Na Nes
N _
128 c3 x3 (8 c-d x3) 165888 ¢9/2 6144 c°/2

Result (type 6, 349 leaves):
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3 o 1 dx3 dx3
- | [280 c d® x° AppellF1[1, =, 1, 2, - —, ——| /
2 C 8¢
R 1 dx3 dx3
(8c-dx?) |16 cAppellF1[1, =, 1,2, - ——, — | +
2 C 8¢
3 1 dx® dx3 3 dx® dx3
dx® |AppellF1(2, ~, 2,3, -——, — | -4AppellF1[2, =, 1,3, - —, — +
2 C 8c 2 d 8c
288 c3-36c2dx>-289cd?x®+35d3x° +
-8c+dx3
- 3 1 5 C 8¢
570 c d® x° AppellF1[ =, =, 1, =, - ——, —| /
2 2 2 dx3 dx3
3 3 1 5 C 8¢ 5 1 7 C 8¢
[5dx AppellFl[ =, =, 1, =, - ——, ——| +16cAppellFl[~, =, 2, —, - ——, —| -
) 2 dx3 dx3 2 2 2 dx3 dx3
5 3 7 c 8c
cAppellFl|[ =, =, 1, —, - ——, —| )J/ [13824c4x64/c+dx3
2 2 2 dx® dx3

Problem 431: Result unnecessarily involves higher level functions.

7
J X dx
(8c—dx3)2\/c+dx3
Optimal (type 4, 641 leaves, 14 steps):
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62 c+dx3 8x2\/c+dx3

27 ¢8/3 ((1+\/?) c1/3+d1/3x) ' 27d* (8 c-dx?) '

, / P p / 2
3 /6 (c1/3.4Y/3 x cY/3,4%/3 x

| 44c¥®ArcTanh|

A\ c+d X3 3¢Y/6 ./ c+d X3

- +

27 /3 d8/3 81d®/3

44 c/® ArcTan |

44 c1/6 Ar‘cTanh[@]
- [312-V3 ¢ (PR .
81d ((1+\/?) cl/3 L g1/3

C2/3 _ C1/3 d1/3 X + d2/3 XZ

(17\5) cl/3 4 di/3
(1+\/?) cl/3 4 dl/3 x

|, -7-4+/3] /

EllipticE [ArcSin|

9  33/4(8/3 <’ (c1/3+d1/3x> Ae+dxE |+ 62+/2 cl/3 (c1/3+d1/3x)
((1+\/?) C1/3+d1/3‘x>2

c2/3 _ c1/3 d1/3 X + d2/3 X2

(17\/?) cl/3 4 di/3 x
EllipticF [ArcSin|

, 743
((1+\/?) c1/3+d1/3x)2 (1+\/?) c1/3+d1/3x] 74 3}/

c1/3 (C1/3+d1/3 X)
1/4 48/3 3
27 3 d N \/C+dXx
([1473) @2 vax]

Result (type 6, 333 leaves):

8 x2 5(c+dx3)f
5 2 1 5 dx3 dx3 2 1 5 dx3 dx3
200 c? AppellF1[—, =, 1, =, - ——, —| / 40 cAppellFl|[ =, =, 1, =, - ——, — | +
3 2 3 C 8 c¢C 3 2 3 C 8¢
3 5 1 8 dx3 dx3 5 3 8 dx3 dx3
3dx® |AppellFl[ =, =, 2, =, - ——, — ] -4 AppellF1[~, =, 1, —, - —, — ||| -
3 2 3 C 8¢ 3 2 3 C 8¢
3 5 1 8 x3 dx3
248 cd x® AppellF1[ =, =, 1, —, - ——, —| /
3 2 3 C 8¢
5 1 8 dx* dx? 3 8 1 11 dx® dx3
64 c AppellFl| =, =, 1, —, - ——, ——] +3dx? |AppellFl[—, =, 2, —, - —, — ] -
3 2 3 C 8¢ 3 2 3 C 8¢
8 3 11 dx3 dx3
4AppellFl[—, =, 1, —, - ——, —| J )/(135d2 (8c-dx?) \/c+dx®
3 2 3 C 8¢

Problem 432: Result unnecessarily involves higher level functions.

4

X
dx
J(8c—dx3)2\/c+dx3
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Optimal (type 4, 647 leaves, 14 steps):

3 cl/s (cl//3+d1/3 X
ArcTan | ]

Ve+dx3 x2Vec+dx3 | cdxe
+ + -
27 ¢ d5/3 ((1+\/?) c1/3+d1/3x) 27cd (8c-dx?) 27+/3 c5/6d5/3
V/3d/3 ) 3
ArcTanh [ ” : ] Ar‘cTanh[@]
3cY/6 4/ cedx . 3V © 2-+/3 (c1/3+d1/3x)

81 c5/6 d5/3 81 C5/6 d5/3

C2/3 _ C1/3 d1/3 X + d2/3 X2

1—\/?) cl/3 4+ dl/3 x
EllipticE [Ar‘cSin[

, ~7-44/3
((1+\/?)c1/3+d1/3x)2 (1+\/?)c1/3+d1/3x] ) /

1/3 (¢1/3 , ¢1/3
18  33/4 c2/3 g5/3 ¢ <C + X> - lcvdx® | + V2 (C1/3 +d/3 X)
((1+\/?) C1/3+d1/3x)

c2/3 _ c1/3 d1/3 X + d2/3 X2

17\/?) cl/3 4 dl/3 x
EllipticF [ArcSin|

, 743
((1+\/?) c1/3+d1/3x)2 (1+\/?) c1/3+d1/3x] 74 3}/

1/3 (¢1/3 , 41/3
27 . 31/4 c2/3 45/3 N <C +d X> ; A c+dx3
((1+ﬁ) c1/3+d1/3x)

Result (type 6, 360 leaves):

1 , [ 5c+5dx3 2 1 5 dx? dx3
X + 200 cAppellF1[=, =, 1, =, - ——, —| /
135/ c + d X3 8c’d-cd?x® 3 2 3 c 8c
3 2 1 5 x> dx3
d(-8c+dx?) 40 c AppellFl|[—, =, 1, =, - ——, — ] +
3 2 3 C 8¢
3 5 1 8 dx3 dx3 5 3 8 dx3 dx3
3dx AppellFl[—, — 2, —y -, —] —4Appe11F1[—, -1, - -, —] -
3 2 3 C 8¢ 3 2 3 C 8¢
3 5 1 8 dx3 dx3
323 AppellFl[ =, =, 1, —, - —, —| /
3 2 3 C 8¢
3 5 1 8 dx3 dx3 3
(8c-dx?) |64cAppellF1[=, =, 1, —, - ——, —| +3dx
3 2 3 C 8¢
8 1 11 dx3 dx3 8 3 11 dx3 dx3
AppellFl[f, -5 2, —, -—, 7] —4Appe11F1[*, — 1L, — - —
3 2 3 C 8¢ 3 2 3 C 8¢

Problem 433: Result unnecessarily involves higher level functions.

X
dx
J(8c—dx3)2\/c+dx3
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Optimal (type 4, 644 leaves, 14 steps):
Ve+dx3 X2\ c+dx3
+
216 2 a2/ ((1++/3 ) 13+ di3x| 2167 (Be-dxX’)
1/6 (c1/3,41/3 1/3,41/3 )2
7Ar‘cTan[M} 7Ar‘cTanh[M]
 c+d X3 3ct/64/cedx®
+

432 /3 cl1/6 ¢2/3 1296 c11/6 ¢2/3

7Ar‘cTanh[@} 23
11/63\2?3 -|V2-v3 (¢ +d'2x) : 2
1296 ¢ d?/ ((1+ﬁ> cl/3 | g1/3 x)

_ c1/3 d1/3 X + d2/3 XZ

(1_\/?) cl/3 . gi/3

(1+\E) cl/3 4+ dl/3 x

, 7473 /

EllipticE [Ar‘cSin [

C1/3 C1/3 +d1/3X
144 33/4 c5/3 d2/3 ( ) ; c+d X3 4 <C1/3 + d1/3 X)
([1v3) @ eqax)®

€2/3 _ c1/3 q1/3 5 4 ¢2/3 x2 1- \/?) cl/3 1 d1l/3 x
EllipticF[ArcSin| ,7774ﬁ}/
((1+\E) c1/3+d1/3x)2 (1+ﬁ) cl/3 4 dl/3x
C1/3 <C1/3+d1/3X>
1/4 .5/3 42/3 3
108 /2 314 ¢%/3 - A c+dx
(1043 ] 3 a2 )
Result (type 6, 332leaves):
2 1 5 dx3 dx3 2 1 5 dx3 dx3
2500 AppellF1[—, =, 1, —, - ——, —| / 40 cAppellFl[—, =, 1, =, - ——, — | +
3 2 3 C 8¢ 3 2 3 C 8¢
3 5 1 8 dx3 dx3 5 3 8 dx3 dx3
3dx® [AppellFl| =, =, 2, =, - ——, — | -4AppellF1[~, =, 1, —, - ——, — ||| +
3 2 3 C 8c¢C 3 2 3 C 8¢
1 3 3 5 1 8 dx3 dx3
— |5 (c+dx?) - |32cdx®AppellF1[ =, =, 1, —, - ——, —— / 64 C
c? 3 2 3 c 8c
5 1 8 dx? dx? 3 8 1 11 dx} dx
AppellFl[ =, =, 1, —, - ——, —| +3dx? |AppellF1[—, =, 2, —, - ——, — ] -
3 2 3 C 8¢ 3 2 3 C 8¢
8 3 11 dx3 dx3
4AppellF1{— -1, — -—, — J]J]/[1080 (8c—dx3>«/c+dx3
3 2 3 C 8¢

Problem 434: Result unnecessarily involves higher level functions.

1
dx
sz (8cfdx3)2\/c+dx3
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Optimal (type 4, 665 leaves, 15 steps):
7Vc+dx3 7d¥3c+dx? Ve+dx3

432 c3 x 432 ¢3 ((1+\/?) c1/3+d1/3x) ' 216 c? x (8c—dx3)

/ . n 2
3 /6 (c1/3.dY/3 x c1/3.d1/3 x
d/3 ArcTan [ ] d/3 ArcTanh [ }
£/ c+d x3 3c/6 4/ cidx3

216 /3 c17/6 648 c17/6

d/3 ArcTanh [ @]
7+/2-+/3 di/3 (c1/3 L dL/3 x)

34/
648 c17/6

€2/3 | c1/3 d1/3 y , 42/3 x2 (1 - \/?) cl/3 4+ d1l/3 x
EllipticE [ArcSin| |, -7-4+3] /
((1+\/?) c1/3+d1/3x)2 (1+\/?) C1/3 4 4173
C1/3 <c1/3+d1/3x>
3/4 ~8/3 3 1/3 1/3 1/3
288 3% ¢ ; \Jerdx® |+ |7dY2 (23 dP x
((1+\/?) C1/3+d1/3X)
€2/3 _ c1/3 q1/3 5 4 ¢2/3 x2 1- \/?) cl/3 4+ d¥3 x
EllipticF[ArcSin| |, -7-4+3] /
((1+\E) c1/3+d1/3x)2 (1+ﬁ) cl/3 4 dl/3x
C1/3 (C1/3+d1/3 X)
1/4 ~8/3 3
216 /2 3Y4 ¢ - \Jc+dx
((1+\E) c1/3+d1/3x)
Result (type 6, 375leaves):
1 5(54c-7dx3) (c+dx3) 2 1 5 dx? dx?
- + [250dx2Appe11F1[, =1, o, -, ] /
135V c+dx3 16 c® (8cx-dx*) 372 3 c 8c
3 2 1 5 dx3 dx3
c(8c-dx?) [4@cAppellFl|[—, —, 1, =, - ——, — | +
3 2 3 C 8¢
3 5 1 8 dx3 dx3 5 3 8 dx3 dx3
3dx® |AppellFl| =, =, 2, =, - ——, — | -4AppellF1[~, =, 1, —, -—, — | ||| -
3 2 3 C 8c 3 2 3 C 8c
s 5 1 8 dx3 dx3
14 d> x> AppellF1[ =, =, 1, —, - ——, —| /
3 2 3 c 8c
) 3 5 1 8 dx3 dx3
¢’ (8c-dx?) 64 c AppellFl| =, —, 1, —, - ——, — | +
3 2 3 C 8c
3 8 1 11 dx3 dx® 8 3 11 dx® dx®
3dx® |AppellFl|—, =, 2, —, - ——, — | -4AppellF1|—, =, 1, —, - ——, —]
3 2 3 c 8c 3 2 3 c 8c
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Problem 435: Result unnecessarily involves higher level functions.

1
dx
st (8cfdx3)2\/c+dx3

Optimal (type 4, 687 leaves, 16 steps):

31V c+dx3 5d+/c+dx3 5d43+/c+dx3
- + - +
6912 c3 x* 864 c* x 864 c4 ((1+\/?) cl/3 | g1/3 X)

V3 /s [cl/3id1/3 1/3,41/3 )2
25 d4/3 Ar‘cTan[ G . } 25 d4/3 Ar‘cTanh[ < X ]

Ve+dx® \ c+d X3 3¢Y/6 4/ cvd X3
- . -
216 c2 x* (8 c-dx?) 27648 /3 c23/6 82944 c23/6

25 d*/3 ArcTanh | @]

3+/c
82944 c?3/6

s 2oV a8 ae)

2/3 _ ~1/3 41/3 2/3 2 1-+/3 ) c¥3 1 d/3x
e X X by iptice [Arcsin| ) |, -7-4+3] /
((1+\/?) C1/3’+d1/3x)2 (1+\/?) cl/3 4+ dl/3 x
576 33/4 c11/3 C1/3 (C1/3 + d1/3 X> [c 4 dx3 _ 5d4/3 <c1/3 +d1/3 X)
((1+\/?) c1/3+d1/3x)2
2/3 _ ~1/3 41/3 2/3 2 1-/3) /3 4dl/3x
e Tdxdx EllipticF[ArcSin| ) |, -7-4+3] /
(1033 ] @ asx)’ (105 3 s avix

cl/3 (¢l/3 1 d1/3 x
432+/2 344 M3 ( ) S Jcrdx
([(1++3 ) 3 atr3y]

Result (type 6, 384 leaves):

| 175
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(c+dx®) (216 c?-351cdx?+40d?x°) 2 1 5 dx? dx
- (2450 c?d?x® AppellFl][ =, =, 1, =, - —, —] /
-8c+dx? 3 2 3 C 8c
3 2 1 5 dx3 dx3
(8c-dx?) [48cAppellF1[—, =, 1, =, -—, — | +
3 2 3 C 8¢
3 5 1 8 x3 x3 5 3 8 dx3 dx3
3dx AppellFl[—, — 2, —y -, —] —4Appe11F1[—, -1, = - —] +
3 2 3 c 8¢ 3 2 3 C 8¢
3o 5 1 8 dx® dx3 3
256 ¢ d® x® AppellF1[~, —, 1, - — / (8c-dx?)
3 2 3 C 8¢
5 1 8 dx3 dx3 3 8 1 11 dx® dx3
64 c AppellFl| =, —, 1, —, - ——, ——| +3dx® [AppellF1[—, =, 2, —, -——, — | -
3 2 3 C 8¢ 3 2 3 C 8cC
8 3 11 dx3 dx3
4AppellF1[—, =, 1, —, - —, —| J]J/ (6912 A xt/c+dx?
3 2 3 C 8¢

Problem 436: Result unnecessarily involves higher level functions.

JXS ( & dx

8c—dx3)2\/c+dx3

Optimal (type 4, 711 leaves, 17 steps):

17V c+dx3 391d+c+dx3 289d%2+/c+dx3
_ n _

289d7/3+/c+dx3
6048 c3 x’ 193536 c* x*

483845 x 48384 c5 ((1+ﬁ) c1/3+d1/3x) )

NER YA 1/3,41/3
17 d7/3 ArcTan| < . ]

7/3 [ cl/3.dV/3 x 2 ]
17 d’/? ArcTanh
Ve+dx3

A c+d X3 3¢Y/6 4/ c+d X3
_ + _
216 2 x’ (8 c-dx?) 110592 /3 29/6 331776 c?°/¢
17d7/3 Ar‘cTanh[@
e 12894/2-4/3 d73 (V34 dY
331776 c?°/6
€2/3 _ 13 q1/3 y 4 d2/3 x2 (1 - \/?) cl/3 4+ d¥3 x
EllipticE[ArcSin| |, -7-4+/3] /
((1+\/?) C1/3+d1/3x)2 (1+\/?) cl/3 1 dl/3 x

cl/3 (c1/3 +dt/3 X)

((1+\/?) cl/3 | g1/3 X)

32256 33/4 C14/3

5 Jerdx® | +(289d7/3 (c1/3+d1/3x)

2/3 _ ~1/3 41/3 2/3 2 1-/3) /3 4dl/3x
e d A EllipticF[ArcSin| ( ) |, -7-4+/3] /
(103 ) aix)? 1043 e i

ra 152 /7 314 43 /3 (/3 4 413 x)

d 3
([1ov3)aseasy)®
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Result (type 6, 377 leaves):

[5 (3456 c* - 216 c> d x> + 5967 ¢ d* x° + 8483 c d® x° - 1156 d* x*?) +

1)/

dx3 dx3

(480 250 c2 d® x° AppellF1[ —,
C 8c

2
3

1, = ——, —]+

2 1
40 c AppellF1[—, =

3 2 3 c 8c
>
3

3dx

1 5
3 |AppellF1[ =, 0 2, = -, —] —4AppellF1[g,

) )

4 12 5 1 8 _dx3 d x3
36992 c d* x*? AppellF1| ~, —, 1, —, —]
3 2 3 C 8c

1 8 dx3 dx3
) 1 T T T _] +
2 3 C 8¢

8 1 11 dx3 dx3 8 3 11 dx3 dx3
) 2: Ty T T 7} _4Appe11F1{7) ) 1: T } /
3 2 3 C 8c 3 2 3 C 8c

(967680c5 x’ (8c—dx3) A Cc+dx3

-

5
[64 c AppellFi| =,
3’

3dx? |AppellFl[—,

Problem 437: Result more than twice size of optimal antiderivative.

J X dx

(8c-dx*)? Verdxd

Optimal (type 6, 66 leaves, 2 steps):

x [1+ dci Appellfi[Z, 2, %, 22, %, J’ci
448 2 ~\/c+dx3

Result (type 6, 331 leaves):

2x |4 (c+dx?) -
5 1 1 4 dx3 dx3 1 1 4 dx3 dx3
128 c? AppellF1[~, =, 1, —, - s }/32cAppellF1[f, =1, =, -, — |+
3 2 3 C 8c 3 2 3 C 8c¢C
4 1 7 dx3 dx3 4 3 7 dx3 dx3
3dx® |AppellFl|—, =, 2, —, - ——, — | -4AppellF1[—, =, 1, —, - —, — ||| -
372 3 c  8c 372 3 c 8¢
4 1 7  dx3 dx?
161 cdx3 AppellFl[f 1, = -—, 7]/
3 2 3 C 8¢
4 1 7 dx3 dx3 3 7 1 10 dx® dx3
56 c AppellF1l[—, —, 1, —, - ——, —— | +3dx® [AppellF1|[—, =, 2, —, -——, — | -
3 2 3 C 8c 3 2 3 C 8c
7 3 10 dx® dx3
4AppellFl[—, =, 1, —, - ——, —| J )/(27(12 (8c-dx?) A crdx3
3 2 3 C 8¢
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Problem 438: Result more than twice size of optimal antiderivative.

3
J X dx
(8c—dx3)2\/c+dx3

Optimal (type 6, 66 leaves, 2 steps):

4 dx? 4 1 7 dx dx®
xt 1+ ; Appe11F1[3,2, o S Y ]

256 c2vc+dx3
Result (type 6, 355 leaves):
1 c+dx3 1 1 4 dx*> dx3
X +|32cAppellFl|~, =, 1, —, - ——, —— /
27/ c+dx3 8c2d-cd?x3 3 3 c 8c

[d (-8c+dx?) [32cAppellFl][—, —, 1, —, - ——, — | +
C 8¢
3 4 1 7 dx® dx? 4 3 7 dx® dx3
3dx® [AppellFl|—, =, 2, =, -——, —| -4AppellF1[—, =, 1, —, - —, —| +
372 3 c 8c 372 3 c 8¢
5 4 1 7 dx* dx®
7 X AppellFl[f, -1, = - ,7} /
3 2 3 C 8¢
3 4 1 7 dx® dx? 3
(8c-dx?) [56 cAppellF1[—, —, 1, —, -——, — | +3dx
3 2 3 C 8¢
7 1 10 dx3 dx3 7 3 10 dx3 dx3
AppellFl[—, =, 2, —, - —, | -4AppellFi[—, =, 1, —, - —,
3 2 3 C 8c¢C 3 2 3 C 8c¢C

Problem 439: Result more than twice size of optimal antiderivative.

1
dx
J(8c—dx-”)2\/c+dx3
Optimal (type 6, 64 leaves, 2 steps):
| dx3 1 1 4 dx3 dx3
X 1+? AppellFl[;, 2, ;, g, ;,*T}
64c2\/c+dx3
Result (type 6, 327 leaves):
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4 dx3 dx3

1 1 1 1
X (832Appe11F1[, =1, -y — ] / 32cAppellFl|—, =, 1, —, - ——, — | +
3 2 3 C 8¢ 3 2 3 C 8c
3 4 1 7 dx® dx? 4 3 7 dx® dx3
3dx® |AppellFl[—, =, 2, —, - ——, — | -4 AppellF1[—, =, 1, —, - ——, — +
3 2 3 C 8¢ 3 2 3 C 8c
1 3 3 4 1 7 dx3 dx3
—lc+dx®+ |7cdx®AppellF1[—, =, 1, —, - ——, —| /
c? 3 2 3 c 8c
4 1 7 dx® dx3 3 7 1 10 dx3
56 c AppellFl|—, —, 1, —, - ——, — | +3dx? |AppellF1[—, =, 2, —, - —,
3 2 3 C 8¢ 3 2 3 C
dx3 7 3 10 dx3 dx3
——] -4AppellF1[~, =, 1, —, - ——, —| JJ]]/ (216 (8c-dx?)/c+dx®
8¢ 3 2 3 C 8¢

Problem 440: Result more than twice size of optimal antiderivative.

1
J dx
x3 (8c—dx3)2\/c+dx3
Optimal (type 6, 66 leaves, 2 steps):
[, dx 2 11 dx _dx
1+9 AppellF1| S02, 0, 5 5, - ]
128 c2 x>V c+dx3

Result (type 6, 372 leaves):
[ (c+dx?) (-216 c+29dx3)

3 1 1 4 dx3 dx3
- |64 c?dx® AppellFi[=, =, 1, =, - —, —] /
37 2 3 ¢ 8c

-8c+dx3
3 1 1 4 dx3 dx3
(8c-dx?) [32cAppellF1[ =, =, 1, —, - ——, — | +
3 2 3 C 8¢
3 4 1 7 dx? dx 4 3 7 dx? dx?
3dx® [AppellFl|—, =, 2, =, - ——, —| -4AppellF1[—, =, 1, —, - —, — | ||| +
3 2 3 C 8¢ 3 2 3 C 8¢
4 1 7 dx3 dx3
[203cd2x6Appe11F1[—, =1, - ] /[(8c—dx3>
3 2 3 C 8¢
4 1 7 dx3 dx3 3 7 1 10 dx3 dx3
56 c AppellFl[—, —, 1, —, - ——, —— | +3dx> [AppellF1][—, =, 2, —, - —, — | -
3 2 3 C 8c¢C 3 2 3 C 8c¢C
7 3 10 dx3 dx3 I
4App611F1[7; ) 1: Ty~ ] ] )]J/(3456C3X2 C-*-C‘X3
3 3 C 8¢

Problem 441: Result more than twice size of optimal antiderivative.

1
dx
Jx6 (8cfdx3)2\/c+dx3

Optimal (type 6, 66 leaves, 2 steps):
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dx3 5 1 2 dx3 dx3
[1+ e AppellFl[—;, 2, 3, -2, 05, _T}

3202 x°Ve+dx3
Result (type 6, 384 leaves):

(c+dx®) (864 c?-1080cd X +119d?x°) 1 1 4  dx3 dx?
+ (21952 c?d*x® AppellF1[~, =, 1, —, -
-8c+dx3 3 C 8c
3 1 1 4 dx3 dx3
(8c-dx?) [32cAppellFl[—, =, 1, —, - —, +
3 2 3 C 8¢
3 4 1 7 dx> dx3 4 3 7 dx® dx3
3dx® |AppellFl|—, =, 2, —, - ——, —| -4AppellF1[—, =, 1, —, - , —
3 2 3 C 8¢ 3 2 3 C 8¢
4 1 7 dx3 dx3
(833cd3x9Appe11F1[, =1, =, -—, ] /[(8c—dx3>
3 2 3 C 8¢
4 1 7 dx3 dx3 3 7 1 10 dx3 dx3
56 c AppellF1l[—, —, 1, —, - , — | +3dx3 |AppellFl|—, =, 2, —, - —, —| -
372 3 c 8c 372 3 c 8c
7 3 10 dx® dx3
4AppellFl[—, =, 1, —, - ——, —| J]J/ (34569c4xsﬂlc+dx3
3 2 3 C 8¢

Problem 446: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1
Jx (8c-dx?)? (c+dx?)*?

dx

Optimal (type 3, 106 leaves, 8 steps):

7Ar‘cTanh[@} Ar‘cTanh[@}
5 . 1 . 3¢ NS
648 c3vVc+dx3 216 c? (8c—dx3) Verdx3 7776 ¢’/? 96 c’/?
Result (type 6, 338 leaves):
1 43c-5dx3 3 1 dx3 dx3
- |20dx® AppellFi[1, —, 1,2, - —, —| /
324+/c+dx® \16c*-2c3dx3 2 c 8c
5 3 1 dx3 dx3
¢’ (8c-dx?) |16 cAppellF1[1, =, 1,2, -—, — | +
2 C 8¢
3 1 dx3 dx3 3 dx3 dx3
dx® |AppellfFi[2, =, 2, 3, - —, | -4AppellF1[2, =, 1,3, -—, +
2 C 8¢ 2 C 8¢
3 3 1 5 C 8c
(45dx AppellFl[=, =, 1, =, - ——, —] /
272 2 dx® dx3
3 1 5 C 8¢
(cz (-8c+dx?) (5dx3AppellF1[—, =1, =, -—, +
2 2 2 dx3 dx3
5 1 7 C 8c¢C 5 3 7 C 8¢
16 c AppellFl| =, =, 2, —, - , —| -cAppellF1[=, =, 1, —, - ——, )
2 2 2 dx® dx3 2 2 2 dx® dx3
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Problem 447: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1

J dx
x4 (8c—dx3)2 (c+dx3)3/2

Optimal (type 3, 143 leaves, 9steps):
35d 5d

+ —

2592 c*+/c+dx3 864c3 (8c—dx3) Ve+dx3
SdArcTanh[@] 5dAr‘cTanh[@}

1 3vc Ve

+ +

24¢2 (8c-dx®) Ve dx 31104 c®/2 384 c%/2

Result (type 6, 350 leaves):

108 c?2 + 265 cd x3 - 35d? x°® . 1 dx3 dx3
+ 280 cd®x® AppellF1[1, =, 1,2, - ——, —| /
-8c+dx3 2 C 8c
3 1 dx® dx3
(8c-dx?) |16 cAppellF1[1, =, 1,2, - ——, — | +
2 C 8c
3 1 dx3 dx3 3 dx3 dx3
dx® |AppellF1(2, =, 2,3, -——, —| -4AppellF1[2, =, 1,3, - —, —| +
2 C 8c 2 C 8c
3 1 5 C 8¢
(450cd2x6AppellF1[f, =1, - —] /[(Scfdx3)
272 2 dx3 dx3
3 3 1 5 C 8¢ 5 1 7 C 8¢
[de AppellFl| =, =, 1, =, - ——, —— | +16cAppellFl| =, =, 2, —, - ——, —| -
2 2 2 dx3 dx3 2 2 2 dx3 dx3
5 3 7 C 8c
cAppellFl[f, -1, = -—, 7] )]/ [2592c4x34/c+dx3
272 2 dx3 dx3

Problem 448: Result unnecessarily involves higher level functions.

1

J dx
x7 (8c—dx3’)2 (c+dx3)3/2

Optimal (type 3, 185leaves, 10 steps):
665 d? 71 d? 1

414725\ c+dx®  13824¢* (8c-dx3) e+ dx®  48¢x6 (Bc-dxP) VerdxE
13d2Ar‘cTanh[@} 33d2Ar‘cTanh[@}

17d 3vc 1 Ve

+

384c3x* (8c-dx3) Vec+dxP 497 664 c1/2 2048 ¢/

+

Result (type 6, 349 leaves):
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. 3.0 1 BCESCES
5320 c d® x® AppellFi[1, —, 1, 2, s ]
2

/

C 8¢
3 1 dx3 dx3
(8c-dx?) |16 c AppellFi[1, —, 1, 2, - , — |+
2 C 8¢
3 1 dx3 dx3 3 dx3 dx3
dx® |AppellF1[2, =, 2, 3, - s | -4AppellF12, =, 1,3, -—, —| +
2 C 8 c¢C 2 C 8 c¢C
864 c3-1836c>dx3-5107 cd? x® + 665d3 x° +
-8c+dx3
3 9 3 1 5 C 8c
8910 c d* x° AppellF1| =, —, 1, —, - y ——] /
2 2 2 dx3 dx3
3 3 1 5 C 8¢ 5 1 7 C 8¢
(de AppellF1[ =, —, 1, =, - , —] +16 cAppellF1[ =, =, 2, —, - ——, _
2 2 2 dx® dx3 2 2 2 dx® dx3

d 8¢
— |

)y - )
dx3 dx3

5 3 7
cAppellFl|[ =, =, 1, —
2 2 2

)J/ [41472 c® x° m

Problem 449: Result unnecessarily involves higher level functions.

X7
dx
J(8cdx3)2 (c+dx3>3/2

Optimal (type 4, 668 leaves, 15 steps):
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2 x2 8 x?
- + +

8lcd?Vc+dx? 27d? (8c-dx?) Vc+dx®
1/6 (c1/3,.41/3
4APCTBH[M]

2\/C-¢—(‘JX3 /) c+d x3
. _
8Lcd™? (143 ] /24 dV2 x| 81+/3 c5/6 d8/3
1/3 41/- 2
4Ar‘cTanh[M] 4APCTanh[3[c+dx3 ]
3c/04/ced X’ . 34/c B 2.3 (C1/3 L di/3 x)
243 C5/6 d8/3 243 C5/6 d8/3
2/3 _ ~1/3 41/3 2/3 2 1-+/3 ) c¥3 1 d¥3x
e X d X ) iptice[Arcsin| | ) |, -7-4+/3] /
((1+\E) c1/3+d1/3x)2 (1+\/?) /3 4 dgl/3 x

1/3 (1/3 , 1/3
27 - 33/4 23 ¢48/3 S G x) ; AerdxE |+ 2\/7(C”3+d1/3x)
((1+\/?) C1/3+d1/3x)

€2/3 | c1/3 q1/3 5, 42/3 x2 (1 -4/3 ) cl/3 4+ d1l/3 x
EllipticF [ArcSin|

((1+\/?) c1/3+d1/3x)2 (1+\/?) C1/3 4 4173 ¢

|, -7-4v3]|/

1/3 (¢1/3 | 41/3
81  31/4 c2/3 g48/3 ¢ <C +d X> ; A c+dx3
((1+ﬁ) c1/3+d1/3x)

Result (type 6, 357 leaves):

1 ,(20c+5dx3 2 1 5 dx? dx3
2x + |800 cAppellF1[—, =, 1, =, - —, —| /
405d2\c+dx 8c?-cdx’ 32 3 ¢ 8¢
R 2 1 5 dx® dx3
(-8c+dx’) |40 cAppellFl|—, —, 1, =, - ——, — | +
3 2 3 C 8¢
3 5 1 8 dx3 dx3 8 dx3 dx3
3dx® [AppellFl| =, =, 2, —, - ——, ——| -4AppellF1[~, =, 1, -, - ——, — +
3 2 3 C 8¢ 3 2 3 C 8¢
3 5 1 8 dx® dx3
32d x> AppellFl[ =, =, 1, —, - ——, —| /
3 2 3 C 8c
s 5 1 8 dx® dx3 3
(-8c+dx®) |64 cAppellF1[>, =, 1, =, -——, ——] +3dx
3 2 3 C 8c¢C
8 1 11 dx3 dx3 8 3 11 dx3 dx3

(AppellFl[, =, 2, —, -——, —| -4AppellF1][—, =, 1, —, - —, —|
2 3 C 8¢ 3 2 3 C 8¢

Il

w
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Problem 450: Result unnecessarily involves higher level functions.

4

J X dx
(8c—dx3)2 (c+dx3>3’/2

Optimal (type 4, 671 leaves, 15 steps):

2 2

X X
- + +
8lc?dVc+dx® 27cd(8c-dx®) Vc+dx®
[ 3 /6 (c1/3.d1/3 x ] h[ c1/3,41/3 x 2
ArcTan ArcTan
Ve+dx3 \ c+d x3 3c1/6m
_ N _
BLC2d [ (143 ) 3+ di2x] 81+/3 cl1/6ds/3 243 Mo d7?
ArcTanh [ @} 2/3 _ +1/3 41/3 2/3 2
3¢ B 2 V3 <c1/3+d1/3x> c?/? - ct/?dY?x+d*P x
243 c11/6 45/3 ( (1 N \E) cl/3 , g1/3 x) 2

[(1\5) cl/3 4 di/3
+\/?) c/3 1 d/3 x

EllipticE [ArcSin

), -7-4v3]|/

=

1/3 (c1/3 | g1/3
54 33/4 c5/3 d5/3 c (C + X> ; 'CerXS + ,\/? (C1/3 Jrdl/3 X)
((1+\/?) c1/3+d1/3x)

€2/3 _ c1/3 d1/3 y , ¢2/3 x2 1-+/3 ) cl/3 4+ dl/3 x
EllipticF [ArcSin|

((1+\/?) c1/3+d1/3x)2 (1+\/?) C1/3 4 4173 x

|, -7-av3]|/

1/3 (¢1/3 4 g1/3
81  31/4 ¢5/3 ¢5/3 ¢ <C + X> . [c+dx3
((1+\/?) C1/3+d1/3x)

Result (type 6, 337 leaves):
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X2

2 1
1000 AppellF1[=, =, 1, =, - —, —|
3 2 C 8¢
5 dx3 dx3 3
,1, =, -—, —]+3dx
3 C 8¢

5 dx3 dx3
3

2 1
[d (40 c AppellFl|—, —
3

N

5 1 8 dx3 dx3 5 3 8 dx3 dx3
AppellFl[ =, =, 2, —, - —, | -4AppellF1[ =, =, 1, —, - y —] +
3 2 3 C 8¢ 3 2 3 C 8¢
1 5¢ 3 5 1 8 dx® dx3
5(_7”()_ 32cx®AppellFl| =, =, 1, —, - ——, —| /
c? d 3 2 3 c 8¢
5 1 8 dx3 dx3 3 8 1 11 dx3
64 c AppellFl| =, —, 1, —, - ——, ——| +3dx® [AppellFl][—, =, 2, —, - —,
3 2 3 C 8¢ 3 2 3 C
dx3 8 3 11 dx® dx3
——] -4AppellF1[—, =, 1, —, - ——, —] )])]/ (405 (8c-dx?) 4/c+dx3)
8¢ 3 2 3 C 8c

Problem 451: Result unnecessarily involves higher level functions.

J X dx
(8c—dx3)2 (c+dx3>3/2

Optimal (type 4, 665 leaves, 15 steps):
5 x2 X2
+

648 c3Vc+dx® 216c? (8c—dx3)\/c+dx3
1/6 (c1/3,41/3
5 ArcTan { MC—XL}

5+ c+dx3 \crd 3
- +
648 3 d?/3 ((14+/3 ] 2+ d'3x) 1296 /3 c17/6 42/
1/3,41/3 x)°

5Ar‘cTanh[u] 5Ar‘cTanh[3[°*dX3 ]

3 cl/6 +dx3

Heerde T e s 25 (e dix)

3888 c17/6 d2/3 3888 c17/6 d2/3

€2/3 _ c1/3 q1/3 x| d2/3 x2 o ' (1—x/3 ) cl/3 4+ dl/3 x
EllipticE [ArcSin|

((1+ﬁ) c1/3+d1/3x)2 (1+\/?) c1/3 4 d1/3

|, -7-4+/3] /

cl/3 (Cl/S +dy/3 X)

([1:73) 2 avx)?

432 33/4 C8/3 d2/3

lcvdx® | - |5 <c1/3+d1/3x)

€2/3 _ 13 4173 y 4 d2/3 x2 (1 -+/3 ) cl/3 4+ d/3 x
EllipticF [Ar‘cSin[

((1+\E) c1/3+d1/3x)2 (1+\/?) c1/3 4 d1/3 x

|, -7-4v3]|/

cl/3 <c1/3 +dt/3 X)

((1+\/?) C1/3+d1/3x)

324 \/7 31/4 C8/3 d2/3

5 AJc+dx®
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Result (type 6, 366 leaves):

1 43cx?-5dx°

5 2 1 5 dx® dx3
- |25 X2 AppellF1[—, =, 1, =, - ——, —| /
162 c+dxd \32ct-4c3dx® 3 2 3 c 8c
3 2 1 5 x> dx3
c(8c-dx?) |48 cAppellFl[—, —, 1, =, - ——, — | +
3 2 3 C 8¢
3 5 1 8 dx® dx3 5 3 8 dx® dx3
3dx® |AppellFl| =, =, 2, —, - ——, —| -4AppellF1[~, =, 1, —, - ——, —|
3 2 3 C 8c 3 2 3 C 8c
s 5 1 8 dx3 dx3
8dx AppellFl{—, =1, = -, —] /
3 2 3 C 8¢
5 3 5 1 8 dx® dx3
c® (8c-dx?) |64 cAppellFl[ =, =, 1, —, - ——, — | +
3 3 C 8¢
3 8 1 11 dx® dx3 8 3 11 dx® dx3
3dx® |AppellFl|—, =, 2, =, - ——, — | -4AppellF1|—, =, 1, —, - ——, —]
3 2 3 C 8¢ 3 2 3 C 8¢

Problem 452: Result unnecessarily involves higher level functions.
J 1
x2 (8c—dx3)2 <c+dx3)3/2

dx

Optimal (type 4, 686 leaves, 16 steps):
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5 1 31V c+dx3

+ - +

648 c>xVc+dx>  216c2x (8c-dx?) Vec+dx® 1296 c* x
\E 1/6 1/3 . d1/'3
g3 ArcTan| 210

31 d1/3 \/C+dX3 \/ c+d x3
- +
1296 c* ((1+\/?) c1/3+d1/3x) 1296 /3 c23/6
13 /3.dv/3 x)?
d*/3 ArcTanh [ s } 4i/3 Ar‘cTanh[Mc*d x3 ]
/64 c+ - 3Vc ~131+/2-+/3 d/3 (c1/3+d1/3 x)
3888 c23/6 3888 c23/6
C2/3 _ c1/3 q1/3 5 4 42/3 y2 (1 - \/?) cl/3 1 d1l/3 x
EllipticE[ArcSin| |, -7-4+3] /
([1473] e avix)’ (173 ) 2 diix

1/3 1/3 L g1/3
864  3%3/4 113 il Gt ) - erdy® |+ [31dY3 (VP4 di P x)
((1+\E> C1/3+d1/3x)

€2/3 _ 13 q1/3 y 4 d2/3 x2 o . 1-+/3 ) cl/3 4+ dl/3 x
EllipticF [Ar‘cSm[

((1+\/?) c1/3+d1/3x)2 (1+\/?) C1/3 4 4173

|, -7-4v3]|/

1/3 1/3 d1/3
648 /2 31/4 c11/3 c <C ! X> ; \Jc+dx3
((1+\/?) c1/3+d1/3X)

Result (type 6, 374 leaves):
1

6480 c*\/c+dx3

5 (162 c2+227cdx3-31d2x5)

2 1
+ (130@0 c2dx?AppellF1[=, =, 1, =, - —, —|
372

-8cx+dx* 3 c 8c
R 2 1 5 dx® dx3
(8c-dx?) |48 cAppellFl[ =, —=, 1, =, - —, — | +
3 2 3 C 8c
3 5 1 8 x> dx3 5 3 8 dx3 dx3
3dx® |AppellFl|[ =, =, 2, —, - ——, — | -4AppellF1[~, =, 1, —, - ——, —] -
3 2 3 C 8c 3 2 3 C 8¢
) s 5 1 8 dx3 dx3
992 c d? x® AppellF1[=, =, 1, —, - —, —| /
3 2 3 C 8c¢C
R 5 1 8 dx3 dx3
(8c-dx?) 64 cAppellFl| =, =, 1, —, - ——, — | +
3 2 3 C 8c
3 8 1 11 dx3 dx3 8 3 11 dx3 dx3
3dx AppellFl[—, =52, — -—, —] —4App911F1[—, >, — - —
3 2 3 C 8¢ 3 2 3 C 8¢




188 | Mathematica 11.3 Integration Test Results for 1.1.3.4 (e x)~"m (a+b x”~n)”p (c+d x~n)~q.nb

Problem 453: Result unnecessarily involves higher level functions.

1
st (8c—dx3)2 (c+dx3)3/2

dx

Optimal (type 4, 708 leaves, 17 steps):
5 1 253/ c+dx3
- +

+

648 3 x*Vc+dx® 216c?x* (8c—dx3) Vve+dx3 20736 c* x*
\/? 1/6 (c1/3,41/3
11 d4/3 ArcTan [ ;(C—XL]

77d~c+dx? 77 d*3/c+dx3  crdx3
- - +
2592 ¢® x 2592 ¢5 ((1“/3 ) €134 V3 x| 82944 /3 c29/6

1/3,41/3 x| 2
11 d4/3 Ar‘cTanh[M] 11 d*3 ArcTanh crd 3
3c¢Y/6 ) crd x3 rctan [ 3¢ }
- + 77 2-+/3 d*3 <c1/3+d1/3x)

248832 c?°/6 248832 c?°/6
€2/3 _ c1/3 d1/3 x| d2/3 x2 1- \/?) cl/3 4+ dl/3 x
EllipticE[ArcSin] |, -7-4+/3] /
(1043 ] e vaian? 103 ) e ai
cl/3 (/3 4 d1/3
1728 - 3%/% c14/3 ( ) S crdxX | - 177dY (121 d P x)
(133 ] s aren)
€2/3 _ c1/3 g1/3 y 4 d2/3 x2 o . 1- \/?) cl/3 +d¥3 x
EllipticF [Ar‘cSm[ ], _7-4 \/?} /
((1+\E) c1/3+d1/3x)2 (1+\/?) c1/3 4 g1/3 x

1/3 1/3 d1/3
1296 /2 31/4 ¢14/3 i U x) - N crdx3
((14—\/?) c1/3+d1/3x)

Result (type 6, 389 leaves):
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5 (648 c® - 2997 c2d x* - 4565 ¢ d? x° + 616 d* x°)
-8c+dx3

) 26 2 1 5 _dx3 dx3
244750 c? d? x® AppellF1[—, —, 1, =, - ——, —|
3

2 3 C 8c
3 2 1 5 dx3 dx3
(8c-dx?) [48cAppellFl[—, —, 1, =, - ——, — | +
3 2 3 C 8¢
3 5 1 8 dx3 dx3 5 3 8 dx3 dx3
3dx® |AppellFl[ =, =, 2, =, - ——, — | -4 AppellF1[~, =, 1, -, - ——, —| +
3 2 3 c 8¢ 3 2 3 C 8¢
5 1 8 dx3 dx3
(19712cd3x9Appe11F1[—, 1, -y | /[(8c—dx3)
372 3 c  8c
5 1 8 dx* dx? 3 8 1 11 dx? dx?
64 c AppellFl| =, =, 1, —, - ——, ——| +3dx® [AppellF1][—, =, 2, —, - —, — | -
3 2 3 C 8¢ 3 2 3 C 8¢
8 3 11 dx3 dx3
4AppellFl[—, =, 1, —, - ——, —| )])/ (1@3689c5x4«/c+dx3
3 2 3 C 8¢

Problem 454: Result unnecessarily involves higher level functions.

1

J dx
x8 (8cfdx3)2 <c+dx3)3/2

Optimal (type 4, 732 leaves, 18 steps):



190 | Mathematica 11.3 Integration Test Results for 1.1.3.4 (e x)~"m (a+b x”~n)”p (c+d x~n)~q.nb

5 1 191+Vc+dx3
- +

+

648 > x’ Vc+dx® 216X’ (8c-dx?) Vc+dx® 18144 c* X
8257 d+/c +dx3 5179d?Vc +dx3 5179d7/3\/c +dx3
- +

580608 c® x* 145152 cb x 145152 c6 ( (1 ++/3 ) cl/3 , g1/3 x)

/ /. P P 2
[3 cl/6 (cl/3.4Y/3 x c1/3,.41/3 x

] 7d7/3 Ar‘cTanh[
/) c+d x3 3c/6 4/ cid x3

+ —

331776 /3 c3%/6 995328 ¢3°/6

7 d’/3 ArcTanh e
i) e T o (e [

995328 ¢35/6 ((1+ \/?) c1/3 4 dq1/3 ¢ ?

7d7/3 Ar‘cTan[

[(1\5) cl/3 4 di/3

1473 ] e

EllipticE [ArcSin

|, -7-43]/

1/3 (c1/3 , g1/3
96768  33/4 ¢17/3 < (c ! X) , \Je+dx3 | +|5179d7/3 (c1/3+d1/3x>
((1+\/?) C1/3+d1/3x)

€2/3 _ c1/3 q1/3 5 4, ¢2/3 x2 (1 -4/3 ) cl/3 4+ dl/3 x
EllipticF [ArcSin|

((1+\/?) c1/3+d1/3x)2 (1+\/?) 13, 4173 x

|, -7-av3]]/

c1/3 c1/3+d1/3x
72576 /2 31/4c17/3 ( ) - A e+dx3
((1+\/?> c1/3+d1/3X)

Result (type 6, 374 leaves):
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{51 840 c* + 93960 c3d x> - 509085 c?d? x® - 766345 c d> x° +

2 1 5 dx3 dx3
103580 d* x12 + [8293750 c?d®x? AppellFl| =, =, 1, =, - ——, —] /
32 3 c 8c
2 1 5 dx® dx3
40 cAppellFl[ =, =, 1, =, - —, — | +
3 2 3 C 8¢
3 5 1 8 dx3 dx3 5 3 8 dx3 dx3
3dx® |AppellFl|[ =, =, 2, —, - ——, — | -4AppellF1[~, =, 1, —, -—, — ||| -
372 3 c  8c 372 3 c 8¢
4 1o 5 1 8 dx3 dx3
662912 c d* x*2 AppellF1[ =, —, 1, —, - ——, —| /
3 2 3 C 8c¢C
5 1 8 dx3 dx3
64 c AppellFl[=, =, 1, —, - —, —| +
3 2 3 C 8¢
3 8 1 11 dx3 dx3 8 3 11 dx3 dx3
3dx® |AppellFl|—, =, 2, —, -——, — | -4AppellF1[—, =, 1, —, - —, —| /
3 2 3 C 8c 3 2 3 C 8c

(2903040c6x7 (8c-dx?) \/c+dx?

Problem 455: Result unnecessarily involves imaginary or complex numbers.

6

X
J(8c—dx3)2 (c+dx3>3/2

dx

Optimal (type 4, 256 leaves, ? steps):

2x(4c+dx3)

8lcd? (8c-dx) Vec+dx®

—|2+/2+4/3 (c1/3+d1/3x)

€2/3 _ c1/3 d1/3 x | d2/3 x2 o ' (1—\/3 ) cl/3 4+ dl/3 x
EllipticF [ArcSin|

((1+ﬁ) c1/3+d1/3x)2 (1+\/?) c1/3 4 d1/3

|, -7-43]/

1/3 (~1/3 , 41/3
C ct/? +dt3 x
81 34 cd7/3 ( ) AJo+dx3

([173) 2 avx)?

Result (type 4, 189 leaves):
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2/3 X2

-6 (-d)*?x (4c+dx?) +21'133/4c1/3\/ (-1)°" (_C1/3+ (_d)1/3x) \/1+ (-d)"x (-d)

C1/3

- (71) 5/6 _ i (7;;;/3)(

SN 1Y

(-8 c+dx’) EllipticF[ArcSin|

(243c (—d)7/3 (-8c+dx?) \[c+dx®

Problem 456: Result more than twice size of optimal antiderivative.

3

J X dx
(8c-dx*)? (c+dx?)*?
Optimal (type 6, 66 leaves, 2 steps):

4 [q ., d 4 37 de de
xt 149 Appe11F1[3,2, o e G c}

256 3/ c+dx3
Result (type 6, 333 leaves):

+
c1/3 C2/3

1 1 4 dx3 dx3 1 1 4 dx3 dx3
160 x AppellF1| ~, —, 1, —, - s ] / d |32cAppellFl[=~, =, 1, —, - e
372 3 c  8c 372 3 c  8c
3 4 1 7 dx? dx 4 3 7 dx? dx?
3dx® [AppellfFl[—, =, 2, =, - ——, ——| -4AppellfF1|[—, =, 1, =, - ——, —|
3 2 3 C 8¢ 3 2 3 C 8c
1 5¢ 3 4 1 7 dx3 dx3
X [-=—+x}+ |7cx®AppellFl[—, =, 1, —, - —, —| /
c? d 3 2 3 C 8c
4 1 7 x> dx3 3 7 1 10 dx3 dx3
56 c AppellFl[—, =, 1, —, - ——, —] +3dx> |AppellFl][—, =, 2, —, - —, — | -
3 2 3 C 8c 3 2 3 C 8¢
7 3 10 dx3 dx3
4AppellFl[—, =, 1, —, - —, —| ]J]/ [81 (8c-dx®)\/c+dx®
3 2 3 C 8c

Problem 457: Result more than twice size of optimal antiderivative.

dx

1
J(8c—dx3)2 (c+dx3>3’/2

Optimal (type 6, 64 leaves, 2 steps):
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[1, & 15, 3 4 dX _dx
x |1+ Appe11F1[3,2,2,3, oo

64 c3c+dx3
Result (type 6, 331 leaves):

43¢c-5dx3+
5 1 1 4 dx> dx3 1 4 dx® dx3
1216 c? AppellFl|[ =, =, 1, —, - ——, —] / 32cAppellFl|—, —, 1, —, - ——, — | +
372 3 c 8¢ 32 3 c 8¢
4 1 7 dx3 dx3 4 3 7 dx3 dx3
3dx® |AppellFl|—, =, 2, =, - ——, — | -4AppellF1[—, =, 1, —, -—, — ||| -
3 2 3 C 8¢ 3 2 3 C 8¢
3 4 1 7 dx3 dx3
35cdx AppellFl|—, —, 1, —, - —, —]/
32 3 c 8c
4 1 7 dx3> dx3 3 7 1 10 dx3 dx3
56 c AppellFl[—, —, 1, —, - ——, — | +3d x> [AppellF1]—, =, 2, —, - —, — | -
3 2 3 C 8¢ 3 2 3 C 8¢
7 3 10 dx3 dx3
4AppellFl[—, =, 1, —, - ——, —| ) )/(6488 (8c-dx?) /c+dx3
3 2 3 C 8cC

Problem 458: Result more than twice size of optimal antiderivative.

dx

1
Jx3 (8c-dx?)? (c+dx?)*?
Optimal (type 6, 66 leaves, 2 steps):

dx3 2 3 1 dx3 dx3
1+ o AppellFl[—;, 2, 37 37 gc° —T]

128 c3 x2Vc+dx3

Result (type 6, 375leaves):
[648 c?+1249 cd x3 - 167 d? x°®

1 1
- [19648 c?dx? AppellF1[—, —, 1,
3

-8c+dx3 2 C 8c
3 1 1 4 dx3 dx3
(8c-dx?) [32cAppellF1[ =, =, 1, —, - —, — | +
3 2 3 C 8c¢C
4 1 7 x3 dx3 4 7 dx3 dx3
3dx® [AppellFl|—, —, 2, =, -——, —| -4AppellF1[—, =, 1, —, - ——, — | ||| +
372 3 c  8c 372 3 c 8¢
4 1 7 dx3 dx3
(1169cd2 x® AppellFl[—, =, 1, —, - ——, —| /[(8cdx3)
3 2 3 C 8c
4 1 7 dx3 dx3 3 7 1 10 dx3 dx3
56 c AppellF1l|—, —, 1, —, - ——, ——| +3dx* [AppellF1|[—, =, 2, —, -——, — | -
372 3 c 8c 372 3 c 8c

7 3 10 dx3 dx3
4AppellFl[—, =, 1, —, - ——, —|
3 2 3 C 8¢

|

)/ (10368c4x2«/c+dx3
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Problem 459: Result more than twice size of optimal antiderivative.

1

2 (cadxd)??

dx

Jx6 (8c-dx3)
Optimal (type 6, 66 leaves, 2 steps):

1+ "C—XB AppellFi[-2, 2,

3203 x°Vcec+dx3

Result (type 6, 388 leaves):
[ 2592 ¢3 - 7128 c2d x3 - 15373 c d? x6 + 2027 d3 x°

+

-8c+dx3
o6 11 4 dx® dx3
262336 c>d? x® AppellFl|[—, —, 1, —, - ——, —| /
3 2 3 C 8c
3 1 1 4 dx*> dx3
(8c-dx?) [32cAppellF1[ =, =, 1, —, - ——, — | +
3 2 3 C 8¢
3 4 1 7 dx3 x3 4 7 dx® dx3
3dx® |AppellFl|—, =, 2, =, - ——, —| -4AppellF1[—, =, 1, —, - —, —| _
3 2 3 C 8c 3 2 3 C 8c
39 4 1 7 x> dx3 R
14189 c d®> x? AppellFl|[—, —, 1, —, - ——, —| / (8c-dx?)
3 2 3 (@ 8c
4 1 7 dx3 dx3 3 7 1 10 dx® dx3
56 c AppellFl[—, =, 1, —, - ——, —] +3d x> |AppellFl|[—, =, 2, —, - —, — ] -
3 2 3 [« 8c 3 2 3 C 8c
7 3 10 dx3 dx3
4AppellFl[—, =, 1, —, - ——, —| J J/ (103680c5x5x/c+dx3
3 2 3 C 8c

Problem 463: Result unnecessarily involves higher level functions and more

than twice size of optimal antiderivative.
Ve+dx3

Jx (a+bx3)?

Optimal (type 3, 121 leaves, 7 steps):

dx

Jeraw 2V AncTanh[ LS55 ] (2bc - ad) arcTanh[Loede ]
¢ Cc-a
3a(a+bx’) 3a? ) 3a2+/b Vbc-ad

Result (type 6, 306 leaves):
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5 1 dx3 b x3
- | |6 cdx®AppellFi(1, =, 1,2, - —, - —]| /
2 C a
1 dx3 b x3 3
-4achAppellFif1, =, 1,2, -—, - — ] +x> |2bc
2 C a
1 dx3 b x3 3 dx3 b x3
AppellF1[2, =, 2,3, -——, - — | +adAppellF1[2, =, 1,3, - —, - —| +
2 C a 2 C a
1 3 3 3 1 5 C a
7[3 (c+dx®) + (10bcdx AppellF1[ =, —, 1, =, - ——, - —] /
a 22 2 dx®  bx
3 3 1 5 C a 5 1 7 C
[—dex AppellFl[—, -1, = -—, ——] +2adAppellF1[—, 52, =, -,
2 2 2 x3 b x3 2 2 2 dx3
a 5 3 7 C a
-——| +bcAppellFl|=, =, 1, =, - —, - —— )])/(9 a+bx3 c+dx3)
bx3} {2’ 27727 ax’ bx3} ( ) Verde

Problem 464: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Jm

x4 (a+bx3)2

dx

Optimal (type 3, 161 leaves, 8 steps):

zb\/CerX3 \/C+dx3
3a2 (a+bx®) 3ax®(a+bx?)
+ 3 \/_ " 3
(4bc-ad) Ar‘cTanh[l%] _\/?(4bc—3ad)Ar‘cTanh[ '\’/%addx ]
3a%+/c 3a3+bc-ad

Result (type 6, 410 leaves):

. 1 dx3 b x3
12abcdx®AppellFi[1l, —, 1,2, - —, - —] /
2 C a
1 dx3 b x3
~4acAppellF1[1, =, 1,2, - —, - — | +
2 c a
R 1 dx3 b x3 3 dx3 b x3
X 2bcAppe11F1[2, -5 2,3, -—, 77] +adAppe11F1[2, - 1,3, -—, *7] +
2 C a 2 C a
3 3 3 6 3 1 5 C a
5bdx’ (3ac+2bcx’*+4adx’+6bdx®) AppellFl|—, —, 1, =, - ——, - ——| -
2 2 2 dx3 b x3
3 3 5 1 7 C a
3(a+2bx?) (c+dx?) |2adAppellFl|~, =, 2, —, - ——, - ——| +
2 2 2 d x3 b x3
5 3 7 C a
bcAppellFl[*, =1, = -, *7] )/
272 2 dx} bx?
3 3 1 5 C a 5 1 7 C a
[—dex AppellF1[=, —, 1, =, - ——, - ——| +2adAppellFl[ =, —, 2, —, - ——, - ——] +
2 2 2 d x3 b x3 2 2 2 dx3 b x3
3

5 7 C a
bcAppellFl[f, -1, =y -—, —7}
272 2 dx} bx3

/[Qazx3 (a+bx3) A c+dx®
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Problem 465: Result more than twice size of optimal antiderivative.

Jx3\/c+dx3

(a+bx3>2

dx

Optimal (type 6, 64 leaves, 2 steps):

1 7 bx3 dx3

x* v c+dx3 AppellFl[‘;—, 2, I }

3
432 149X
C

Result (type 6, 324 leaves):

3 ) 1 1 4 dx3 b x3
X |-4 (c+dx®) +|32ac?AppellF1[~, =, 1, —, - ——, - —| /
3 2 3 C a
1 1 4 x3 x3 3
8acAppellFl|~, =, 1, —, -——, - —| -3x> |2bc
3 2 3 C a
4 1 7 dx3 b x3 4 3 7 dx3 b x3
AppellFl|—, =, 2, —, - ——, - ——| +adAppellF1[—, =, 1, —, - —, - — ||| -
372 3 c a 372 3 c a
3 4 1 7 dx3 b x3 4 1
35acdx®AppellFl[—, =, 1, —, - —, - —| / -14acAppellFi| -, -,
3 2 3 C a 3
7 dx3 b x3 3 7 1 10 dx3 b x3
1, = -, - —— ] +3%* |[2bcAppellFl|[—, =, 2, —, - ——, - — ] +
3 c a 372 3 c a
7 3 10 dx3 b x3
adAppellF1[—, =, 1, —, - —, - —| ])]/(12b(a+bx3>4/c+dx3
3 2 3 C a

Problem 466: Result more than twice size of optimal antiderivative.

Jxx/c+dx3

(a+bx3)2

dx

Optimal (type 6, 64 leaves, 2 steps):
5 bx3 M}

xzmAppellFl[i, 2, 7; 5, -be, 0

3
232 [1+9€
c

Result (type 6, 324 leaves):
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R 5 (c+dx?) R 2 1 5 dx3 b x3
x> | ——+|25¢c AppellFl[—, -, 1, —,——,——}/
a 3 2 3 C a
2 1 5 dx3 b x3 3
1@acAppellFl[—, =, 1, =, - —, - —] -3x% |2bc
3 2 3 C a
5 1 8 dx3 b x3 5 3 8 dx3 b x3
AppellFl[ =, =, 2, —, - ——, - —| +adAppellF1[~, =, 1, —, - ——, - — ||| +
3 2 3 C a 3 2 3 C a
3 5 1 8 dx3 b x3 5 1
8cdx?AppellFl|~, =, 1, —, - ——, - —| / -16 a c AppellF1| =, —, 1,
3 2 3 C a 3 2
8 dx3 b x3 3 8 1 11 dx3 b x3
—, -, - —— | +3x* |2bcAppellF1[—, =, 2, —, - ——, - — ] +
3 C a 3 2 3 C a
8 3 11 dx3 b x3
adAppellFl[f, -1, f,—i,—i} ]) /[15 (a+bx3)«/c+dx3
3 2 3 C a

Problem 467: Result more than twice size of optimal antiderivative.
J Ve+dx3 4

<a+bx3)2

X

Optimal (type 6, 59 leaves, 2 steps):
xVc+dx® AppellF1[7, 2, -7, 5 _bd _dx]

2 3 a C

a? 1+ dci
Result (type 6, 322 leaves):

4 dx3
N (c+ x)

1 1
+ [64 c? AppellF1[ =, =, 1
372

M
\
.
I
.
I
—

a

1 4 dx* bx3 3
e 1) 7J_7J_7]_3X
2 3 C a

dx3 b x3

[SacAppellFl[ 2bc

4 3 7 dx3 b x3
s , - ——| +adAppellFl[—, =, 1, =, - —, - —|
c a 372 3 c a

7

3

7 dx3 b x3

— -— / —14acAppe11F1[
3

y - ) ]
C a

7 dx®  bx® 3 7 1
;,_T,—T]+3x 2bcAppellF1[;, ;, 2, — - - }+

AppellF1|

-
-
-

(7 cd x> AppellFi[—,

7 3 10 dx3 b x3
adAppellF1[—, =, 1, —, - ——, - ——
3 2 3 C a

—

Problem 468: Result more than twice size of optimal antiderivative.
J Ve+dx3

x2 (a+bx3)2

dx
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Optimal (type 6, 62 leaves, 2 steps):

Verdx3 AppellFl[—%, 2, —%, i, ba—XB, ﬁ]

3
a2x |1+ 9
C

Result (type 6, 347 leaves):

[10 (3a+4bx?) (c+dx?) + [25ac (-8bc+9ad) x3Appe11F1[E
3

1 5 dx3 b x3
y T 1) _J*—J*_]
2 3 C a
2 1 5 dx3 b x3 3
1@acAppellFl[—, =, 1, =, - —, - —] -3x
3 2 3 C a
5 1 8 dx3 b x3 5 3 8 dx3 b x3
2bcAppellFl| =, —, 2, =, -——, - —— | +adAppellF1[ =, =, 1, —, - ——, - ——
3 2 3 C a 3 2 3 C

. 5 1 8 dx3 bx3
64abcdx®AppellFl][ =, —, 1, — -
3

3
5 1 8 dx3 b x3
16acAppellFl[=, =, 1, —, - —, - —| -
3 2 3 C

3x3 (2bcAppe11F1[ , =, 2,

8
3
3
2

8
adAppellFi[—,
3

Problem 469: Result more than twice size of optimal antiderivative.
J Ve+dx3

x3 (a+bx3’)2

dx

Optimal (type 6, 64 leaves, 2 steps):
Ve+dx3 AppellFl[—f, 2, 1,1 b2

1 1 _bxX _ﬁ]
2’ 37 a’

3
2a2x2 |14 9
C

Result (type 6, 347 leaves):
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3 3 1 1 4 dx3 b x3
-4 (3a+5bx*) (c+dx?) + 16ac(—20bc+9ad)xAppellFl[f =, 1, -, 7,—7]/
3 2 3 C a
11 4 dx* bx? 3
8acAppellFl|~, =, 1, —, - ——, - —| - 3x
3 2 3 C a
4 1 7 dx3 b x3 4 3 7 dx3 b x3
2bcAppellFl|—, —, 2, =, -——, - ——| +adAppellF1|—, =, 1, —, - ——, - —| || +
3 2 3 C a 3 2 3 C a
4 1 7 dx3 b x3
35abcdx®AppellFl[—, =, 1, f,—i,—f]/
3 2 3 C a
4 1 dx3 b x3
~14acAppellFl[—, =, 1, =, - ——, - — | +
3 2 C a
7 10 dx3 b x3
3 X 2bcAppe11F1[f — 2, —y ——, —7] +
3 2 3 C a
7 3 10 dx3 b x3 2.0 3 3
adAppellF1[—, =, 1, —, - ——, - —| /(24a (a+bx®) \/c+dx
3 2 3 C a

Problem 473: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

dx

J(c+dx3)3/2

x (a+bx3) 2
Optimal (type 3, 131 leaves, 7 steps):

+ 3 ’\/7 i 3
(bc-ad) Verdx® ZCB/ZAPCTa"hPCV_@] Vbc-ad (2bc+ad) Ar‘cTanh[@]

B N \/bc-ad
3ab (a+bx?) 3 a2 3 a2b3/?
Result (type 6, 328 leaves):
d x3 b x3
[ [[6cd(bc+ad)xAppellF1[ =, 1, 2,——,——]/
C a
1 dx3 b x3
4acAppellFl[1, =, 1,2, - ——, - —| 2bc
2 C a
1 dx3 x3 3 dx3 b x3
AppellF1[2, =, 2,3, - ——, - ——] +adAppellF1[2, =, 1,3, - —, - —| +
2 C a 2 C a
1 3 1 5 C a
—[3 (bc-ad) (c+dx’) + |10b* c?d x> AppellFl][ =, —, 1, —, - ——, - })/
a 2 2 2 dx3 b x3
3 3 1 5 C a 5 1 7 C
(—dex AppellFl|[ =, =, 1, =, - ——, - ——] +2adAppellF1[ =, =, 2, —, -
202 2 x3 b x3 2 2 2 dx3
a 5 3 7 C a
-——] +bcAppellF1|=, =, 1, —, - —, - — ])/(% a+bx?) \Jc+dx®
bx3} [2’ 277727 axd’ bx3} ( )
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Problem 474: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

dx

J<c+dx3)3/2
x4 (a+bx3’)2
Optimal (type 3, 170leaves, 8 steps):

(2bc-ad) Vc+dx® cJecr+dx3

3 a2 (a+bx3) 3ax3 <a+bx3)

+

+ +d x3
\/?(4bc—3ad) Ar‘cTanh[%] 7\/bc—ad (4bc—ad)ArcTanh[@b§}

3a’ 3a3/b
Result (type 6, 439 leaves):

. 1 d x3 b x3
6acd(—2bc+ad)xAppellFl[l, =, 1, 2,——,——]/
2 C a
1 dx3 b x3
4achppellFl(1, =, 1,2, - —, - | -
2 C a
; 1 dx3 b x3 3 dx3 b x3
x> |2bcAppellF1[2, =, 2,3, - ——, - ——| +adAppellF1[2, =, 1, 3, - ’ - ]+
2 C a 2 C a
3 1 5 C a
(dex3 (2bcx3<c+3dx3)+3a(c2+cdx3—d2x5))AppellFl[—, =, 1, —,——,——]—
2 2 2 dx3 b x3
5 1 7 C a
3(c+dx3> <2bcx3+a<c—dx3)) [ZadAppellFl[f, =2, —, - —— 77}+
272 2 dx?  bx?
5 3 7 C a
bcAppellFl[f, -1, = -, —7] )/

2 2 2 d x3 b x3

3 1 5 C a 5 1 7 C a
(—5bdx3AppellF1[—, S, T, -, -] +2adAppellF1[ S, T, 2, S, -, -

2 2 2 dx3 b x3 2 2 2 dx3 b x3

5 3 7 C a
bcAppellFl{—, -1, = -—:, ——})
2 2 2 dx3 b x3

/[Qazx3 (a+bx3) A c+dx3

Problem 475: Result more than twice size of optimal antiderivative.

dx

st (c+dx3’)3/2

(a+bx3)2

Optimal (type 6, 65leaves, 2 steps):
cx*Verdx® AppellFl[3, 2, -2, 7, _b ) _dd]

3
432 [14+9X
C

Result (type 6, 358 leaves):
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X

—4(c+dx3> (SbC—llad—6bdx3) -

, 1 1 4 d x3 b x3
32ac’ (-5bc+1lad) AppellFl|—, =, 1, —, - ——, - ——
3 3 c

]

/

a
1 1 4 dx3 bx3 ;
8acAppellFl[—, =, 1, -, -——, - — | -3x3 |2bc
3 2 3 C a
4 1 7 dx3 b x3 4 3 7 d x3 b x3
AppellFl[—, 52, =, -—, ——] +adAppe11F1[—, =1, -, -—, _—] .
3 2 3 C a 3 2 3 C a
3 4 1 7 dx®  bx3
7acd (-43bc+55ad) x® AppellFl[—, =, 1, -, —,77]/
3 2 3 C a
4 1 7 dx* bx3
-14acAppellFl[—, =, 1, =, - ——, - —| +
3 2 3 C a
3 7 1 10 dx3 b x3
3x 2bcAppe11F1[f, -, 2, —,7—,,7]+
3 3 C a
7 3 10 dx3 b x3
adAppellFl[—, - 1, —,——,——} ]))/[sebz (a+bx3>m
3 2 3 C a

Problem 476: Result more than twice size of optimal antiderivative.

Jx <c+dx3)3/2

dx
(a+bx3)2

Optimal (type 6, 65leaves, 2 steps):
cx2/ecrdx3 AppellFl[%, 2, 3,32

3
282 [14+9€
C

Result (type 6, 439 leaves):
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XZ

5 2 1 5 dx3 b x3
-||25¢® (bc+2ad) AppellFi[—, —, 1, =, - ——, - —]
3 2 3 C a
1 5 dx3 b x3 3
=1, =, - —, - —/] +3x
2 3 C a
X3

/

2b c AppellF1|

{— 10 a c AppellF1|

[y

)

w | N

5
)

e 2:

)

8 dx3 b x3
3

, -2, By

8 dx3
3

5 3 dx* bx3
, - ——, - ——| +adAppellF1[ =, =, 1, -

=,

C a

C a 3 2

B

8

3)

(—Sac (ad (16c+3dx?) -bc (10c+9dx3)>AppellF1{5
3

1

15 (bc-ad) x® (c+dx°) 2bcAppe11F1[§, 1, 2, 1
3 3

(o]

3 11 dx3 b x3
adAppellFi[—, =, 1

) 7)_7)_7} ]/
3 2 3 C a
5 1 8 dx3 b x3
a|16acAppellFl[~, =, 1, —, - ——, - —| -
3 2 3 a
3 8 11 dX3 bX3
3x 2bcAppe11F1[f, -2, —, -—, ,7] ¥
3 2 3 C a
8 3 11 dx3 b x3
adAppellF1[—, =, 1, —, - ——, - —| ]J]]/(15b<a+bx3) m
3 2 3 C a

Problem 477: Result more than twice size of optimal antiderivative.

j(c+dx3)3/2

<a+bx3)2

dx

Optimal (type 6, 60 leaves, 2 steps):
cxVerdx® AppellFi[2, 2, -2, 4, _0x, <]

Result (type 6, 437 leaves):
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2 11 4  dx3 b x3
x |-|[32¢* (2bc+ad) AppellF1[ =, =, 1, —, - , - }/
3 2 3 c a
11 4 dx* bx? 3 4 1
~8acAppellF1[—, =, 1, —, - ——, - —] +3x> [2bcAppellF1[—, =, 2,
3 2 3 C a 3 2
7 dx* bx3 4 3 7 dx* bx3
—, - ——, - ——] +adAppellF1[—, =, 1, =, - —, - —] ||| +
3 c a 3 2 3 c a
3 3 4 1 7 dx3 b x3
~7ac(ad (8c+3dx’) -bc (8c+9dx?)) AppellFl[—, —, 1, —, - ——, - —] -
3 2 3 c a
3 3 7 1 10 d x3 b x3
12 (bc-ad) x® (c+dx’) |2bcAppellFl[—, =, 2, —, - ——, - — | +
3 2 3 C a
7 3 1 dx* bx3
adAppellfFl[—, =, 1, —, - ——, - —] //
3 2 3 c a
4 1 7 dx3 b x3
a|l4acAppellFl[—, =, 1, —, - —, - —| -
3 2 3 C a
3 7 10 dx3 b x3
3x* [2bcAppellFl|—, =, 2, —, - —, - — | +
3 2 c a
7 3 0 dx* bx®
adappellri[ =, 2,1, =, -5 2% ]J]]/(12b<a+bx3)m
3 2 3 C a

Problem 478: Result more than twice size of optimal antiderivative.

d33/2
J<C+ x) ix

x2 (a+bx3)2

Optimal (type 6, 63 leaves, 2 steps):
c/c+dx® AppellFi[-2%, 2, -2, 2, _0x, _d<]

Result (type 6, 365 leaves):

| 203
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{10 (c+dx3) (3ac+4bcx3fadx3) +

; 3 2 1 5 dx3 b x3
25ac® (-8bc+11ad) x> AppellF1[—, —, 1, =, - ——, - —| /
372 3 c a
2 1 5 dx* bx? 3
1@acAppellFl[—, =, 1, =, - —, - ——] - 3x
3 2 3 C a
5 1 8 dx3 b x3 5 3 8 dx3
2bcAppellFl[ =, —, 2, =, -——, -—— | +adAppellF1|[ =, =, 1, —, - ——
372 3 c a 372 3 c

) )

] 5 1 . 8 dx® by
16acd (-4bc+ad) x®AppellF1[~, =, 1, —, - ——, - —|
3 2 3 C a
d

5 1 8 x3 b x3
-16acAppellFl[~, —, 1, —, - ——, - ] +
3 2 3 C a
3 8 11 dx3 b x3
3x 2bcAppellF1[f, -2, —, -—, ,7] "
3 3 C a
8 3 11 dx3 b x3
adAppellFl[—, =, 1, —, - ——, - —| J)/ (30a2x (a+bx?) W
3 2 3 C a

Problem 479: Result more than twice size of optimal antiderivative.

J<c+dx3)3/2

x3 (a+bx3’)2

dx

Optimal (type 6, 65leaves, 2 steps):
cVe+dx3 AppellFl[—%, 2, 3,1 b2 dx3]

b b -

3
2a2x? |14 94X

Result (type 6, 366 leaves):
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[4(c+dx3) (3ac+5bcx372adx3) +

; 3 1 1 4 dx3 b x3
16ac® (-20bc+17ad) x* AppellFl| —, —, 1, —,-—,-—]/
3 2 3 C a
1 1 4 dx3 x3 3
8acAppe11F1[f, -1, = -—, 7] -3X
3 2 C a
4 1 7 dx3 b x3 4 3 7 dx3 b x3
2bcAppellFl|—, —, 2, =, -——, - —— | +adAppellF1|—, =, 1, —, - ——, - — | || -
3 2 3 C a 3 2 3 C a
s 4 1 7 dx}  bx
7acd (-5bc+2ad) x®AppellF1]—, —, 1, —,7—,7—]/
3 2 3 C a
4 1 7 dx* bx3
-14acAppellFl[—, =, 1, =, - ——, - — | +
3 2 3 C a
3 7 10 dx* bx?
3x3 |2bcAppellFl|—, =, 2, —, - ——, - — | +
3 C a
7 3 10 dx3 b x3
adAppellFl[;, E, 1, ?,——,——}J])/(24a2x2 (a+bx3>1/c+dx3
C a

Problem 483: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1
dx
Jx <a+bx3)2x/c+dx3
Optimal (type 3, 132leaves, 7 steps):
b cidxd 2Ar‘cTanh[%} \/F(zbc—3ad) Ar‘cTanh[@b%}
3a(bc-ad) (a+bx3)_ 3a2+/c ' 3a2(bc—ad)3/2

Result (type 6, 396 leaves):
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5 1 d x3 b x3
b||6cdx®AppellF1[1, =, 1,2, - —, - —| /
2 C a
1 dx® bx3 3
-4achAppellFl[1, =, 1,2, - ——, - —] +Xx
2 C a
1 dx3 b x3 3 dx3 b x3
2bcAppe11F1[2, =,2,3, -—, f—] +adAppe11F1[2, - 1,3, -—) f—] +
2 C a 2 C a
3 1 5 C a
(de3 (2ad+b (c+3dx?)) AppellF1[ =, =, 1, =, - ——, - ——| -
272 2 dx3  bx
5 1 7 C a
3 (c+dx’) |[2adAppellF1[=, =, 2, =, - ——, - ——| +
2 2 2 dx3 b x3
5 3 7 C a 3
bcAppellFl[ =, =, 1, —, - ——, - ——] )/(a [—dex
202 2 dx? bx?
3 1 5 C a 5 1 7 C a
AppellFl[*, =1, =, - —, 7—} +2adAppellF1[f, —5 2, —y ——, —7} +
272 2 dx? bx? 2 2 2 dx3 bx3

5 3 7 d a
bcAppellFl[—, -1, = -—, ——]
272 2 dx®> bx3

]/ 5 -oceaa) a-b) Jerar)

Problem 484: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1
dx
Jx4 (a+bx3)2\/c+dx3

Optimal (type 3, 185leaves, 8steps):
b(2bc-ad) Vc+dx? Verdxd

_3a2c (bc—ad) (a+bx3> _3acx3 (a+bx3)

(4bc+ad) Ar‘cTanh[@] b2 (4bc-5ad) Ar‘cTanh[JF c*dxg}
e o Jocad

3a3¢3? 333 (bc—ad)3/2

Result (type 6, 489 leaves):
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6 1 dx3 b x3
6abd (-2bc+ad) x®AppellF11, =, 1,2, - ——, - —| /
2 C a
1 dx3 b x3 3
(-bc+ad) |-4acAppellF1[1, —, 1,2, -—, -— | +xX’ |2bc

2 C a

1 dx3 b x3 3 dx3 b x3

AppellF1[2, =, 2,3, -——, - —| +adAppellF1[2, =, 1,3, - ——, - —| +
2 C a 2 C a

(dex3 (—azd (3c+2dx3) +2b%cx3 (c+3dx3) +3ab (c2+cdx3—d2x6)>

3 1 5 C a
AppellFl[f ) 1: Ty - ,*7}+
202 2 dx3 b x3
5 1 7 C a
3 (c+dx?) (a®d- bzcx3+ab(—c+dx3))[ZadAppellFl[— =2, =, -, ]+
2 2 2 d x3 b x3
5 3 7 C a
bcAppellFl[ =, =, 1, —, - ——, - ——] )/
2 2 2 dx3 b x3
3 3 1 5 C a
(c (bc-ad) |-5bdx AppellFl[ =, =, 1, =, - ——, - ——| +
202 2 dx3 b x3
5 1 7 C a
2adAppellF1[f, -2, =, -—, _7} +
272 2 dx} bx3
5 3 7 C a
bcAppellFl[~, =, 1, —, - ——, - ——] ])/(9a2x3 <a+bx3)«/c+dx3
202 2 dx3 b x3

Problem 485: Result more than twice size of optimal antiderivative.

J X dx

(a+bx3) 2\c+dx3

Optimal (type 6, 64 leaves, 2 steps):

x* [1+ dci AppellFi[?%, 2, %, Z, J’a—xs, ch—xz]
422\ c+dx®

Result (type 6, 331 leaves):

3 11 4 dx3 b x3
X |4 (c+dx?) + [32ac?AppellF1|—, —, 1, —,——,——]/
3 2 3 C a
1 1 4 dx3 b x3 5
8acAppe11F1[f - 1, f,—i,—i}Jer 2bc
3 2 3 C a
4 1 7 dx3 b x3 4 3 7  dx3 b x3
AppellFl[—, =, 2, =, - ——, -——] +adAppellF1[—, =, 1, =, - —, - —] | | -
3 2 3 C a 3 2 3 C a
4 1 7 dx3 b x3 4 1
7acdx’AppellFl[—, —, 1, —, - —, - —| / -14acAppellFl|—, —, 1,
3 2 3 C a 3 2
7 dx3 b x3 3 7 1 10 dx3 b x3
,,—7,—7]+3x 2bcAppe11F1[f, - 2, —,——,_—}Jr
3 C a 3 2 3 C a
7 3 10 dx3 b x3
adAppellF1[—, =, 1, —, - ——, - —| J)]/[lZ(bcuad) (a+bx?) \/c+dx®
3 2 3 C a
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Problem 486: Result more than twice size of optimal antiderivative.

X
dx
J(a+bx3)2\/c+dx3

Optimal (type 6, 64 leaves, 2 steps):

2 dx? 2 1 5 bx® dx®
x2 |1+ ; Appe11F1[3,2, e i ]

2a%2\/c+dx3
Result (type 6, 342leaves):
5b (c+dx?) 2 1 5 dx* bx3
x2 ——+[25c(bc—3ad)Appe11F1{—, =, 1, —,——,——]/
a 3 2 3 C a
2 1 5 dx3 b x3 3
-10acAppellFl|—, =, 1, —, - , - | +3x3|2bc
3 2 3 C a
5 1 8 dx3 b x3 5 3 8 dx3 b x3
AppellFl| =, =, 2, —, - ——, - ——| +adAppellF1[~, =, 1, —, - —, - — ||| -
3 2 3 C a 3 2 3 C a
3 5 1 8 dx3 b x3 5 1
8bcdx?AppellFl[=, =, 1, —, - ——, - —] / -16 a c AppellFl[ =, —, 1,
3 2 3 C a 3 2
8 d x3 b x3 3 8 1 11 dx3 b x3
—, -, - —— | +3x* |2bcAppellF1[—, =, 2, —, - ——, - — ] +
3 C a 3 2 3 C a
8 3 11 dx3 b x3
adAppellFl[f, =1, =, -—, - ] ]J /[15(—bc+ad) <a+bx3>ﬂ/c+dx3
3 2 3 C a

Problem 487: Result more than twice size of optimal antiderivative.

1
dx
J (a+bx?)*Ve+dx
Optimal (type 6, 59leaves, 2 steps):
x |1+ 9 AppellF1[l, 2, 2, 2, - 2X, 4]
a?vc+dx®
Result (type 6, 341 leaves):
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4b (c+dx?) 11 4 dx3 b x3
X ——+{32c<2bc—3ad)Appe11F1[—, =, 1, —,——,——]/
a 3 2 3 C a
1 1 4 dx3 b x3 3
-8acAppellFl[~, =, 1, -, -——, - —] +3x? |2bc
3 2 3 C a
4 1 7 dx3 b x3 4 3 7 dx3 b x3
AppellFl|—, =, 2, —, - ——, - ——| +adAppellF1[—, =, 1, —, - ——, - — ||| +
3 2 3 C a 3 2 3 C a
3 4 1 7 dx*  bx? 4 1
7bcdx?AppellFl[—, =, 1, —, - ——, - —] / -14 acAppellFl|—, —, 1,
3 2 3 C a 3 2
7 dx3 b x3 3 7 1 10 dx3 b x3
— -, - —— | +3x* |2bcAppellF1[~, =, 2, —, - ——, - — ] +
3 C a 3 2 3 C a
7 3 10 dx3 b x3
adAppellFl[f, =1, —, -—, - } ]J /[12(—bc+ad) <a+bx3>ﬂ/c+dx3
3 2 3 C a

Problem 488: Result more than twice size of optimal antiderivative.

1
dx
sz (a+bx3)2\/c+dx3

Optimal (type 6, 62 leaves, 2 steps):

dx? 1 12 bx3 dx?
LS AepellFL[ -2, 2, 5y 2 B -

aZxVc+dx3

Result (type 6, 399 leaves):
[10 (c+dx?) (-3a?d+4b’?cx®*+3ab (c-dx3))

C

2 1 5 dx3 b x3
(ZSa (8b>c*-15abcd+3a*d®) x> AppellFl|—, —, 1, =, - ——, - —|
3 2 3 C a

/

2 1 5 dx3 b x3 3
-1@acAppellFl[—, =, 1, =, - ——, - —| +3x
3 2 3 C a
5 1 8 dx3 b x3 5 3 8 dx3 b x3
2bcAppellFl[ =, —, 2, =, - ——, - — | +adAppellF1][ =, =, 1, —, - ——, - — | || +
3 2 3 C a 3 2 3 C a
6 5 1 8 dx3 b x3
16abd (4bc-3ad) x®AppellF1[ =, —, 1, —,-—,-—]/
3 2 3 C a
5 1 8 dx3 b x3
716acAppe11F1[f, -1, -, y - ] +
3 2 3 C a
3 8 11 dx3 b x3
3x3 [2bcAppellFl[—, =, 2, —, - —, - — ] +
3 2 3 C a
8 3 11 dx3 b x3 5 3 3
adAppellF1[—, =, 1, —, - ——, - —| /(BOa (-bc+ad) x (a+bx?)+/c+dx
3 2 3 C a




210 | Mathematica 11.3 Integration Test Results for 1.1.3.4 (e x)~"m (a+b x”~n)”p (c+d x~n)~q.nb

Problem 489: Result more than twice size of optimal antiderivative.

1
dx
Jx3 (a+bx3)2\/c+dx3

Optimal (type 6, 64 leaves, 2 steps):

dx3 2 101 bx3 dx3
[1+ e AppellFl[—;, 2, 2, 5 -5, _T}

2aZx2vc+dx3

Result (type 6, 399 leaves):
4 (c+dx?) (-3a2d+5b%cx®*+3ab (c-dx?))

+

C

1 1
(16a (-20b>c?+21abcd+3a*d’) x> AppellFl| —, —, 1,
3

2 C a
1 1 4 dx3 b x3 3
-8acAppellF1[~, =, 1, —, -——, - ——] +3x
3 2 3 C a
4 1 7 dx3 b x3 4 3 7 dx3 b x3
2bcAppellFl|—, =, 2, —, -——, - —— | +adAppellF1|—, =, 1, —, - ——, - Ik
3 2 3 C a 3 2 3 C a
. 4 1 7 dx3 b x3
7abd (-5bc+3ad) x®AppellFl|—, —, 1, —,-—,-—]/
3 2 3 C a
4 1 7 x3 b x3
-14achAppellFl|—, =, 1, =, - ——, - — | +
3 2 3 C a
3 7 10 dx3 b x3
3% [2bcAppellFl[—, =, 2, —, - ——, - —] +ad
3 2 3 C a
7 3 10 dx3 b x3 5 5 3 3
AppellFl[—, =, 1, —, - ——, - ] /(24a (-bc+ad) x* (a+bx?)\/c+dx
3 2 3 C a

Problem 493: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.
1

Jx <a+bx3)2 (c+dx3)3/2

dx

Optimal (type 3, 172leaves, 8 steps):
d(bc+2ad) b

+

3ac(bc—ad)2\/c+dx3 3a(bc-ad) (a+bx®) Vec+dx?

2ArcTanh[@} b2 (2bc-5ad) Ar‘cTanh[\m el ]
e Jbcad

.
3a2c32 3 a2 (bc—ad)S/2

Result (type 6, 453 leaves):
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1 dx3 b x3
[[[de (bc+2ad) x*AppellF1[1, =, 1,2, - ——, - —|
2

/

c a
1 dx3 b x3 3
-4achAppellFif1, =, 1,2, -—, - — ] +x> |2bc
2 C a
1 dx3 b x3 3 dx3 b x3
AppellF1[2, =, 2,3, -——, - — | +adAppellF1[2, =, 1,3, - —, - —| +
2 C a 2 C a
3 242 2 3 3 3.1 > c a
-5bdx? (4a’d?+b?c (c+3dx?) +2abd (2c+3dx?)) AppellF1[ =, —, 1, —, - ——, - ——] +
272 2 dx} bx3
5 1 7 C a
3(2a%d*+2abd? x> +b*c (c+dx’)) [ZadAppellFl[—, =2, T, -y ]+
2 2 2 dx3 b x3

5 3 7 C a
bcAppellFl[>, =, 1, =, - ——, - —]| /
272 2 dx* bx3
3 3 1 5 C a
[ac (75bdx AppellFl[ =, =, 1, =, - ——, - ——| +
272 2 dx® bx3
5 1 7 c a
2adAppellFl[=, =, 2, =, - ——, - —— | +
2 2 2 dx3 b x3
5 3 7 C a
bcAppellFl[>, =, 1, =, - ——, - —] ])/ (9 (bc-ad)? (asbsx®)[crdx®
272 2 dx® bx3

Problem 494: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1
Jx4 (a+bx3’)2 (c+dx3)3/2

dx

Optimal (type 3, 241 leaves, 9 steps):
d(2b®c?-2abcd+3a?d?) b(2bc-ad) 1

3a2c? (bcfad)Z\/Cerx3 3a2c(bcfad) (a+bx3)x/c+dx3 3acx3(a+bx3)\/c+dx3

+

4bc+3ad) ArcTanh fewax b5/2 (4bc - 7ad) ArcTanh [ Yo Ledx
Ve Vbcad
C c-a
3a3c?? 3a3 (bc—ad)S/z

Result (type 6, 582 leaves):
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1

9 a2 ¢? (bcfad)zx3 (a+bx3) c+dx3

1 dx3 b x3
) 1) 2: - _7} /
2 C a

([Gabcd (2b2c*-2abcd+3a’d?) x®AppellFi[1,

1 dx3 b x3
~4acAppellFi[1, =, 1, 2, - , - |+
2 C a
R 1 dx3> bx3 3 dx3
x> |2bcAppellF1[2, =, 2,3, -——, - —] +adAppellF1[2, =, 1,3, - —, - —|
2 C a 2 C a

(—5bdx3 (3a3d2 (c+2dx3) +2b3c? %3 (c+3dx3) +ab? 3c2+2cdx3—6d2x6) +

c
3 1 5 C a
a’bd (-6c?-cdx®+9d?x®)) AppellF1[ =, =, 1, =, - ——, - ——| +
2 2 2 d x3 b x3
3(2b2c?*x? (c+dx®) +a’d® (c+3dx’) +ab’c (c?-cdx®-2d*x°) +
5 1 7 C a
a’bd (-2c?-cdx®+3d?x%)) [2adAppe11F1[—, =2, =, - y -]+
22 2 dx3 b x3
5 3 7 C a
bcAppellFl[*, =1, = -, 77] )/
272 2 dx3 b x3
3 3 1 5 C a 5 1 7 C
-5bdx?AppellFl[ =, =, 1, =, - , - | +2adAppellfFi[ =, =, 2, —,
2 2 2 dx3 b x3 2 2 2
5 3 7 C a
bcAppellF1[~, =, 1, =, - ——, - ——]
272 2 dx3 b x3

Problem 495: Result more than twice size of optimal antiderivative.

X3
J dx
(a+bx?)? (c+dx?)>?
Optimal (type 6, 67 leaves, 2 steps):

4 g, dx 4 3 7 b de
xt 1 ® Appe11F1[3,2,2,3, =, c]

4a’cc+dx?
Result (type 6, 346 leaves):

b x3

)
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1 1
-4 (bc+2ad+3bdx?) + |32ac (bc+2ad)AppellF1[g, =, 1,

X
2 C a
11 4 dx* bx? 3
8acAppellFl|~, =, 1, —, -——, - —| -3x> |2bc
3 2 3 C a
4 1 7 d x3 b x3 4 3 7 d x3 b x3
AppellFl|—, =, 2, —, - ——, - ——| +adAppellF1[—, =, 1, —, - ——, - — ||| +
3 2 3 C a 3 2 3 C a
3 4 1 7 dx*  bx? 4 1
21abcdx®AppellFl[—, =, 1, —, - ——, - —| / -14acAppellFl|—, —,
3 2 3 C a 3 2
7 dx3 b x3 3 7 1 10 dx3 b x3
1, = - - —— | +3%* |[2bcAppellFl|[—, =, 2, —, - ——, - — ] +
3 C a 3 2 3 c a
7 3 10 dx3 b x3
adAppellF1[—, =, 1, —, - —, - —] ]]J/[ﬂ(bc—ad)z(a+bx3>x/c+dx3
3 2 3 C a

Problem 496: Result more than twice size of optimal antiderivative.

J x dx

(a+bx?)? (c+dx?)®?

Optimal (type 6, 67 leaves, 2 steps):

X2 [1+9C pppellF1[2, 2, 2, %, 02X, @]

2a%2c/c+dx3
Result (type 6, 482 leaves):

2 1 5 dx3 b x3
x2 —[[25 (b2c2—6abcd—a2d2)AppellFl[—, =, 1, —,——,——}J/
3 2 3 c a
2 1 5 dx3 b x3 3 5 1
-1@acAppellFl[~, =, 1, =, - ——, - —| +3x? |2bcAppellFi[~, —, 2,
3 2 3 c a 3 2
8 dx? x3 5 3 8 dx* bx3
—, =, - —— | +adAppellF1[ =, =, 1, =, - —, - —] +
3 c a 3 2 3 c a
5 1 8 dx3 b x3
(8ac(20a2d2+18abd2x3+b2c(10c+9dx3))Appe11F1[—, =1, =, -y -] -
3 2 3 C a
8 1 11 dx* bx3
15%° (2a’d*+2abd? x> +b*c (c+dx’)) [ZbcAppellFl[, =2, ey | +
3 2 3 c a
8 3 11 dx3 b x3
adAppellFl[—, =, 1, —, - ——, - —] /
3 2 3 C a
5 1 8 dx3> bx3
ac|l6acAppellFl[ =, =, 1, —, - —, - —| -
3 2 3 C a
, 8 1 _ 11 dx® bx3 8 3
3x* |2bcAppellFl|—, =, 2, —, - ——, - ——] +adAppellF1[—, -,
3 2 3 C a 3 2
11 dx3 x3
1, ?,*?,*T} ])]]/(15 (bc—ad)z(a+bx3)m
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Problem 497: Result more than twice size of optimal antiderivative.

J ! dx

(a+bx3)2 (C+dx3)3/2

Optimal (type 6, 62 leaves, 2 steps):

X /1+"C—X3 AppellFi[ 1, 2, 2, 4, -bai, -"C—XB]

alcvVec+dx3
Result (type 6, 480 leaves):

1 1 4 dx3 b x3
-((32(2b2c2-6abcd+a2d2)AppellFl[—, =,1, —,——,-—}/
3 2 3 C a
1 1 4 dx3 b x3 3 4 1
-8acAppellF1[~, =, 1, -, -——, - ——] +3x> |2bcAppellF1]—, —, 2,
3 2 3 C a 3 2
7 dx3 b x3 4 3 7 dx3 b x3
—, - ——, -—— ] +adAppellF1[—, =, 1, —, - —, - —] +
3 C a 3 2 3 C a
4 1 7 dx3 b x3
(7ac(16a2d2+18abd2x3+b2c(8c+9dx3>)Appe11F1[, =1, ey -] -
3 2 3 C a
7 1 10 dx3 b x3
12° (2a%d*+2abd? x> +b>c (c+dx’)) [ZbcAppellFl[—, =2, —y ey -+
3 2 3 C a
7 3 10 dx3 b x3
adAppellF1[—, =, 1, —, - ——, - —| /
3 2 3 C a
4 1 7 dx3 b x3
ac|l4acAppellFl[—, =, 1, =, - ——, - —] -
3 2 3 C a
; 7 1 10 dx*  bx? 7 3
3 X 2bcAppe11F1[f, —y 2, —y ——, —7] +adAppellF1[f, -
3 2 3 C a 3 2
10 dx3 x3
1, — -— - —] ])]]/(12 (bc-ad)? (a+bx®) \Jc+dx®
3 C a

Problem 498: Result more than twice size of optimal antiderivative.

j ! dx
x2 (a+bx?)? (c+dx?)®?
Optimal (type 6, 65leaves, 2 steps):
[1+ dci AppellFi[-1, 2, 2, 2, -bai, -dci}

alcxVe+dx3
Result (type 6, 483 leaves):
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1
30 a2 ¢c? (bcfad)zx (a+bx3) Ve+dx?

(—19 (40° 23 (c+dx?) +a*d? (3c+5dx3> +3ab’c (cz—cdx3—2d2x6) +

a’bd (-6c?-3cdx®+5d*x%) ) +

2 1 5 dx3 b x3
(25ac(8b3c3+21ab2c2d6a2bcd2+5a3d3)x3Appe11F1[—, =, 1, —,—,—}J/
3 2 3 C a
2 1 5 dx3 b x3 3
10acAppellFl[—, =, 1, =, - —, - ——] - 3x
3 2 3 C a
5 1 8 dx3 b x3 5 3 8 dx3 b x3
2bcAppellFl[ =, —, 2, =, -——, - —— | +adAppellF1|[ =, =, 1, —, - ——, - — | || -
3 2 3 C a 3 2 3 C a

5 1 8 dx3 b x3
(16abcd (4b’c*-6abcd+5a’d?) x®AppellFl[~, =, 1, —, - —, })/
3 2 3 C a

5 1 8 dx3 b x3
-16acAppellFl[~, —, 1, —, -——, - — | +3x% |2bc
3 2 3 C a
8 1 11 dx3 b x3 8 3 11 dx3 b x3
AppellFl|—, =, 2, —, -——, - — | +adAppellF1|—, =, 1, —, - —, - —]
3 2 3 [« a 3 2 3 C a

Problem 499: Result more than twice size of optimal antiderivative.

J ! dx
x3 (a+bx3)2 (c+dx3)3/2

Optimal (type 6, 67 leaves, 2 steps):

[1, 4% 253 1 _b¥ _de
1+ 9% AppellF1[-2,2, 2, >, - 2%, -]

2a2cx*Ve+dx3
Result (type 6, 483 leaves):
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1
24 32 2 (bcfad)zx2 (a+bx3) Ve+dx?

(—4(5b3c2x3 (c+dx3) + a3 d? (3c+7dx3) +3ab?c (cz—cdx3—2d2x6) +

a’bd (-6c?-3cdx®+7d*x%) ) +

1 1 4 dx3 b x3
(16ac(2eb3c333ab2c2d6a2bcd2+7a3d3)x3Appe11F1[—, =,1, —,7—,7—}/
32 3 c a
1 1 4 d x3 b x3 3
—8acAppe11F1[f, - 1, ,,_7’_7}_'_3)(
3 2 3 C a
4 1 7 dx3 b x3 4 3 7 dx3 b x3
2bcAppellFl|—, —, 2, =, -——, -—— | +adAppellF1[—, =, 1, —, - ——, - —|
372 3 c a 372 3 c a

4 1 7 dx3 b x3
(7abcd(5b2c26abcd+7a2d2)x6AppellF1[, =, 1, —,7—,7—]/

3 2 3 C a

4 1 7 dx3 b x3 3

-14achAppellFl|—, =, 1, =, -——, -— | +3x% |2bc
3 2 3 C a
7 1 10 dx3 b x3 7 3 10  dx3 b x3
AppellFl|—, =, 2, —, -——, - — | +adAppellF1|—, =, 1, —, - —, - —]
3 2 3 [« a 3 2 3 C a

Problem 508: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1
J dx
xvVa+bx® Vecrdx3

Optimal (type 3, 48 leaves, 3 steps):

2 ArcTanh | m}
Va A c+dx3

3va Ve
Result (type 6, 155leaves):

3 1 1 a C
[4bdx AppellF1[1, =, =, 2, - —, f—})/
22 bx3> dx3
1 1 a C
3 -4 *AppellFl|1l, =, =, 2, - ——, - ——
(3\/a+bx \/c+dx b d x> Appe [,2, Y dx3]+

1 3 a c 3 a c

bcAppellF1[2, =, =, 3, - ——, - ——]| +adAppellF1[2, =, =, 3, - ——, - —| )
2 2 b x3 dx3 2 b x3 dx3

Problem 509: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1
J dx
x*Va+rbx® Vecrdx3

Optimal (type 3, 91 leaves, 4 steps):
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(bc+ad) Ar‘cTanh[m}
Va A/ c+dx3

3 a3/2 C3/2

Varbx® Verdx3

3acx?

+

Result (type 6, 192 leaves):

1 1 a C
[—(a+bx3> (c+dx®) +|2bd (bc+ad) X AppellFi[1, —, =, 2, - —, —7})/
272 3 dx3
3 1 1 a C 1 3 a C
[4bdx AppellFi[1, =, =, 2, -——, - ——| -bcAppellF1[2, =, =, 3, - ——, - ——| -
2 2 b x3 dx3 2 2 b x3 dx3
3 a c
adAppellF1[2, =, =, 3, -——, - ——| ]/(3acx3\/a+bx3 \/c+dx3
2 2 b x3 d x3

Problem 513: Result more than twice size of optimal antiderivative.

J ! dx
Varbx3 Vcrdx®
Optimal (type 6, 83 leaves, 3 steps):

b ax 111 4 _be _dx
x\/1+ 2 \/1+ 2 Appe11F1[3, s 30 30 s C]

Va+rbx® Vecrdx3

Result (type 6, 170leaves):

1 1 1 4 b x3 dx3
_ 8achppe11F1[—, — —,——,f—} /
3 2 2 3 a C
3 3 1 1 1 4 b x3 dx3 3 4
\/a+bx \/c+dx -8acAppellFi[~, =, =, =, - ——, - ——] +3x> |adAppellFi[—,
3 2 2 3 a C 3
1 3 7 b x3 d x3 4 3 1 7 b x3 dx3
=, =, =, -, -—— | +bcAppellFl[—, =, =, =, - ——, - ——|
2 2 3 a C 3 2 2 3 a C

Problem 514: Result more than twice size of optimal antiderivative.

J ! dx
x2vVa+bx3 Vecrdx3
Optimal (type 6, 86 leaves, 3 steps):

b x3 dx? 11 1 2 b x3 dx?
J“a J“c AppellF1|- 2, 5, s 5o -0 -]

xVarbx3 Vc+dx3

Result (type 6, 357 leaves):
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25 (bc+ad) x> AppellFl| 2

[_10 (a+bx?) (c+dx?)

ac 3 2 3 a C
2 1 1 5 bx3 dx3 3
-1@acAppellFl[=, =, =, =, - —, - — ] +3x
3 2 2 3 a C
5 1 3 8 b x3 dx3 5 3 1 8 b x3
adAppellFl[_ T T T o T T *—} +bcAppellF1[—, —y T, —, ——
3 2 2 3 a C 3 2 2 3 a
5 1 1 8 bx? dx3
64 bdx®AppellFl[—~, =, =, —,_—,_7]/
3 2 2 3 a C
5 1 1 8 b x3 dx3
~16acAppellFl[ =, =, =, —, - ——, - —] +
3 2 2 3 a C
; 8 1 3 11 bx} dx?
3x |adAppellF1[—, =, =, —, - s«
3 2 2 3 a @

8 3 1 11 bx®* dx?
bcAppellFl[—, =, =, —, - ——, - —| /

w
N
N
w
Q
0

10x\/a+bx3 \/c+dx3

Problem 515: Result more than twice size of optimal antiderivative.

1
J dx
x3va+bx3 Vc+dx3

Optimal (type 6, 88leaves, 3 steps):

b dx 201 1 1 _be _dd
J1+ 2 J1+ ; AppellF1| Sr 5 gy s O

2x2va+bx® Jc+dx3

Result (type 6, 357 leaves):

(a+bx?) (c+dx?) 1 1 1 4 bx3 dx3
- +[4(bc+ad)x3AppellF1[—, -, =, - ——,_—]/
ac 3 2 2 3 a C
1 1 4 bx* dx3 3
~8achAppellF1[ =, =, =, =, - ——, - —] +3x
3 2 2 3 a C
4 1 3 7 b x3 d x3 4 3 1 7 b x3
adAppellfFi[—, =, =, =, - ——, - ——] +bcAppellF1[—, =, =, —, - ——
3 2 2 3 a C 3 2 2 3 a
4 1 1 7 b x3 dx3
7bdx® AppellFl|—, =, —, —,_—,_7]/
3 2 2 3 a C
4 1 1 7 b x3 dx3
28acAppellFl[—, =, =, =, - —, - — ] -
3 2 2 3 a C
3 7 1 3 18 bx* dx?
6x> |adAppellF1[—, =, =, —, - —, - — | +
3 2 2 3 a C
7 1 106 bx3 dx3
bcAppellFl[—, =, =, —, - ——, /Zx \/a+bx \/c+dx
3 2 2 3 a C
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Problem 517: Result unnecessarily involves imaginary or complex numbers.
J(ex)5/2x1a+bx3 (A+Bx?) dx

Optimal (type 4, 324 leaves, 5 steps):
3a(16Ab-7aB)e*ex Va+bx? (16Ab-7aB) (ex)”2Va+bx?
+

320 b? 80be

+

B (ex)7/2 (a+bx3)3’/2

3374 95/3 (16Ab-7aB) e?/ex (a1/3+b1/3x)

8be

2/3 _ 41/3 11/3 2/3 2 al’3 4+ (1-4/3 ) b3 x
2 AT b X b7 X EllipticF [ArcCos | +( ) ],1(2+\/?)]/
(a1/3+(1+\/?) b1/3'x)2 a1/3+(1+ﬁ) b1/3 x 4

b1/3 1/3 b1/3
640 b2 X(a ! X) ; \Ja+bx?

(a1/3+ (1+\/?) b1/3X)

Result (type 4, 234 leaves):

e’ex |-(-a)?? (a+bx?) (21a®B-12ab (4A+Bx?) -8b>x> (8A+5BX*)) +

(*1)5/6 ((7a)1/3—b1/3x) 1;:;)32_/3+1;3113/)l+x2
i 33/4 32 p1/3 (16Ab—7aB)x o .
bl/3 x "

J (71)5/6 Ci(-a)3

1/3
° 1, (-1)*7] /(329 (-a)3p2/a+bx3

EllipticF [ArcSin|

31/4

Problem 518: Result unnecessarily involves imaginary or complex numbers.
J(ex)3/2x1a+bx3 (A+Bx?) dx

Optimal (type 4, 581 leaves, 6 steps):
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(14Ab-5aB) (ex)*?+a+bx?

+

56be
3(1+V3 ) a(14Ab-5aB)evex Varbx® B (ex)52 (a+bx?)>?
N .
112653 (a2 + (144/3 ] b2 x) 7be

a2/3 _ a1/3 b1/3 X + b2/3 XZ

(a1/3+ (1+\/?) bl/g’x)2

3 3Y%a%3 (14Ab-5aB) eex (a'?+b'?x) \I

EllipticE [ArcCos| G (1 _ \/?) o X} s 1 (2 + \/?) ] /

a1/3+(1+\/?) bl/3 x 4

b1/3X (31/3 + b1/3 X)
112 b%/3 Ja+rbx® | -

(al/3+ (1+\/?) b1/3X)2

a2/3 _ a1/3 b1/3 X + b2/3 X2

34 (1-4/3 ) a*? (14Ab-5aB) evex (a1/3+b1/3x)\| ( ( ) ;
al’34 (1++/3 ) b3 x

a3y (143 ) bx g
EllipticF[ArcCos[ y —
a1/3+(1+\5) bl/3x 4

(2+\E)} /

b1/3x a1/3+b1/3x
224 b°/3 ( ) Ja+bx®

(a1/3+ (1+\/?) b1/3x)2

Result (type 4, 279 leaves):
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1 X (ex)3/? 2b(a+bx3) (14Ab+3aB+8be3)-
112b%+a+bx3
_1)5/6 ((_a)1l/3 _pl/3
a (14Ab-5aB) —3(b+i P— (‘1>1/633/4ab2/3\/< ) () d

X3 (—a)2/3x bl/3 x

(ca)??  (a)Yix .2 _ (_1)5/6_ i(-a)3

s s . N : b/% x 1/3

—lx/?ElllptlcE[Ar'cSm[ B (-1) |+
X2 31/4

5/6 i (-a)'/3
[ e

(-1)*? EllipticF [ArcSin] 1, (-1)*7]

31/4

Problem 520: Result unnecessarily involves imaginary or complex numbers.

J\/a+bx3 (A+BX3)
\vex
Optimal (type 4, 286 leaves, 4 steps):
(1eAb-aB) Vex Va+bx® Bex (a+bx})*?
+

20be 5be

dx

+

a2/3 _ a1/3 b1/3 X + b2/3 X2

(a1/3+ (1+\/?) b1/3‘x)2

33/4 2/3 (10Ab—aB) Ve x (a1/3+b1/3x)

a1/3+(1—\/3)b1/3x 1
EllipticF [ArcCos| , =
a1/3+(1+\/3)b1/3x 4

(2:v3)]]/

b1/3 1/3 b1/3
40be x(a . X> \Ja+bx®

(al/aJr (1+\/?) b1/3 X)z

Result (type 4, 209 leaves):
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(-a)*?x (a+bx’) (16Ab+3aB+4bBX?) -

p2/3 pl/3

b1/3 X 2

(—1)5/6 ((_a)1/3—b1/3x) \I ii)i)f ii)ﬂerz
X

i3**ab'? (10Ab-aB) xz\/

\/_ (_1)5/6_ ]1(7/3)1/3
b3 x
e L (1)) | / (20 carPovex aroe

EllipticF|[ArcSin|

Problem 521: Result unnecessarily involves imaginary or complex numbers.
J\/a+bX3 (A+BX3>

(ex)3/?

dx

Optimal (type 4, 580 leaves, 6 steps):
(8Ab+aB) (ex)52/a+bx> 3(1+\/?) (8Ab+aB)\/ex Vva+bx3

4aet 8 b2/3 @2 (a1/3+ (1+4/3 ) bl/3 x)

2A (a+bx?)??
2A[ax0X) 77 3 3Y4a3 (8Ab+aB) \ex (al/?+b'?x)

aeex
2/3  41/3 p1/3 2/3 2 a3 1 (1-4/3 ] b3 x
2 aTb X b EllipticE[Ar‘cCos[ ( ) ], : (2+\/?)] /
(6151 [14+/3 ) bix)? R PR TS

G232 bl/3 x (al/? + b1/3X) \/m )

(a1/3+ (1+\/?) bl/g'x)2

a2/3 _ al/3 pl/3 x 4 p2/3 2

(a1/3+ (1+\/?) b1/3x)2

34 (1-+/3) 2 (8Ab+aB) Vex (a¥?+b'3x] J

a1/3+(1—\/?) bl/3 x 1

], = (2+v3)] /

a1/3+(1+\/?) bl/3 x 4

EllipticF [ArcCos |

b1/3 X (31/3 4 b1/3 X)

(a1/3+ (1+\/?) b1/3x)2

16 b2/3 e2

\Ja+bx?
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Result (type 4, 283 leaves):

2 bx3) (-8A+Bx3
x3/2 <a+ X)< " X)—E(SAb+aB)X5/2 —3(b+i + 1
\/7 b x3 (73)2/3X
(7alz/3 (7311/3)( 2
(_1)1/5 33/4ab2/3 (71)5/6 ((73)1/3*b1/3 X) b2/ + b3 + X
b1/3x XZ

5/6 i (-a)l/3
e s

31/4

-1 +/3 EllipticE [ArcSin] 1, (-1)Y2] + (-1)*7

_ (_1)5/6 _ia)?
N . b x 1/3
EllipticF [ArcSin| o 1> (-1)*7] /

8 (ex)*?+/a+bx?

Problem 523: Result unnecessarily involves imaginary or complex numbers.
J\/a+bx3 (A+BX3)

(e X)7/2

dx

Optimal (type 4, 283 leaves, 4 steps):
(aAb+5aB)Vex Va+bx® 2A(a+bx3)??
- +

10 a e* S5ae (ex)>/?

a2/3 _ a1/3 b1/3 X + b2/3 X2

(a1/3+ (1+\/?) bl/':‘x)2

33/4 (4Ab+5aB) Jex (a1/3+b1/3x)

al/3 . (1_\/?) bl/3 x
al/3 + (1+\E) bl/3 x

EllipticF [Ar‘cCos [

o )/

1
4

b1/3 1/3 b1/3
20at/3 e* x(a ! X) ; \Ja+bx3
(a1/3+ (1+\/?) b1/3x)

Result (type 4, 199 leaves):
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x| (-a)? (a+bx’) (-4A+5BX’) -

b2/3 bl/3

b1/3X 2

(_1>5/6 <(—a)1/3—b1/3x) J L a)tlx 2
X

i 33/4pl/3 (4Ab+5aB) X4\/

\/_ (_1)5/6_ 147/3)1/3
b1/3 x
o ]) <_1>1/3] / (10 (—a)13 (ex)7/2 W}

EllipticF[ArcSin|

Problem 524: Result unnecessarily involves imaginary or complex numbers.
J\/a+bX3 (A+BX3>

x9/2

dx

Optimal (type 4, 564 leaves, 6 steps):
2(2ab+7aB)Varbx 3 (1+\E) bl/3 (2Ab+7aB) Vx Va+bx?

- +

7avx 7a(a1/3+(1+\/?)b1/3x)

2A (a+bx3)??
28 (207 3 3Y4p'3 (2Ab+7aB) Vx (al?+b¥3x)

7ax7/2

2/3 _ 41/3 y1/3 2/3 2 al’3 1 (1-4/3 ] b3 x

alf AT b X bTTX E1lipticE [ArcCos | +( ) ],1(2“5)]/
(a1/3+(1+\/?) b1/3x)2 a1/3+(1+\/?) bl/3 x 4

bl/3 x (31/3 + pl/3 X)

(a1/3+ (1+\/?) bl/-”x)

7 a2/3

5 Ja+bx® | -

aZ/S _ a1/3 b1/3 X + b2/3 XZ

(a1/3+ (1+\/?) bl/:"x>2

34 (1273 | 612 (2Ab+728) VX (2" + b7 ] J

al/3 . (1_\/?) bl/3 x
al/3 + (1+\E) bl/3 x

EllipticF [Ar‘cCos [

(2+\E)} /

)

b1/3 X <al/3 + b1/3x>

(al/sJr (1+ﬁ) pl/3 X)Z

14 a2/3

\Ja+bx3
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Result (type 4, 285 leaves):

-||-2(-a)*? (a+bx?) (aA+ (3Ab+7aB) x*) + (2Ab+7aB) x* (3 (-a)?? (a+bx?) +

p2/3 pl/3
2

\l :7312/3 N (-a 1/3 +X2

b1/3 %

(_1)2/3 33/4ab2/3xz\/ <71>5/6 ((7a)1/3—b1/3x)
X

5/6 i (-a)Y/3
[ e s

/3 EllipticE[ArcSin| |, (-1)*?] + (-1)*° EllipticF|

31/4

\/_ (_1>5/6 i)

b1/3 x 1, (_1>1/3] /[7(—a)5/3x7/2 /a+bx3)

ArcSin| T
3

Problem 526: Result unnecessarily involves imaginary or complex numbers.
J\/a+bx3 (A+BX3)

13/2

dx
X

Optimal (type 4, 269 leaves, 4 steps):
2 (2Ab-11aB) Va+bx> 2A(a+bx})??

55 a x>/2 11 a x11/2

a2/3 _ a1/3 b1/3 X + b2/3 XZ

(a1/3+ (1+\/?) bl/3 x)2

3*4b (2Ab-11aB) x (a'/? + b3 x) \l

a1/3+(1—\/3)b1/3x 1
EllipticF [ArcCos | , =
s (13 w8

(2+v3)]|/

bl/3 x <a1/3+b1/3x>
4/3 / 3
55 a ; a+bx
(a1/3+ (1+x/3 ) b1/3x)

Result (type 4, 206 leaves):
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2A 2 (3Ab+11aB)

Ja+bx® -

N 11 X11/2 55 a X5/2

(73)1/3

b1/3 X

(*3)2/3 (*3)1/3
1+ + x3/2
b2/3X2 b1/3X

213%4p*3 (-2Ab+11aB) (71)5/6 (1+

\/ (71)5/6 _ia)l

1/3)(
- 1, (-1)*7] /[55 (-a)%a+/a+bx’

EllipticF [ArcSin|

31/4

Problem 528: Result unnecessarily involves imaginary or complex numbers.

J(ex)S/z (a+bx®)*? (A+Bx?) dx

Optimal (type 4, 364 leaves, 6 steps):
27a% (22Ab-7aB) e?ex Va+bx?

7040 b?
9a (22Ab-7aB) (ex)”2\a+bx> (22Ab-7aB) (ex)”? <a+bx3)3/2
+ +
1760 b e 176 be

B (ex)7/2 (a+bx3)®?

9 3%%a%3 (22Ab-7aB) e*vex (a'?+b'x]

llbe

2/3 _ 41/3 11/3 2/3 2 al’3 4+ [1-/3 ) b3 x

2 A x DX EllipticF [ArcCos | ( ) ],1(2+\/?)]/
(a1/3+(1+\/?) b1/3'x)2 a1/3+(1+\/?) b1/3 x 4

, pl/3 x (a1/3+b1/3x) ;
14080 b <a1/3+ (1+\/?) . X)2 \Ja+bx

Result (type 4, 256 leaves):
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e’Vex [-(-a)t? (a+bx?)

(189a3B—54a2b (11A+2Bx3) - 80 b3 x°® (11A+83x3) -8ab?x3 (209A+1253x3)) +

(7312/3 [—a}1/3x >
(71>5/6 ((7a)1/3—b1/3x) b2/ + b1/ + X

b1/3 X X2

91 33/4 33 pt/3 (22Ab-7aB) x\/

\/ (71)5/6 i (~a)/3

1/3
- 1, (-1)*7] /(7049 (-a)3b?~/a+bx?

EllipticF [ArcSin|

31/4

Problem 529: Result unnecessarily involves imaginary or complex numbers.

J(ex)”z (a+bx®)*? (A+Bx?) dx

Optimal (type 4, 621 leaves, 7 steps):
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9a (4Ab-aB) (ex)%2\/asbx® 27 (1+x/?) a2 (4Ab-aB)eex Va+bx?

+ +

224be 448 b>/3 (al/aJr (1+\/?> pl/3 x)

(4Ab-aB) (ex)°’? (a+bx3)3/2 B (ex)®/2 (a+bx3)5/2
N _

28be 10be

a2/3 _ a1/3 b1/3 X + b2/3 XZ

(a2 (1443 ) 02 %)

27  31/457/3 (4Ab—aB) evex (a1/3+b1/3x) \l

a4 (1-43)b3x
EllipticE|ArcCos| s
a1/3+(1+\/3)b1/3x 4

2+v3)]|/

bl/3 x (al/3 + b1/3 x
448 b>3 ( ) \Ja+bx? | -

(a1/3+ (1+\/?) b1/3x)2

a2/3 _ a1/3 b1/3 X + b2/3 X2

9 33/4 (1_\/?) a’? (4Ab-aB)e+/ex (a¥’?+b3x)
<a1/3+ (1+\/?) bl/g’x)2

1/3 1-+/3 b1/3
EllipticF[Ar‘cCos[:l/3 - El . ; bm:} , i (2+3])] /
+ + 1/

b1/3X (a1/3 + b1/3 X)
896 b>/3 ; \Ja+rbx®

(a1/3+ (1+\/?) b1/3x)

Result (type 4, 303 leaves):
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1

2240b%2+/a+bx3

x (ex)*?12b (a+bx?) (27a°B+16b”>x> (10A+7Bx?) +4ab (85A+46Bx>)) +45a> (-4Ab+aB)

_a 2/3 —a)1/3x >
a 1 1/6 33/4 2/3 (—1)5/6((7a)1/37b1/3x) b2/3 " bY/3 "X
73[b+— b (-1) VO 334 a b
X3 (—3)2/3X b1/3X XZ

5/6 i (-a)Y3
J- - s

~i+/3 EllipticE [Arcsin| 1, (-2)*°] +

31/4

\/_ <_1>5/6 _ia)?
bY/3 x

(-1)%? EllipticF [ArcSin]

] )

Problem 531: Result unnecessarily involves imaginary or complex numbers.

dx

(a+bx?)*? (A+BX3)
=
Optimal (type 4, 324 leaves, 5steps):
9a (16Ab-aB) mm+ (16Ab-aB) Vex (a+bx?)*?

+

320be 80be
BVex b3 5/2
ex (a+ X) + |9 334553 (16Ab—aB> Vex (a1/3+b1/3x)
8be
2/3 _ 41/3 p11/3 2/3 2 al’3 4 [1-4/3 ) b3 x
a alm b X b x EllipticF [ArcCos | ( ) ]s 1 (2+\/?)] /
(a5 (14043 ) b1 5 (1) bix 4

pl/3 13, pl/3
640be x(a ! X> rJa+bx3

(a1/3+ 1+\E) bl/z'X)2

Result (type 4, 234 leaves):
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(-a)3x (a+bx?) (27a’B+8b?x> (8A+5Bx?) +4ab (52A+19Bx%)) -

g—a)2/3 (7311/3)( P
(_1>5/6 <(_a)1/3_b1/3x> b2/> + Y + X

b1/3 X XZ

91 33/432pt/3 (16Ab—aB) XZ\/

\/_ (_1)5/6 _i(a)s

1/3
" |, (-1)*3] //PZG(—a)”3bVex \Ja+bx3

EllipticF|[ArcSin|

31/4

Problem 532: Result unnecessarily involves imaginary or complex numbers.

dx

J(a+bx3)3/2 (A+BX3)

(e x>3/2

Optimal (type 4, 614 leaves, 7 steps):
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9 (14Ab+aB) (ex)%¥2+/a+bx3 27 (1+\/?) a <14Ab+aB) Vex Va+bx3
+

+

56 e 11222 €? (a2 4 (1+/3 | b1/3 x|

(14Ab+aB) (ex)%2 (a+bx3)>? 2A (a+bx3)®?

7ae* aeex

a2/3 _ a1/3 b1/3 X + b2/3 X2

(a1/3+ (14—\/?) b1/3x)2

27 - 3174 34/3 (14Ab+aB) Ve x (a1/3+b1/3x) J

EllipticE [ArcCos| G (1 _ \/?) o X} s 1 (2 + \/?) ] /

a1/3+(1+\/?) bl/3 x 4

bl/BX a1/3+b1/3x
112 b?/3 e? ( ) Ja+rbx® | -

(a1/3+ (1+\/?) bl/g’x)2

a2/3 _ al/3 b1/3 X + b2/3 X2

(a1/3+ (1+\/?) b1/3x)2

9 334 (1—\/?) a*/3 <14Ab+aB) Ve x <a1/3+b1/3x> J

a3y (1-43 ) bx g
EllipticF[ArcCos[ y —
a1/3+(1+\/?) bl/3x 4

(2+\E)} /

b1/3 X <a1/3 + b1/3 X>
224 b?/3 e? \Ja+bx?

(a1/3+ (1+\/?) bl/g’x)2

Result (type 4, 301 leaves):
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2 (a+bx?) (-112aA+14Abx>+17aBx>+8bBx®) 1 3
X3/ ( ) )—*Qa(14Ab+aB)x5/2 _3[b+7 .
VX b X3
_a)2/3 _a)1/3 ¢ 5
_1)5/8 ((_3)1/3 _pl/3 Lals | Lalox g
(1) Ve3eaps (-1)™" (&) -bx) b2 o1
(-a)?3x bl/3 x 2
\/_ <_1>S/6_ i(-a)l3
bY/3 x

~i+/3 EllipticE [ArcSin| |, (-1)*3] + (-21)*?

31/4

J (71)5/6 i (-a)¥/3

1/3 ¢
° B (—1)1/3] /(112 (ex)32/a+bx3

EllipticF [Ar‘cSin [

31/4

Problem 534: Result unnecessarily involves imaginary or complex numbers.

dx

(a+bx3)?? (A+BxX?)
J (eX>7/2
Optimal (type 4, 314 leaves, 5steps):

9 (2Ab+aB)/ex Va+bx* (2Ab+aB)ex (a+bx3)3/2

20e* 5ae?

2A b x3)5/2
(:‘:1+—)(5)/2+ g 33/432/3 (2Ab+aB)\/§(a1/3+b1/3X)
5ae (ex)

a2/3 _ al/3 pl/3 y 4 h2/3 x2 al/3 4+ (1 -+/3 ) bl/3 x
EllipticF [ArcCos | ,

1
(a1/3+(1+ﬁ) b1/3x)2 a1/3+(1+\/?) bl/3 x 4

. b1/3X (a1/3+b1/3 X> 3
40 e (a1/3+(1+\/?) b1/3X)2 \/a+bx

Result (type 4, 215leaves):
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x|(-a)? (a+bx’) (-8aA+10Abx>*+13aBXx>+4bBX°) -

(7312/3 (7311/3)( 2
(_1>5/6 <(_a)1/3_b1/3x> b2/> + b3 + X

91 33/43bl/3 (2Ab+aB) x4
b1/3x XZ

\/_ (_1)5/6 _i(a)ls

1/3X
b 1, <_1>1/3] /(20 (—a)13 (ex)72+Ja+bx3

EllipticF[ArcSin|

31/4

Problem 536: Result unnecessarily involves imaginary or complex numbers.

J(ex)S/2 (a+bx3)5/2 (A+Bx?) dx

Optimal (type 4, 404 leaves, 7 steps):
8la® (4Ab-aB)e?+ex Va+bx* 27a’(4Ab-aB) (ex)”/2va+bx’
+

+

5632 b? 1408 b e
15a (4Ab-aB) (ex)’/? (a+bx3)3/2 (4Ab-aB) (ex)”/? (a+bx3)5/2
+ +
704be 44 be

B (ex)’/? (a+bx3)7/2

— |27 3343113 <4Ab—aB) eZ\/U(al/3+b1/3x)

l4be

2/3 _ 21/3 141/3 2/3 2 a3+ (1-4/3 ) b3 x

2 L . EllipticF[Ar‘cCos[ +( ) ],1(2+\E)]/
(a1/3+(1+\5) b1/3x)2 a1/3+(1+ﬁ) bl/3 x 4

b1/3X <a1/3+b1/3 X)
11264 b? ; rJa+bx3

(a1/3+ (1+\/?) b1/3x)

Result (type 4, 276 leaves):
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e’ex [-(-a)¥? (a+bx?) (567a*B-3242ab (7A+BX?) -

256 b* x° (14A+113x3) -32ab*x® (329A+2363x3) -8aZb%x? (1246A+727Bx3)) +

(-a 2/3 (-a 1/3 2
189 i 33/4 4b1/3 4Ab B <71>5/6 (<7a)1/37b1/3x> b?/3 i bl/3 X
a -a X
N < ) b1/3X X2

\/ (71)5/6 i (~a)/3

. 1, (-1)*7] /(39424(—a)1/3b2«/a+bx3

EllipticF [ArcSin|

31/4

Problem 537: Result unnecessarily involves imaginary or complex numbers.

J(ex)”z (a+bx)%? (A+Bx?) dx

Optimal (type 4, 661 leaves, 8 steps):
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27a% (26Ab-5aB) (ex)*2Va+bx}

+

5824 be
81 (1+\/?) a3 (26Ab75aB) evex Va+bx3 33 (26Ab—5aB) (e x)5/2 (a+bx3)3/2
+ +
11648 b5/3 (a1/3+ (1+\/?) b1/3x) 728be

(26Ab-52aB) (ex)%2 (a+bx3)>'? B (ex)¥2 (a+bx3)"?
N _

260be 13be

a2/3 _ al/3 b1/3 X + b2/3 X2

(a1/3+ (1+\/?) b1/3x)2

81  31/4 jte/3 (26Ab—5aB)e\/ex <a1/3+b1/3x J

a3y (1-43 ) bx g
EllipticE[ArcCos[ > T
a1/3+(1+\/?) b13x 4

(2+\E)} /

1/3 1/3 1/3
11648 b>/3 b <a rb X> \Ja+bx3 | -
(a1/3+ (1+\/?) bl/:"x>2

a2/3 _ a1/3 b1/3 X + b2/3 XZ

(al/sJr (1+ﬁ) pl/3 X)Z

27 334 (1-%?) a3 (26Ab-5aB) evex (at/?+bl/?x) \l

a1/3+(1—\/?) bY3x 4
EllipticF [Ar‘cCos [ s (1 \/?) s X} , Z (2 + \E) } /
+ +

1/3 1/3 1/3
23296 b°>/3 b <a rb X> rJa+bx3
(a3 (1473 ) b1/3x)

Result (type 4, 337 leaves):
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1

58240 (-a)?3b?+/ex Va+bx?

e? |2 (-a)??bx® (a+bx?)

(a2 (9542Ab+4@5aB) +8ab (1118Ab+625aB) x3 +112 b? (26Ab+55aB) x6+2240b3Bx9) +

(_1)5/5 ((_a>1/3 _b1/3 X)

b1/3 %

135a° (26Ab-5aB) |3 (-a)%? (a+bx®) + (-1)*7 33/4ab2/3x2\/

(~a)2/3 , L 1/3 ¢ 2 \/ (71>5/6 3 jb(;Z)l,/B
X
b? bt \/3 EllipticE [ArcSin| I, (-1)¥3]
X2 31/4

\/_ (_1)5/6 _i(a)s
bY/3 x

31/4

(-1)*® EllipticF [ArcSin| |, (-1)*?]

Problem 539: Result unnecessarily involves imaginary or complex numbers.

dx

J<a+bxs)5/2 (A+BX3>
Vex
Optimal (type 4, 364 leaves, 6 steps):
27a% (22Ab-aB) Vex Va+bx® 3a(22Ab-aB)+ex (a+bx3)3/2
+

+

1408 b e 352be
(22Ab-aB) +ex (a+bx3’>5/2 B+ex <a+bx3)7/2
+ +
176 b e 11be

a2/3 _ al/3 pl/3 x 4+ p2/3 x2

1.3 ) b x)?

27 - 33/4 38/3 (22Ab—aB) Ve x (a1/3+b1/3x) J

(a1/3 .

1/3 . 1/3
Ellip'ticF[Ar‘cCos[zl/3 . Ei z ; E1/3:} , i (2+\/3 H /
+ 1+

b1/3 1/3 b1/3
2816 b e X<a ’ X> rJa+rbx3

(a1/3+ (1+\/?) b1/3x)2

Result (type 4, 255 leaves):
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(-a)*3x (a+bx?)

(81a3B+16b3x6 (11A+8|3x3) +8ab?x3 (77A+47Bx3) +2a’b (517A+1783x3)) -

_a 2/3 _a)l/3x 2

(-1)¥° ((ca)iP-pEx) |t X
271 3%4a%b'? (22Ab-aB) x? il b
bl/3 x x2

\/ (71)5/6 i (~a)/3

1/3X
- 1, (-1)*7] /[1408 (-a)?bex yJa+bx?

EllipticF [ArcSin|

31/4

Problem 540: Result unnecessarily involves imaginary or complex numbers.

dx

J(a+bx3)5/2 (A+Bx3)

(e X)3/2

Optimal (type 4, 650 leaves, 8 steps):
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27a (20Ab+aB) (ex)*?Va+bx> 81 (1+\/?) a’ (20Ab+aB) Vex Va+bx?
+ +

224 € 44802 e? (a2 4 (14+/3 | b2/ x]

3 (20Ab+aB) (ex)*2 (a+bx?)¥? (20Ab+aB) (ex)%2 (a+bx3)®?

+
28 e* 10ae?

2A bx3)7/?
28(axb) 7 81 3%%a’? (20Ab+aB) ex (a'?+b'3x)

aevex
2/3 _ 41/3 11/3 2/3 2 a3 1 (1-4/3 | b3 x
2 alTbT X b7 X EllipticE [ArcCos| ( ) ],l(2+\/?)]/
(a1/3+(1+\/?) bl/g’x)2 a1/3+(1+\/?) b1/3 x 4

1/3 1/3 1/3
448 b?/3 2 b x (212 + b1 x) \Ja+bx3 | -
(a5 (1443 b2

a2/3 _ g1l/3 pl/3 x 4 p2/3 x2

(a1/3Jr (1+\/?) pl/3 X)z

27 334 (175) a”? (20Ab+aB) Vex (al/?+bl/3x) \l

1/3 o 1/3
EllipticF[ArcCos| :1/3 . Ei z ; E1/3:} , i (2 +4/3 H /
+ 1+

b1/3 X a1/3 + b1/3 %
896 b?/3 2 < > rJa+bx3

(a1/3+ (1+\E) bl/z'x)2

Result (type 4, 329 leaves):
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2 (a+bx3) (16b2x5 (10A+7Bx3) +4abx3 (155A+863x3) +a? (_2240A+367Bx3)) -

5+/x

1 a 1
=27a* (20Ab+aB) x*'* |-3 (b+— .
b x3 (-a)?/3x
_a 2/3 _a 1/3X >
_1)5/6 ((_5y1/3 _pl/3 1—)—/ P Dl SV
(_1)1/6 33/4 5 p2/3 ( 1) (( a) b X) b?/3 b?/3
b1/3x X2

L _3)1/3
\/<1>5/6 nbgl/aa)x

-1 +/3 EllipticE [ArcSin] 1, (-1)Y2] + (-1)*7

31/4

\/_ (_1)5/6 i)

1/3 y
° |, (1) /[448 (ex)3/2x/a+bx3)

EllipticF [ArcSin| T
3

Problem 542: Result unnecessarily involves imaginary or complex numbers.

dx

J(a+bx3)5/2 (A+BX?)

(e X>7/2

Optimal (type 4, 352 leaves, 6 steps):
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27 a (16Ab+5aB) vex va+bx3
.

320 e*
3 (16Ab+5aB)/ex (a+bx3)3/2 (16Ab+5aB) Vex (a+bx3)5/2
. _
80 e* 40 a e*

2A b x3 7/2
(a+—x5)/2+ 27 3%a%% (16Ab+5aB) Jex (aV/2 4 bV x)
5ae (ex)

a2/3 _ al/3 pl/3 x4 h2/3 x2 al/3 4+ (1— \/?) b'3x 4
EllipticF [ArcCos | ], =
(a1/3+(1+ﬁ) bl/g’x)2 a1/3+(1+ﬁ) bl/3 x 4

b1/3 1/3 b1/3
640 e* X(a ’ X) ; \Ja+bx?

(a1/3+ (1+\/?) b1/3x)

Result (type 4, 242 leaves):

x|[(-a)¥3 (a+bx?) (8b*x® (8A+5BX’) +4abx® (92A+35Bx?) +a” (-128A+235Bx?)) -

(-a 2/3 (7311/3)( Py
(—1)5/6 ((—3)1/3—b1/3X) p2/3 + pl/3 +X

b1/3 X X2

27 1 33/4 a2 p/3 (16Ab+5a B) x4

EllipticF[ArcSin|

Problem 544: Result unnecessarily involves imaginary or complex numbers.

dx

J<ex)5/2 (A+BX3)
Vva+bx3

Optimal (type 4, 286 leaves, 4 steps):
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(16Ab-7aB)e?"/ex Va+bx> B (ex)”2v/a+bx?
+

20 b? 5be

aZ/S _ a1/3 b1/3 X + b2/3 X2

(a1/3+ (1+\/?) bl/:"x)2

a?/3 (19Ab—7aB) e ex (a1/3+b1/3x)

a3y (1-43 ) bx g
EllipticF[ArcCos[ y —
a1/3+(1+\5) bl/3x 4

Jo 3142 bl/3 x (al/3 + bl/3 X) W
<a1/3+ (1+\/?) bl/sx)2

Result (type 4, 210leaves):

e’ex [-3(-a)? (a+bx’) (-16Ab+7aB-4bBx?) +

(_1)5/6((_a>1/3_b1/3x> i’_a)z_/B+_(’_a)&+X2
i3¥4ab? (10Ab-7aB) x b?/2 b'/2
b1/3x X2

\/_ (_1)5/6 i)l

yax
b ]) <_1>1/3] /(60 (_a)1/3b2 /a+bx3

EllipticF|[ArcSin|

31/4

Problem 545: Result unnecessarily involves imaginary or complex numbers.

dx

J<ex)3/2 (A+BX3)
Va+bx3

Optimal (type 4, 543 leaves, 5 steps):
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B(ex)52/arbx® (1+V3] (8Ab-5aB)evex Varbx
+

4be 8 b5/3 (a1/3+(1+\5) b1/3x)

a2/3 _ g1l/3 pl/3 x 4 p2/3 x2

(a1/3+ (1+\/?) b1/3x)2

314313 (8Ab-5aB) evex (al?+b'?x) \I

1/3 V. 1/3
EllipticE[ArcCos| :1/3 . Ei z ; lei} s i (2 ++/3 )} /
+ [1+

b1/3 x (al/? + b1/ x)
8 b5/3 Ja+bx3 | -

(a1/3+ (1+\/?) bl/z’X)2

a2/3 _ a1/3 b1/3 X + b2/3 X2

(17\5) al’? (8Ab-5aB) e+/ex (a’?+b'3x)
(al/3+ (1+\/?) b1/3x)2

EllipticF [ArcCos | G (1 _ ﬁ) o X} s 1 (2 + \/?) ] /

a1/3+(1+\/?) bl/3 x 4

16 31/4 b5/3 b1/3X <a1/3+b1/3 X> a+bX3
(a4 (1243 ] Box]?

Result (type 4, 263 leaves):
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1
——— x(ex)¥? |6bB (a+bx3) -
24b2/a+bx3
_1)5/8 ((_a)1/3 _pl/3
(8Ab-5aB) —3(b+i)+¥(‘1>1/633/4ab2/3\/( G d
X3 (*a)Z/BX b1/3X
gfajz/3 (—a)l/zx 2 _ (_1>5/6_ i (73)1/3
p2/3 " bl/3 X . . . . bY/? x 1/3
—lx/?ElllptlcE[Ar'cSm[ B (-1) |+
x2 31/4

5/6 i (-a)'/3
[ e

(-1)*? EllipticF [ArcSin] 1, (-1)*7]

31/4

Problem 547: Result unnecessarily involves imaginary or complex numbers.

J A+ B X3 dx
Vvex Va+bx3
Optimal (type 4, 249 leaves, 3 steps):
N N 3
Bvex va+bx + (4Ab—aB)\/ex (a1/3+b1/3x)
2be
2/3 _ 51/3 41/3 2/3 2 a3 1 (1-4/3 ] b3 x
2 a b X bTTx EllipticF [ArcCos | ( ) ],1(2+\/?)]/
(a1/3+(1+\/?) b1/3x)2 a1/3+(1+\/?) b1/3 x 4

b1/3X al/3+b1/3x
4 3Y4313pe ( ) \Ja+bx®

(a1/3+ (1+\/?) b1/3x)2

Result (type 4, 184 leaves):
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1

X |3B (a+bx3) +
(_a)1/3

(_1>5/6 < (—a)1/3 _pl/3 x)

b1/3X

b2/3 pl/3
2

J 17312/3 . 17311/3)( +X2

X

i 33/4pl/3 (—4Ab+aB) x\/

\/_ (_1)5/6 _i(a)ls

1/3 ¢
EllipticF[ArcSin| ° |, (-1)*3] /(Gb\/ex \Ja+bx3

31/4

Problem 548: Result unnecessarily involves imaginary or complex numbers.

J A+Bx3 dx
(ex)32va+bx3
Optimal (type 4, 542 leaves, 5steps):
2Avarbx®  (1+V3) (2Ab+aB) Vex Va:bx®
Caevex  aver (a4 (1443 )60k

aZ/3 _ a1/3 b1/3 X + b2/3 X2

(a1/3+ (1+\E) bl/3X>2

314 (2Ab+aB) Vex (a¥?+b¥3x) \I

5 (LT B
EllipticE[ArcCos| 1, =
a1/3+(1+\/?) b1/3 x 4

2-v2)1|/

b1/3X a1/3+b1/3x
a2/3 b2/3 eZ ( ) ’a+bx3 _
2

(a1/3+ (1+\E) b1/3X)

aZ/3 _ a1/3 b1/3 X + b2/3 X2

(al/sJr (1+\/?) pl/3 X)Z

(17\/?) (2Ab+aB) ex (a1/3+b1/3x)\|

1/3 o pl/3
EllipticF[ArcCos[:1/3 - Ei z ; bm:} , i (2+3])] /
+ + 1/

bl/3 x (al/3 + b1/3 x
2 31/4 a2/3 b2/3 e2 ( ) ; 'a+bx3

(a1/3+ (1+\/?) b1/3x)
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Result (type 4, 355 leaves):

X |[-2A (a+bx3) + <2Ab+aB)

B (71 N <71>2/3) al/3pl/3 g ((71>1/3 al/3 _pl/3 x) ((71>2/3 al/3 | pl/3 X) B (71>2/3 a2/3

(a1 b1/3 >2J (1+ (71>1/3) b1/3 x (a1/3— (-1)22 i3 x) \/a1/3+ (1) b
a7+ X

<al/3 + bl/3 x) 2 al/3 ; pl/3 x

(1 (2)*2) 02 (o)
(1+ (—1)1/3) EllipticE[ArcSin] B ] -
al/3 4 pl/3 1. (71)1/3
1+ (=1)13) p1/3 _q)1/3
1+ (-1)*) ELlipticF [Arcsin| 2 (0™ ] 1) ] /
al/3 4 pl/3 x 1. (71>1/3

((—1+(—1)2/3) a1/3b) / a(ex)3/2\/m

Problem 550: Result unnecessarily involves imaginary or complex numbers.

A+Bx3
J dx
(ex)72\/a+bx3
Optimal (type 4, 246 leaves, 3 steps):
2AVa+bx3

= (2Ab—5aB) e x (a1/3+b1/3x)
5ae (ex)

EllipticF [ArcCos| I, = (2+\/?)] /

a2/3 _ al/3 pl/3 y 4 h2/3 y2 al/3 4 (1— ﬁ) bY3x 4
J (o131 (1443 b3 ) (13 )b 8

b1/3X a1/3+b1/3x
5 31/4 a4/3 e4 ( ) 'a+bx3

(a1/3+ (1+\/?) bl/sx)2

Result (type 4, 187 leaves):
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1
2x [-3A <a+bx3) +
<_a>1/3
<_1>5/6<(_a)1/3_b1/3x> 1’_3)2_/3+S’_a)ﬂ+xz
i3%4p3 (2Ab-5aB) x* il Ll
bl/3 x X2

\/_ (_1)5/6_ i(-a)¥?
1/3
EllipticF[ArcSin| P |, (-1)*3] /(15a (ex)”2+/a+bx3

31/4

Problem 552: Result unnecessarily involves imaginary or complex numbers.

dx

J<e x)*/2 (A+Bx3)
(a+bx?)*?
Optimal (type 4, 286 leaves, 4 steps):
(4Ab-7aB) e’+ex B (ex)7/?

+ +

6b2+/a+bx3 Va+rbx3

aZ/3 a1/3 b1/3X+b2/3 XZ

(4Ab-7aB)e*vex (a'?+b'?x
al/3 ) b1/3x)2

PEVER (1 \E) b1/3x

1
al/3 . (1+\/?) b1/3x 4

bl/3 x (al/3 4+ bl/3 x
12 314313 p2 ( ) \Ja+bx?

(a1/3+ (1+\E> b1/3x)2

= (2ev3)]]/

EllipticF[ArcCos|

Result (type 4, 202 leaves):
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e’+ex (3 (-a)¥? (-4Ab+7aB+3bBX’) -

(_1)5/6 ((—3)1/3 _ b1/3 X)

b1/3 X

p2/3 pl/3

(7312/3 . (7311/3)( +X2
2

i 33/4pl/3 (4Ab—7aB) x\/

X

\/_ (_1)5/6 _i(a)ls

1/3X
b I <_1>1/3] /(18 (—a)13b2+Ja+bx3

EllipticF[ArcSin|

31/4

Problem 553: Result unnecessarily involves imaginary or complex numbers.

dx

J<ex)3/2 (A+BX3)

(a+bx?)*?
Optimal (type 4, 553 leaves, 5 steps):
2 (Ab-aB) (ex)5? (1+\/?) (2Ab-52aB) evex Va+bx?
3abeva+bx3 3ab5/3 <a1/3+(1+\5) b1/3x)

a2/3 _ a1/3 b1/3 X + b2/3 XZ

(a1/3+ (1+\/?) b1/3X)2

(2Ab—5aB) evex (a1/3+b1/3x)\l

al/’3 4 (1 - \/?)
EllipticE [Ar‘cCos[ ) )

al/3 4+ (1+\E

/4 42 e s bl/3 x (a1/3 +bl/3 X) T o |,
(a1/3+ (1+\/?) b1/3x)2

a2/3 _ al/3 pl/3 x 4+ p2/3 2

(a1/3+ (1+\/?) b1/3x)2

(1-@) (2Ab-5aB) evex <a1/3+b1/3x>J

a1/3+(1—\/?) bY3x 4
EllipticF [Ar‘cCos [ s (1 \/?) s X} , Z (2 + \/?) } /
+ +

b1/3X a1/3+b1/3x
6 31/4 a2/3 b5/3 ( ) 'a+bx3

(a1/3+ (1+\/?) bt/3 x)z
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Result (type 4, 266 leaves):

1
—————x (ex)*? |6b (Ab-aB) -
9ab?+/a+bx3
Z1)5/6 ((_a)1/3 _pl/3
(-2Ab+5a8B) 73(b+i f—t (1)1/633/4ab2/3\/( )7 () )
3 (—a)2/3x bl/3 x
(7;,2/)32/3 . 1—_a1/13/)g+xz - <*1>5/6’ ].lb;/as,;/3
b o -i+/3 EllipticE[ArcSin| 1, (1)) +
XZ 31/4

\/_ <_1>5/6 _i(a)?

bl/3 x

(-1)*? EllipticF [ArcSin| 1 (-1)*73]

31/4

Problem 555: Result unnecessarily involves imaginary or complex numbers.

A+Bx3

[T oy

dx

Optimal (type 4, 258 leaves, 3 steps):
2 (Ab-aB)ex

+|(2Ab+aB) Vex (al?+b'3x)

3abeva+bx3
2/3 _ 41/3 y1/3 2/3 2 al’3 1 (1-4/3 ] b3 x
2 aTb X b EllipticF[Ar‘cCos[ +( ) ,1(2+\E)]/
(a1/3+(1+ﬁ) b1/3x)2 a1/3+(1+ﬁ) bl/3 x 4

bl/3 x (a1/3 + bl/3 X)
3. .3V43%3pe \Ja+bx?

(a1/3+ (1+\/?> b1/3 X)Z

Result (type 4, 193 leaves):
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-||6 (-a)*? (Ab-aB) x-

(_1>5/6 < (—a)1/3 _pl/3 x)

b1/3X

b2/3 bl/3

17812/3 . ;—a)1/3x +X2
2

21 33/4pl/3 (2Ab+aB) XZ\/

X

\/_ (_1)5/6 _i(a)ls

1/3 ¢
° |, (-1)*3] /[9 (-a)*3b~Jex \Ja+bx®

EllipticF[ArcSin|

31/4

Problem 556: Result unnecessarily involves imaginary or complex numbers.

A+BXx3
J dx
(ex)¥2 (a+bx3)*?

Optimal (type 4, 585 leaves, 6 steps):
2A 2 (4Ab-aB) (ex)"?

aevex Va+bx3 3a2e*va+bx3
1+\E) (4Ab—aB> Jex Va+bx3

332 h2/3 @2 (a1/3 + (1+\/?) pl/3 x)

+

2

-12 (4Ab—aB> Vex (a1/3+b1/3x)

; EllipticE [ArcCos | ]» :
(a1/3+(1+ﬁ) b1/3x) a1/3+(1+ﬁ) b/3 x 4

(2+\5)] /

1/3 1/3
\I a2/3 _ al/3 pl/3 x | p2/3 x2 a +(1—\/3)b X

bl/3 x (al/3 ;4 bl/3 x
33/4 35/3 p2/3 g2 ( ) ; AJarbx3 | -

(a1/3+ (1+\/?) b1/3x)

a2/3 _ al/3 b1/3 X + b2/3 X2

(a1/3+ (1+\/?) bl/g’x)2

(1—\/?) (4Ab-aB) Vex (a1/3+b1/3x)\l

a1/3+(1—\/3)b1/3x 1
EllipticF[ArcCos[al/3 3] b1/3x} ' (243 )] /
+ + 1/

3 31/4 35/3 p2/3 g2 b2 (a1/3 +b1? X) [a+bx3
(a1/3+ (1+\/?) b1/3x)2
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Result (type 4, 372leaves):

2 X —(Ab—aB) x3—3A(a+bx3) + (4Ab—aB)

B (71 N <71>2/3) al/3pl/3 g ((71>1/3 al/3 _pl/3 x) ((71>2/3 al/3 | pl/3 X) B (71>2/3 a2/3

(a1 b1/3 >2J (1+ (71>1/3) b1/3 x (a1/3— (-1)22 i3 x) \/a1/3+ (1) b
a7+ X

<al/3 + bl/3 x) 2 al/3 ; pl/3 x

(1 (2)*2) 02 (o)
(1+ (—1)1/3) EllipticE[ArcSin] B ] -
al/3 4 pl/3 1. (71)1/3
1+ (=1)13) p1/3 _q)1/3
1+ (-1)*) ELlipticF [Arcsin| 2 (0™ ] 1) ] /
al/3 4 pl/3 x 1. (71>1/3

[(-2+(-2)*2) 2" / (3 a? (ex)¥2:[arbx®

Problem 558: Result unnecessarily involves imaginary or complex numbers.

A +BXx3
J dx
(ex)7/2 (a+bx3)3/2

Optimal (type 4, 283 leaves, 4 steps):
2A 2 (8Ab-5aB) Vex
5ae (ex)*?2+/a+bx3 15a%2e*\/a+bx3

a2/3 _ a1/3 b1/3 X + b2/3 X2

(a1/3+ (1+\/?) b1/3x)2

2 (8Ab-5aB) ex (a1/3+b1/3x)\l

1/3 1-+/3 b1/3
EllipticF[ArcCos[:1/3 - El . ; bm:} , i (2+3])] /
+ + 1/

L4 73 4 b1/3X(al/3+b1/3X) .
15 314 37/3 ¢ 2x/a+bx

(a1/3+ (1+\/?) b1/3x)
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Result (type 4, 202 leaves):

x|-6(-a)? (3aA+8Abx’-5aBx’) +

1*312/3 (-a 1/3 2
<71>5/6 ((7a)1/37b1/3x> b2/ + oy + X

b1/3 % XZ

41 33/4pt/3 (8Ab-5aB) X4J

J (71)5/6 i (~a)/3

1/3
b 1, <71>1/3] /(45(7‘3)7/3 (ex)7/2 /a+bx3]

EllipticF [ArcSin| T
3

Problem 560: Result unnecessarily involves imaginary or complex numbers.

dx

J(ex)S/2 (A+BX3)
(a+bx3>5/2

Optimal (type 4, 299 leaves, 4 steps):

2 (Ab-aB) (ex)”/2 2 (2Ab+7aB)e?/ex

9abe(a+bx3)3/2 27ab2/a+bx3

+

a2/3 _ a1/3 b1/3 X + b2/3 X2

(a1/3+ (1+\/?) bl/g’x)2

(2Ab+7aB) e’ex (a'?+bY3x

al/3 . (17\/?) bl/3 x
al/3 4 (1+\/?) bl/3 x

EllipticF [ArcCos|

},i(zw?)}/

bl/3 x (a1/3 + pl/3 x)
27 . 31/4 34/3 2 5 ~Ja+bx3

(a1/3+ (1+\/?) b1/3x)

Result (type 4, 216 leaves):
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2ie’Vex |-31i (-a)l/3 (7a23-Ab2x3+2ab (A+SBx3)) +

_ )2/3 _3)1/3
(73)1/3 a2/3 + a1/3 - +X2
33413 (2Ab+7aB) | (-1)%°|-1+ b b (a+bx?)
bl/3 x X2

5/6 i (-a)Y/3
S (1)t

EllipticF [ArcSin| ” I, (-1)*2] / (81 (~a)%/3 b2 (a+bx3)3/2>
3

Problem 561: Result unnecessarily involves imaginary or complex numbers.

dx

j(ex)”z (A+BX3)

(a+bx3>5/2

Optimal (type 4, 596 leaves, 6 steps):
2 (Ab-aB) (ex)®? 2 (4Ab+5aB) (ex)®?
+

9abe(a+bx3)3/2 27a2be~a+bx3
2 (1+\/?) (4Ab+5aB) evex Va+bx3

27 a2 b5/3 (a1/3+ (1+\5) bl/3 x)

+|2(4Ab+5aB)eex (a'?+b'?x)

a2/3 _ al/3 p1/3 y 4 h2/3 y2 EllipticE{Apccos[alﬁJr (17\/?) b1/3x], 1 (2+\/?)] /
(a1/3+(1+\/?) b1/3x)2 a1/3+(1+\/?) pl/3x 4

bl/3 x (al/3 ; pl/3 x
g  33/4 35/3 p5/3 ( ) AJa+bx3 |+

(a1/3+ (1+\/?) bl/i‘x)2

a2/3 _ gl/3 pl/3 x 4+ p2/3 x2

(al/3+ (1+\/?) bl/3 X)Z

(Lﬁ) (4Ab+5aB) evex <a1/3+b1/3x>J

al/3 4 (1_ﬁ) bl/3 x

al/3 4 (1+\/?) bl/3 x

1/3 1/3 1/3
27 344 a3 b33 o1 x (a1 - b1 x) \Ja+bx®

(a1/3+ (1+\/?) b1/3x)2

},i(2+\/?)} /

EllipticF|[ArcCos|
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Result (type 4, 307 leaves):
1

81 (-a)®3b?+/ex (a+bx?)*?

2e* 3 (-a)*Pbx® (2a’B+4Ab>x>+ab (7A+5Bx?)) - (4Ab+5aB) (a+bx?)

_1)5/6 ((—a)1/3—b1/3 x>

3(-a)?? (a+bx?) + (-1)%7 33/4ab2/3xz\/ (

b1/3 X
/- i X
b?/? b!/> \/3 EllipticE [Ar‘cSin[ ], (’1) 1/3] "
X2 31/4

5/6 i (_g3)1/3
e

(-1)°° EllipticF [ArcSin| ], (-1)*3]

31/4

Problem 563: Result unnecessarily involves imaginary or complex numbers.

A+BXx3

J\/e—x (a+bx?)>?

dx

Optimal (type 4, 297 leaves, 4 steps):
2 (Ab-aB)+ex 2(8Ab+aB)ex

+ +
9abe (a+bx?)>? 27a2bea+bx3

a2/3 _ a1/3 b1/3 X + b2/3 X2

(a1/3+ (1+\/?) b1/3x)2

2 (8Ab+aB) Vex (a1/3+b1/3x) J

a1/3+(1—\/?) bY3x 4
EllipticF [Ar‘cCos [ s (1 \/?) s X} s Z (2 + \/?) } /
+ +

b1/3 X a1/3 + b1/3 X
27 3Y4373pe ( ) \Ja+bx3

(a1/3+ 1+\E) bl/B‘X)2
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Result (type 4, 214 leaves):

2|3 (-a)**x (3a(Ab-aB)+ (8Ab+aB) (a+bx?)) -

2/3 3
Lay 4 maLx 1/X+X2

(—a) 1/3 p2/3 pl/3

b1/3 %

(a+bx3>

X2

2i3%4p*3 (8Ab+aB) \/ (-1)°° (1+

5/6 i (-a)l/?
[ e s

E1lipticF [ArcSin| 1, (-1)*7] /(81 (-a)"?b+ex (a+bX3)3/2)

31/4

Problem 564: Result unnecessarily involves imaginary or complex numbers.

A +BXx3
J dx
(ex)32 (a+bx3)®?

Optimal (type 4, 624 leaves, 7 steps):
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2A 2(10Ab—aB) (ex)5/2

ae+ex (a+bx3)3/2 Qaze“(aerx3)3/2

8 (10Ab—aB> (e x)5/2 8(1+\/?) (10Ab—aB) Vex Va+bx3

+

27a%e*Varbx 27a%b2%e? (a2 (144/3 ] b2 x)

a2/3 _ a1/3 b1/3 X + b2/3 X2

(a1/3+ (1+\/?) b1/3x)2

8 (16Ab-aB) ex (a1/3+b1/3x) \I

a1/3+(1—\/?) b¥3x 1
E1lipticE [ArcCos | ], =
a1/3+(1+\5) bl/3 x 4

(2:v3)]]/

g . 33/4 38/3y2/3 o2 b™/% x (a1/3 +b12 X) lasbx® | -
(a1/3+ (1+\/?) b1/3x)2

aZ/3 _ a1/3 b1/3 X + b2/3 XZ

(a1/3Jr (1+\/?) hl/3 X)z

4 (1—@) (10Ab-aB) Vex (a1/3+b1/3x)\l

a5 (1-V3 | b
EllipticF [Ar‘cCos [ s (1 - ) s X} s Z (2 +V3 )} /
+ +V

1/3 1/3 1/3
27 31/4a8/3 b2/3 e2 b X <a +b X) 'a+bx3

(a1/3+ (1+\/?) b:L/E'X)2

Result (type 4, 401 leaves):
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1

27 a3 (ex)32+a+bx3

-40 A b2 x° + a2 (-27A+7Bx3)+a(-7eAbx3+4be6) 1
2x + 4(10Ab-aB)
a+bx3 (_1+ (_1>2/3) al’3 p

_ (_1 . (_1>2/3> al/3 pl/3 ( (_1>1/3 al/3 _pl/3 x) ( <_1>2/3 al/3 | pl/3 x) B (_1>2/3 52/3

< v, pirs >2J (1+ (_1>1/3> bl/3 x (al/s_ (_1>1/3 pl/3 x) \/a1/3+ (71)2/3 bl/3 x
a + X

(a1/3 + bl/3 x) 2 al/’3 L pl/3 x

(1+ (_1)1/3) bl/3 x (71>1/3
(1+ (~1)*?] EllipticE [ArcSin] ], ] -
al/3 4 pl/3 x 1. (_1)1/3
1+ (-1)Y3) b3 x 1) 3
(1+(-1)?) ELlipticF[Arcsin| 2 ™) ] 2] ]
al/3 , pl/3 x 1. (71>1/3

Problem 566: Result unnecessarily involves imaginary or complex numbers.

A +BXx3
J dx
(ex)7/2 (a+bx3)5/2

Optimal (type 4, 320 leaves, 5 steps):
2A 2 (14Ab-5aB) Vex

5ae (ex)¥? (a+bx?)¥?  45a2e* (a+bx3)’?

16 (14Ab—5aB) Vex

- |16 (14Ab—5aB) Jex (a1/3+b1/3x)

135ae*Va+bx3
2/3 _ 21/3 141/3 2/3 2 a3+ (1-4/3 ) b3 x
2 AT b X b7 X EllipticF [ArcCos | +( ) ]s 1(2+\/?)] /
EENTNCENE 5 (1) bx 4

b1/3 X a1/3 + b1/3 X
135 31/4 a10/3 e4 ( ) 'a+bx3

(al/3+ (1+\/?) b1/3X)2

Result (type 4, 232 leaves):



Mathematica 11.3 Integration Test Results for 1.1.3.4 (e x)~m (a+b x~n)"~p (c+d x~n)”~q.nb | 257

-[|2ivVex |31 (-a)'? (112Ab*x®+a® (27A-55Bx?) +2abx® (77A-20Bx?)) +16 3*4b'/3

_a 2/3 (-a 1/3X X2
p2/3 * pl/3 *

(a+bx?) EllipticF|

4\ 1/3
(14Ab5aB)\/(1)5/6 [1+ (za)

b1/3 X

5/6  i(-a)Y?
e s

ArcSin| T
3

}, (71>1/3] / <405 (—a)le/3edx3 <a+bx3)3/2)

Problem 567: Result unnecessarily involves higher level functions.

X14
J dx
(1-%2)%2 (1+%)
Optimal (type 3, 127 leaves, 7 steps):

2 1 1
S1 3153 12 (153183, T (1 _y3)11/3
(o) (1) 1)

M
Ar‘cTan[l 2 vl?x ] Log[1+X3} Log[21/3* (1*X3>1/3]
+

21/3\/? 6 21/3 2 21/3

Result (type 5, 74 leaves):
. r
220 (1-x3)%?

1+ x3)\Y3 2

1+x3

[ (-1+x%) 2 (53 +15x> +20x°) - 220 [ Hypergeometric2F1| 1,

3

w |

4
1+x3 13’

Problem 568: Result unnecessarily involves higher level functions.

Xll
j dx
(1 —x3)1/3 (1+x3)
Optimal (type 3, 128 leaves, 7 steps):

73 (17)(3)2/3+
2

14223 (1-x3) 2
ArcTan | NeS ] Log[1+x3] Log[2'/3- (1—x3>1/3]
N _

21/3 /3 6 21/3 2 21/3

Ul |

(17)(3)5/37 i (17X3>8/37

Result (type 5, 70leaves):
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1/3 2

1+x3

1 —1+x%3

, 11 4
Hypergeometric2F1[ ~, =, —,
3 3

1+x3 3

—17+19x3—7x6+5x9+40[

40 (1-x3)'?

Problem 569: Result unnecessarily involves higher level functions.

8

J(l—x3)1/3 (1+x3) o

Optimal (type 3, 97 leaves, 7 steps):

Ar‘cTan[M] 3 1/3 3)1/3
L), vi 1 log[1+xX’] Log[2'- (1-x*)"7]
5 21/34/3 6 21/3 2 . 21/3

Result (type 5, 61 leaves):

1/3
(—1+x3)2—5 (ﬁ) Hyper-geometr‘iCZFl[i, 5,08 2 ]

1+x3
5(1-x3)1°

Problem 570: Result unnecessarily involves higher level functions.

J(1x3)1/3 (1+x3) o

Optimal (type 3, 98 leaves, 6 steps):

Ar‘cTan[M] 3 1/3 3\1/3
71(17)(3)2/37 Nes +Log[1+x}7Log[2 - (1-x3)"?]

2 21/3 /3" 6  21/3 2 . 21/3

Result (type 5, 58 leaves):

1/3 .
~1+x34+2 (%) Hypergeometric2F1 [ i, i, >

2 (1-x3)°

Problem 572: Result unnecessarily involves higher level functions.

Jx (1—x3)j/3 (1+x3) o

Optimal (type 3, 137 leaves, 10 steps):

ArcTan | M} ArcTan | M]
V3 - V3 ~ Log(x] .
V3 21/3 /3 2
Log[1+x3] Log[21/3_ (1—x3>1/3]

1 311/3
ey +2Log[1—(1—x) ]— S i

Result (type 6, 111 leaves):
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4 1 7 1 1
7% AppellFl|—, =, 1, —, —, - —| /
3 3 3 X3 x3
31/3 3 41,71 1
(4(1 )P (1e3) |73 Appe11F1[3 3,1,3,X3,-X3}-
10 1 1 7 4 10 1 1
3AppellFl|—, =, 2, —, —, - —| +AppellF1[—, —, 1, —, —, - —] ])
3 X x3 3 3 3 X3 x3

Problem 573: Result unnecessarily involves higher level functions.

j 1 dx
x4 (1—x3)1/3 (1+x3)

Optimal (type 3, 157 leaves, 11 steps):

(1-%3) 2/3  2ArcTan| 12 [10) 77 gs i | ArcTan| —(—)—hzz/gg)@ v ]

- - + +

3x3 33 21/3./3

L 1 3 L 21/3 _ (1 _x3)1/3
Log[x] B Og[ +X] —lLog[1—<1—x3)1/3}+ Og[ ( X) }
3 6 21/3 3 2 21/3

Result (type 6, 209 leaves):
1

6 x> (1—x3>1/3

1 1
[—2+2x3— (4x6AppellF1[1, =,1, 2, x3, —xﬂ)/ (<1+x3) ( 6 AppellF1[1, —, 1, 2, x>, -x?] +
3 3
1 4
3AppellFl(2, =, 2, 3, x*, -x*| - AppellF1[2, —, 1, 3, X*, - )]
3 3
7x° AppellFl[4 Lo, 22 1})/((1 x3) 7x3Appe11F1[4 Yo, 22 1]
Ty T4y Ty T T + Ty oLy T T T~
3 3 3 X3 x3 3 3 3 X3 x3
7 1 10 1 1 7 4 10 1 1
3AppellFl|—, =, 2, —, —, - —| +AppellF1[~, —, 1, —, —, - —] ]
3 3 3 X3 x3 3 3 3 X3 x3
Problem 574: Result unnecessarily involves higher level functions.
X6
J dx
(1—x3)1/3 (1+x3)
Optimal (type 3, 226 leaves, 15 steps):
o 2x : 1- 221’3x’
2ArcTan| —2"=]  ArcTan| —22 ] 1 2 X
—x(l—x3)2/3+ V3 - + = Log[1+ - ] -
343 213 /3 9 (1_x3)2/3 (1—x3)1/3
LOg 1+ 22/3 Xz/ B 21/'3)(/ LOg 1+ 21/3)(/
E Lo X [ (1—x3>2’3 (1—x3)1’3 ] { (1—X3)1’3 ]
g[l + ] - +
9 (17X3>1/3 6 21/3 3 21/3

Result (type 6, 233 leaves):
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S 12 x (1—x3)2/3+

4 1 7
42 x* AppellFl|—, =, 1, —, X3, —x?’})/
3 3 3

36
[(1—x3)1/3 (1+x3) —7Appe11F1[§, i, 1, 5, X3, -x3] +
x3 3Appe11F1[§, i, 2, ?, x3, x| —AppellFl[z, g, 1, ?, x3, %3] )) +2%/3
2 213 %
-1+ (-1e00) 3 22/3 32 21/3 21/3 5
2+/3 ArcTan]| | -Log[1+ - | +2Log[1+ ———
A3 (-1+x3)?? (—14x3)t? (-1+x3)%?

Problem 575: Result unnecessarily involves higher level functions.

3

J(1x3)1/3 (1+x3) o

Optimal (type 3, 207 leaves, 14 steps):

2x 2213
1- 1-
V1/3

Ar‘cTan[A—fl’x”l’g | ArcTan| 2] 1 2 «
- V3 + V3 - = Log[1+ -

\/? 21/3\/? 6 (17)(3)2/3 (17X3>1/3] +

2/3 2 1/3 1/3
Log[1+ 22— ==X Log[1l+ 22—
X g [ (17)(3)2/3 (17)(3) 1/3 ] g { (17)(;) 1/3 ]

(17X3>1/3 i 6 21/3 N 3 21/3

1
fLog[1+
3

Result (type 6, 115leaves):

4 1
7x* AppellFl[—, =, 1, —, x*, -x*]
373 3

/

)

(4 (1-x3)Y2 (1+%) —7Appe11F1[i 1 !
373

X3

7 1 0 ., 7 4 0 .,
3Appe11F1[;, ;, 2, ?, x>, —-X ] —AppellFl[g, ;, 1, —, x°, -X })J])

Problem 580: Result unnecessarily involves higher level functions.

J(1x3)1/3 (1+x3) o

Optimal (type 5, 313 leaves, 31 steps):
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21/3 (1-x)

J22 (1) .
1 ArcTan| —222—]  ApcTan| —2222 ]
_Iy (1—x3>2/3+ NE X T _
* 21/3 \/? 2 21/3 \E
2/3 _ _1x
1 Log[Z - (17)(3)1/3}
= x2 Hypergeometric2F1[ =, =, =, x*] - )
4 3 3 3 6 21/3
Log[l + 273 (1-x)2  2Y3 (1-x) } Log{l + M] Log[Z 21/3 (1-x)2 . 22/3 (1-x) ]
(17X3) o (1’X3) V3 (1—x3) 13 (1—x3> 2/3 (1—x3) 1/3
+
3 . 21/3 12 213

6 21/3
Result (type 6, 119leaves):

1x2 (1—x3)2/3

4
2 2
-5AppellF1[—, - =, 1,

3 3

§, X3, -x]
3

/((1+x3>

3 3 5 1
, X7, =X } +2AppellF1[f, — 1,
3 3

w |

3Appe11F1[

2 2
(717 [SAppellFl[f, -=
37 3 3
5
x3 =
3

Problem 581: Result unnecessarily involves higher level functions.

J(1—x3)1/3 (1+x3) o

Optimal (type 5, 293 leaves, 15 steps):

21/3 (1-x)
A T

1.2 2%/3 (1-x) 1
ArcTan| ——]  ArcTan| —2]
) NES ) NEs .
21/34/3 2 21/34/3
Lo [1 223 (1-x)2 23 (l—x)]
g + _y3)2/3 B _y3)1/3
1 ; 3 (1) (1-2)
= x? Hypergeometric2F1[ ~, =, =, x3] - +
3 3 3 6 21/3
Log|1 + 22 (1-x). Log|2 21/3 + (17)()2, + 227 (1) Log[22/3 4 —=Lxx
g[ (1—x3)1/3 ] g[ (17)(3)1/3 <l—x3)1’/3 ] g[ (17)(3)1/3}
3 21/3 - 12 21/3 - 6 21/3
Result (type 6, 115leaves):
5 1 8
—( 8 x° AppellFl| =, =, 1, —, X3, —XS})/
3 3 3
5 1 8
(5 (1-x*)Y2 (1+x%) [-8AppellF1][=, =, 1, —, X}, -x*] +
3 3 3
8 1 1, 8 4 1,
3Appe11F1[f, — 2, —, X°, =X ] —AppellFl[f, -1, —, x°, -x })]])
3 3 3

3
3 3 3
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Problem 582: Result unnecessarily involves higher level functions.

J(l—x3)1/3 (1+x3) o

Optimal (type 3, 272 leaves, 13 steps):

2213 (1-x) 21/3 (1-x)
1227 2 1,272

) 223 (12 _ 2Y2 (a-x)
ArcTan| —22—1  ApcTan| —222— Log|1+ P ,,
) e el )
21/3 /3 2 21/3\5 6 21/3
Log[1+ 223X ] og[z 213, A7 2PAX )| ggfp2/3, lex
g , g p / g /
(1-x3)%2 (1-x2)%?2 (1-x3)%2 (1-x3)%2
3 21/3 " 12 21/3 N 6 21/3

Result (type 6, 115leaves):

i

2 1 5
5x? AppellFl[ =, —, 1, =, x3, -x*| /
373 3

3

(2 (1-x)Y2 (1+%) -5Appe11F1[E
3

5 1 5 4 8
x> |3AppellFl| =, =, 2, —, X3, -x3] - AppellF1| =, —, 1, —, X3, _xﬂ)]))
3 3 3 3

8
3 3

Problem 583: Result unnecessarily involves higher level functions.

j 1 dx
x2 (1—x3)1/3 (1+x3)

Optimal (type 5, 312leaves, 17 steps):

2 213 (1-x) 14 21/3 ((’ny]
(1- X3>2/3 ArcTan[—%L] ArcTan | —%}
) X ) 21/3 \E B 2 21/3 \/? .
Log|22/3 - —1x
1., . 3 g[ (1) }
— x? Hypergeometric2F1[ =, =, =, X*| + -
2 3 3 3 6 21/3

1, 220200 22A ) og(q, ZPAKT] g g3, U201 2P A
(17)(3)2/3 (17)(3)1/3 (17)(3)1/3 (17)(3)2/3 (17)(3)1/3
+ —

6 21/3 3 21/3 12 21/3

Log|

Result (type 6, 229 leaves):
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1 3
—(—5+5x .
5 X (1—x3)1/3
2 1 5 2 1 5
25x3 AppellFi[ =, =, 1, =, x*, -X?] / [(1+x3) -5AppellF1[ =, =, 1, =, x3, -x*| +
3 3 3 3 3 3
5 1 _ 8 5 4 8
3AppellF1[f —, 2, —, X, ] AppellFl[f — 1, =, X%, -X } ) +
3 3 3 3 3 3
5 8 5 1 8
8x° AppellFl|[ =, =, 1, —, X3, -x?] / ((1+x3> -8 AppellF1[—, =, 1, —, x3, -X*| +
3 3 3 3 3
8 1 11 8 4 11
> [3AppellF1[—, =, 2, —, x>, -x3| - AppellF1[—, —, 1, —, X%, —xﬂ)]]
3 3 3 3 3 3

Problem 584: Result unnecessarily involves higher level functions.

J L dx
x° (1-3)12 (1+%3)

Optimal (type 5, 331 leaves, 19 steps):

122/ (1x) 1+21/3 (1-x)

16373 (1)
153123 (14323 ArcTan| | ArcTan| ]
_(2-a)™ (1) N J3
4 x4 2 x 21/3 /3 2 21/3./3
Log[2%/3 - —1*—
1, _ 1 2 , el (1—x3)1/3}
— X Hyper‘geometr‘1c2F1[f, —, —» X } - +
4 3 3 3 6 213
Log[l + 223 (1.2 22 (1-x) } og[l N &1;)()_] LOg[Z S1/3, _ax? | 2 ax ]
(17)(3)2/3 (17)(3)1/3 (1 3)1/3 (17)(3)2/3 <17X3)1/3
6 21/3 - 3 21/3 " 12 21/3
Result (type 6, 234 leaves):
1 3 6
-— |5-15x>+ 10 x° +
20x* (1-x3)Y7°
2 1 5 2 1 5
75 x® AppellF1[ =, =, 1, =, x*, -X*| / ((1+x3> -5 AppellF1[ =, =, 1, =, x3, -x*| +
3 3 3 3 3 3
5 8 5 4 8
3AppellFl| =, =, 2, —, X3, -x3] - AppellF1| =, —, 1, —, X, -x?] ) +
3 3 3 3 3 3
5 1 8 5 1 8
16 x? AppellFl[ =, =, 1, —, x*, -X?| / ((1+x3> -8 AppellF1[ =, =, 1, —, x3, -x*| +
3 3 3 3 3 3
8 1 1 8 4 11,
3AppellFl|—, =, 2, —, x*, -x*| - AppellF1][—, —, 1, —, x3, -X*| ))]
3 3 3 3 3 3

Problem 585: Result unnecessarily involves higher level functions.

11

J(1x3)2/3 (1+x3) o

Optimal (type 3, 125leaves, 7 steps):

| 263
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1 1
_(1- 3\1/3 (1 3 4/377 1- 3\7/3
(1) 22 2 (1220) 2=~ (1) 7
+22/3 ( B 3)1/3
Ar-cTan[lz \/;—X ] Log[1 + x?] Log[21/3—(1—x3>1/3]
22/3/3 : 6 223 2273

Result (type 5, 70 leaves):
_r
28 (1-x3)?°

2/3

-1+x3 .
Hypergeometric2Fi|

1+x3

[25+26x35x6+4x9+14[

RN

2
> b)
3

Problem 586: Result unnecessarily involves higher level functions.

J(l—x3)2/3 (1+x3) o

Optimal (type 3, 98 leaves, 7 steps):

ArcTan[M] 3 1/3 3\1/3
1(17)(3)4/37 V3 Log[1+x]+Log[2 - (1)
4 22/3\/? 6 22/3 2 22/3

Result (type 5, 61 leaves):

2/3
(—1+x3>2—2 (ﬁ) Hyper‘geometr‘icZFl[i, % 3, 2]

1+x3
4 (1-x3)??

Problem 587: Result unnecessarily involves higher level functions.

J(l—x3)2/3 (1+x3) o

Optimal (type 3, 95leaves, 6 steps):

ArcTan[M] 3 13 3\1/3
1w T +Log[1+x]7Log[2 - (1-3)7?]
22/3\/? 6 22/3 2 22/3

Result (type 5, 59 leaves):

B 3 _14x3 ) 2/3 . 2 2 5 2
2+2X%°+ (—1+x3 ) Hyper‘geometr‘1c2F1[3, 37 3 ]

’ 1+x3
2 (1-x3)%7

Problem 589: Result unnecessarily involves higher level functions.

Jx (1—x3)j./3 (1+x3) o

Optimal (type 3, 137 leaves, 10 steps):
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ArcTan[ Y2021 pperan| L2 A0
- B, s loglx]
\/? 22/3\/? 2
L 1 3 L 21/3 _ (1 _x3 1/3
LoB[Le0] 1y ey B[22 (1))
6 22/3 2 2 22/3

Result (type 6, 113 leaves):

R 5 2 8 1 1
-118x AppellFl{—, =1, = -, ——] /
3 3 3 X3 x3
5 2 8 1 1
(5 (1-x3)%7 (1+x%) |8x*AppellF1][=, =, 1, —, —, - —| -
3 3 3 X3 x3
8 2 11 1 1 8 5 11 1 1
3AppellFl|—, =, 2, —, —, -—| +2AppellF1[—, =, 1, —, —, - —| ])
3 3 3 X3 x3 3 3 3 X3 x3

Problem 590: Result unnecessarily involves higher level functions.

J 1 dx
x4 (1—x3)2/3 (1+x3)

Optimal (type 3, 158 leaves, 11 steps):
13 ArcTan| 2EEIE ) ppcran [ B

- R N
3x3 3+/3 22/3./3

3 21/3 _ _w3\1/3
LOg[X] 7Log[1+x] 71Log[17(17x3)1/3}+|_0g{ (1 X) }

6 6 22/3 6 2 22/3

Result (type 6, 1101leaves):

8 2 11 1 1
_({11Appe11F1[—, =1, =, =, -] /
3 3 3 X2 X3
8 2 11 1 1
(8 (1-x3)%2 (1+x3) [1153 AppellF1[—, 5,1, ==, =, - =] -
3 3 3 x3 X3
11 2 14 1 1 1 5 14 1 1
3AppellF1[—, —, 2, —, —, - | +2AppellF1[—, =, 1, —, —, - —] ])
37 3 3737 3 373 3 X X

Problem 591: Result unnecessarily involves higher level functions.

J(1—x3)2/3 (1+x3) o

Optimal (type 3, 207 leaves, 14 steps):
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1 2x 1.2 21/3 x

Ar‘cTan[—‘ﬁﬁ} Ar‘cTan[—‘ﬁﬁ} 2

NED 3 1 X X

- + + — Log [1 + - ] -
V3 22/3./3 6 <1fx3>2/3 (17X3)1/3
22/3 x2 21/3 X 21/3 X

1 X LOg [1 + (1_)(3)2/3 - (1—x3)1/3 ] LOg {1 + (1—x3)1/3 ]
— Log [1 + ] ] - N + 5
3 (1 _ X3> /3 6 2 /3 3.2 /3

Result (type 6, 115leaves):

5 2
8 x° AppellFl| =, =, 1, —, X3, -x?]
3 3 3

(5 (1-x%)%7 (1+%) —8Appe11F1[E, 3, 1, g, X3, -x*]| +
373 3

8 2 11 R 8 5 1 R
3AppellFl|—, =, 2, —, x*, -x*| - 2AppellF1[—, =, 1, —, X, -x?]
373 3 373 3

w

X3

1)

Problem 592: Result unnecessarily involves higher level functions.

J(1x3)2/3 (1+x3) o

Optimal (type 3, 122leaves, 7 steps):

2 21/3x

1- 2/3 2 1/3 1/3
158113 Log[1+ 22X _ 277X Log[1+ —2%—
ArcTan [ Ve } 8 [ (17)(3)2/3 (17)(3)1/3 ] g [ (17)(3)1/3 ]
_ + _
22/3 /3 6 2%/3 3.2%3

Result (type 5, 59 leaves):
x2 (ﬁ)zm Hyper‘geometr‘icZFl[%, i, 2, K]

1+%3 37 14x3
2 (1-x3)27

Problem 593: Result unnecessarily involves higher level functions.

J ! dx
x2 (1—x3)2/3 (1+x3)

Optimal (type 3, 137 leaves, 8steps):

1-2 20 2/3 2 1/3 1/3
15313 Lo 1 27/° x _ 277 x Lo 1 24/ x
(1-x3)%/2 ArcTan [ —‘——ﬁ ] g1+ PSP ] g[1+ o) ]
- + - +
X 22/3 4/3 6  22/3 3 . 22/3

Result (type 5, 154 leaves):
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s e _ 2 5 2%
5 (2+x> - 3x°) Hypergeometric2F1[—, 1, =, -

3 3 —1+%3

3 3 . 5 8 2x3
123 (1+x°) Hypergeometric2F1[ =, 2, —, ] /
3 3 -1+%°
3\2/3 3 6 6 . 2 5 2 x3
2x (1-x) 5(2-5x>+3x°%) +15 (-1+x°) Hypergeometric2F1[—, 1, —, +
3 3 —1+%3
s , 5 8 2%
18 (X +x°) Hypergeometric2Fl[ =, 2, —,
3 3 -1+x3

Problem 594: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J 1 dx
x5 (1—x3)2/3 (1+x3)

Optimal (type 3, 140leaves, 9steps):

2 21/3%

e 2/3 32 21/3 y 21/3
“ ) Logfl+ X Log[1+ 22—
(1 _ X3> 4/3  ArcTan [ Ve } g [ (17)(3)2/3 (17)(3)1/3 ] g [ (17)(3)1/3 ]
_ n _
4 x4 22/3 /3 6  22/3 3223

Result (type 5, 680 leaves):
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[

2 5 2x3
(5 [—1—9x3 +x8+9x%° + (4-13 x3 - 20 x6+9x9) Hyper-geometriczFl[—, 1, —,

3 37 -1+ %3
3
216 (x°+x°) Hyper‘geometr‘icPFQHz, 2, 2}, {1, g}, i I
3 37 -1+
3
81 x> (1+x3)2Hyper‘geometr‘icPFQHE, 2, 2,2}, {1,1, §}, 2x )/
3 37 143

(3 x4

3 6 9 12 15 : 2 5 2x3
-20+70 X% +60Xx°-200Xx”+40 X +50x +40 Hyper‘geometr‘1c2F1[f, 1, —,
3 3 -1+%°
3 . 2 5 2x3 6 . 2 5 2x3
X Hyper‘geometr‘1c2F1[f, 1, —, } +90 x Hyper‘geometrlczFl[f, 1, —,
3 3 -1+%3 3 3
5 . 2 5 2x3
180 x° Hypergeometric2F1[ =, 1, —,
3 3 —1+%x3
. 2 5 2x3 1s . 2 5
Hypergeometric2F1|—, 1, —, | - 55 x'* Hypergeometric2F1| —, 1, =, +
3 3 -1+%° 3 3

| -125

i
—1+%3

| -130x™2

144 X% (-1-4x% +x° +4%%) Hyper‘geometr'icPFQ[{E, 2, 2}, {1, =},
3

3
432 x° (1+X3>2Hyper‘geometr‘icPFQ[{E, 3, 3}, {2) E}, 2 X
3

3 —1+x3

3 : 2
27 x Hyper‘geometr'lcPFQ[{g, 2, 2,2}, {1, 1,

270 x® HypergeometricPFQ|{ —, 2, 2, 2}, {1, 1,

w I[N W N

324 x° Hyper‘geometr‘icPFQH » 2,2, 24, {1, 1,

270 x*2 HypergeometricPFQ[{ » 2,2, 2}, {1, 1,

wIN W IN

297 x*° Hyper‘geometr‘icPFQH » 2,2, 2}, {1, 1,

324 x® Hyper‘geometr‘icPFQH , 3,3, 3}, {2, 2,

w |y w|wn

972 x° HypergeometricPFQ|{ =, 3, 3, 3}, {2, 2,

972 x*? Hyper‘geometricPFQH » 3,3, 3}, {2, 2,

w v w|wn

324 x%° Hyper‘geometr‘icPFQH » 3,3, 3}, {2, 2,

Problem 595: Result more than twice size of optimal antiderivative.

J(1x3)2/3 (1+x3) o



Mathematica 11.3 Integration Test Results for 1.1.3.4 (e x)~m (a+b x~n)"~p (c+d x~n)”~q.nb | 269

Optimal (type 6, 26 leaves, 1step):
1x7 AppellFl[Z, E, 1, E, x3, -x%]
7 3°3 3

Result (type 6, 115leaves):

1
< 1_y3)1/3
Cx (1)
(-1- [4Appe11F1[1, -1, 1, i, X3, -x?] / ((1+x3> —4AppellF1[l, -=, 1, i, X3, =X +
37 3 3 37 3 3
x3 3Appe11F1[i, -1, 2, Z, X3, x| +Appe11F1[i, 5, 1, Z, x3, x| ])
373 3 33 3

Problem 596: Result more than twice size of optimal antiderivative.

3

J(1x3)2/3 (1+x3) o

Optimal (type 6, 26 leaves, 1step):
lx“AppellFl[i, E, 1, Z, x3, -x3|
4 3°3 3

Result (type 6, 115leaves):

4 2 7
-( 7 x4 AppellFl|—, —, 1, —, X3, —xﬂ)/
373 3
4 2 7
(4 (1-x3)%7 (1+x%) [-7AppellF1[ =, =, 1, =, x*, -x*| +
373 3
7 2 10 7 5 10
x> [3AppellFl|—, =, 2, —, x3, -x3] - 2AppellF1[—, =, 1, —, x*, -%?] )])
373 3 373 3

Problem 597: Result more than twice size of optimal antiderivative.

J ! dx
(1 —x3)2/3 (1+x3)
Optimal (type 6, 21leaves, 1 step):

1 2 R R
x AppellFl| =, =, 1, —, X3, -x?]
33 3

Result (type 6, 111 leaves):

1 2 4
| 12

4 x AppellF1| 3
3

:1) _:X:_X3]
3

/

2
3

((1_x3>2/3 (1+5) )1

1
-4 AppellF1[—,
3

4 2 7 4 5 7
=, =52, =, X3, -x*| - 2AppellF1]—, =, 1, —, X3, —xﬂ))])
3 3 3 3 3 3

x> |3 AppellF1]|
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Problem 598: Result more than twice size of optimal antiderivative.

J ! dx
X3 (1-x3)%72 (1+%3)
Optimal (type 6, 26 leaves, 1 step):

3

AppellFl[—f, i, 1, 1,3, —x3]
} 2 x?
Result (type 6, 120leaves):

i 3\1/3
. (l—x)

(_1+

4 x3 AppellF1 1.1 1 -4 AppellF1 1.1 1
x> Appe [3, ¥ ppe [3, , 1,

/[(1+x3)

4 1 7
3 |3AppellFl|—, - =, 2, —, X3, -x3] + AppellF1| —,
3 3

Problem 623: Result unnecessarily involves higher level functions.
j Ve +dx?
—— dX

x (a+bx?)
Optimal (type 3, 85leaves, 6 steps):

A/ c+d x* - Vb A/ c+dx?
\/7Ar‘cTanh[ N } ) Vbc-ad Ar‘cTanh[ g ]

2a 2a+b
Result (type 6, 162 leaves):

1 1 3 C a
_((Bbdx4x/c+dx4 AppellFl[E, - 1, = -—— -—]

. 1 3 ¢ a
(2(a+bx) 3bdx*AppellF1[~, - =, 1, =, - ——, - —| -
2 2 2 dx* bx*
3 1 5 [« 1 5 C a
2adAppellFl|[ =, - =, 2, =, - ——, - | +bcAppellFl|[=, =, 1, =, - ——, - —
22 2 dx* bx* 2 2 dx* bx*

Problem 625: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J Vve+dx* 4
—— dx

x> (a+bx4)

Optimal (type 3, 115leaves, 7 steps):
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+d x* \m +d x4
_er (Zbc—ad)Ar‘cTanthc\EX ] Vb V/bc-ad Ar‘cTanh[Lbcfadx ]

4aX4 432'\/C 232

Result (type 6, 407 leaves):

8 1 dx* b x4 1 d x* b x*
6bcdx®AppellFl[1, =, 1,2, -——, - —| / -4acAppellFl[1, =, 1,2, - ——, - — | +
2 C a 2 C a
s 1 d x4 b x* 3 d x4 b x*
x* |2bcAppellFl|2, =, 2, 3, - , - | +adAppellF1[2, =, 1, 3, - , - e
2 C a 2 C a
3 1 5 C a
(dex“(3ac+bcx4+4adx4+3bdx8)Appe11F1[—, =1, S, -, - —] -
22 2 dx* bx*
. . 1 7 a
3 (a+bx*) (c+dx*) |2adAppellF1[=, =, 2, —, - R
2 2 dx* b x*
5 3 7 C a
bcAppellFl[ =, =, 1, =, - ——, - —| )/
2 2 2 d x* b x*
. 3 5 ¢ a 5 1 7
(a (—Bbdx AppellFl|[ =, =, 1, =, -——, - ——| +2adAppellF1[~, =, 2, —, - ——,
2 2 dx* b x4 2 2 2 dx*
a 5 3 7 C a
-—— ] +bcAppellF1|=, =, 1, -, - —, - — J)/ 12x* (a+bx?* w/c+dx“)
be {2’2’ T 27 g’ be < )

Problem 627: Result unnecessarily involves higher level functions.
st Ve+dx?

a+bx*

dx

Optimal (type 4, 857 leaves, 13 steps):
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x*vc+dx* (2bc-5ad)xVc+dxt
+
5b 5b2+/d (Ve +Vd x|

bc-ad bc-ad x
E N \ V-l BN

—bead pApcTan| —bead ApcTan| ]
v c+dx4 Vea C+dX4

4 b?
a 1/4
c'’* (2bc-5ad) (\/?+Wx2) \I <c+—dx)2 EllipticE[ZAr‘cTan[d 1/4)(], 1} /
Ve +4/d x? ¢ 2

c+dx*

(Wﬂ/?xz)z

(5Nd”4dc+dx4

+ c1/4(b2c2+abcd75a2d2) (\/?Jr\/?xz)\l

+

1/4
Ellip‘cicF[zAr‘cTan[d X], l} /(szd”4 (bc+ad)/c+dx*
2

c1/4

c+dx*

a(W\/?—ﬁ\/?) (bc—ad) (\/?+ﬁx2) —
(Ve +Vd )

(\/F\/?-F\/:\/?)Z d1/4x] l} /

B 2Ar‘cTan[

4v/=a o Ve Vd SR
(sbm 4 (V7a b e —avd ) d e dxt

EllipticPi|

c+dx?

a(W\/?+\/:\/?) (bc-ad) (\/?+\/sz) —
(Ve +Vd )

/T \2
Ve (\/b* 73_(1) a4y . 1
. . . C
E111pt1cP1[— B ZAPcTan[ } *] /
4~/Za Vb +/d /it 2

(8b5/2c1/4 (\/:WWJH.:M/?) A4/ c+dx*

Result (type 6, 428 leaves):
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; - 3 1 7 dx* bx*
X 49 a° ¢ AppellFl[f, -1, =, - y - ] /
4 2 4 C a
3 1 7 d x# b x* . 7 1
~7achAppellF1[=, =, 1, =, - , - | +2x* |2bcAppellF1[—, =, 2,
4" 2 4 c a 4 2
11 d x4 b x* 7 3 11 d x* b x*
=, - , - | +adAppellF1|~, =, 1, —, - s -— |+
4 C a 4 2 4 c a

. . s 7 1 11 d x4 b x*
-1lac (7ac+9bcx*+2adx*+7bdx®) AppellFl[—, —, 1, —, - —, - — | +
4 2 4 c a
11 1 15 d x4 b x*
14x* (a+bx*) (c+dx*) |2bcAppellF1[~—, —, 2, —, - ——, - — | +
4" 2 4 c a
11 3 15 dx* b x4
adAppellFl[f, 1, — -—, —7] /
4 2 4 C a
7 1 11 d x4 b x*
~1lacAppellFl[~, =, 1, —, - —, - — | +
4 2 4 C a
. 11 1 15 d x4 b x*
2x* |2bcAppellFl|—, =, 2, —, - s -+
4" 2 4 c a

11 3
adAppellF1[—,
4

Problem 628: Result unnecessarily involves higher level functions.
Jx“ Ve+dx? 4

a+bx*

X

Optimal (type 4, 700 leaves, 10 steps):

| 273
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(bc_ad>Ar‘CTan{7v‘b7} (bC—ad) Ar‘cTan[ te ]

xVc+dx? A crd x4 A crd x4
- - +
3b 4 b2 _ _bc-ad 4 b2 bc-ad
- Vb
d x4 di/4 1
¢ (bc-2ad) (Ve +/d x| | ————— EllipticF[2ArcTan[ ——], =] /
(Ve +vd )’ cte 2

(3bd1/4 (bc+ad)/c+dx* | -

(\/F\/?+\/:\/F) (bc-ad) (\/?+\/?x2)

EllipticPi|- » 2ArcTan|

c+dx* (\/F\/?*\/:\H)Z d1/4x] 1]/
(Ve «d x| 4+~ Vb Ve Vd vt 2

(sbz 4 (Vb o -va Vd ) dvfcraxt

(\/F\/?—ﬁ\/?) (bc-ad) (\/?+\/?x2)\lc+dx4

(Ve +Vd =)
(Vo Ve +v-a V) dex, 1
E1lipticPi| , 2ArcTan| ], =] /
4 fa \E\E\H c1/4 2

(s b? 4 (Vb e v a Vd | dviafcidxt

Result (type 6, 426 leaves):
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5y 1 5 dx* b x*
X ||25a°c AppellFl[f, - 1, 7,77,—7]/
4 2 4 C a

1 1 5 d x# b x* .

-5acAppellF1[~, =, 1, =, - , - | +2x* |2bc
4" 2 4 c a
5 1 9 d x4 b x* 5 9 d x* b x*

AppellFl[ =, =, 2, =, - ——, - ——| +adAppellF1[~, =, 1, =, - ——, - — ||| +
4 2 4 C a 4 4 C a
. . s 5 1 9 dx* bx*
-9ac (5ac+7bcx*+2adx*+5bdx®) AppellF1[=, =, 1, =, - —, - — | +
4" 2 4 c a
9 1 13 x4 b x*
10x* (a+bx*) (c+dx*) |2bcAppellFl[=, =, 2, —, - ——, - — | +
4 2 4 C a

9 3 13 d x* b x* 5 1
adAppellFl[f, -1, — -—, —7} / —9acAppellF1[f, -

4 2 4 C a 4 2

9 dx* b x* . 9 1 13 dx* b x*

1, = -, -] +2x* |2bcAppellFl[ =, =, 2, —, - ——, - —] +

4 C a 4 2 4 C a

9 13 dx*  bx*
adAppellF1[~, =, 1, —, - ——, - —| ])J/[le(a+bx4>4/c+dx4

4 2 4 C a

Problem 629: Result unnecessarily involves higher level functions.

szx/c+dx4

a+bx*

dx

Optimal (type 4, 786 leaves, 11 steps):
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bc-ad bc-ad X
—be-ad ad Ar‘cTan bc ad Ar‘cTan Ea i ]
vd x Ve +dx? v -a c+dx4 c+dx4
4b

b (Ve d x| ’

1 c+dx? L Vax. 1
—cl4qve (\/?Jr\/?xz) ——————— EllipticE[2ArcTan| =]+
b+ c+dx? (ﬁﬂgxz)z cl/4 72

4 1/4
acl/4d/4 (\/?+\Hx2> o cwdxd EllipticF[ZAr‘cTan[d X}, 1] /
(\E+ﬁx2)2 c/d 2
(b(bc+ad) Jevdxt | - | (Vb Ve —Voa Vd ) (be-ad) (Ve «Vd €|
codxt (Vo Ve +v-a Vd)* gy 1
—————— EllipticPi| , 2ArcTan| 1> =] /
(\E+\HX2)2 4+/-a Vb Ve d it 2
(8b3/2c1/4(\/:\/3\/?7aﬁ)d1/4«/c+dx4 +
4
(Vb e v v Vd) [be-ad) (Ve «vd x| |
(W+ﬁx2)2
Ve yd)?
e \/?(\/F_ aﬁd) di/4x, 1
EllipticPi|- , 2ArcTan| ——], —| /
4+/-a /b /d c/t T2
[sbmcm (V=2 Vb Ve +avd ) e axt
Result (type 6, 165 leaves):
4 4
[7acx3’xlc+dx4 AppellFl[E, —1, 1, Z, —dix, —bix] /
4" 2 4 c a
4 4
(3 (a+bx*) (7acAppellF1[z, -1, Z, _dx s _bx | +2x*|-2bc
4 2 4 C a
7 1 11  dx* bx 7 1 11 dx?
AppellFl[—, - =, 2, =, - ——, - ——] +adAppellF1[—, —, 1, —, - ——, - ——|
4 2 4 C a 4 2 4 C

Problem 630: Result unnecessarily involves higher level functions.
J\/c+dx4 B

a+bx?*

X
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Optimal (type 4, 679 leaves, 9 steps):

e

bc-ad
X

X
[-a b
c-ad) ArcTan| ——— bc-ad) ArcTan .
b Jo \-a o
\ crd x* A\ c+d x*
+ +
4ab _ bc-ad 4ab bc-ad
V-a Vb V-a b
a4 1/4
c3/4 g3/4 ('\/?+\/?X2) _ocrdxd EllipticF[ZAr‘cTan[CI X}, 1} /
(\/?+\/?x2)2 ct/4 2

[<bc+ad> w/c+dx4)+ (Vb Ve +v-a Vd) (be-ad) (Ve +d €]

c+dx?* (\/F\/?—\/—a \/?)2 1/4 1
—_— EllipticPi[— B 2Ar‘cTan[ ], f] /
(Ve vd )’ 4+/~a Vb Ve Vd cie 2

(sabcw (Vb Ve —Voa Vd | diafcdxt

+

(\/F\/?,\/jﬁ) (bc-ad) (\EJr\/?xz) o crdxt

(Ve «vd 2)?
(Vb Ve +v-a Vd)’ dix . 1
EllipticPi| , 2ArcTan | I> ~] /
4+/~a o e Vd e T2

[Sabcw (Vb Ve +va V) deafcrdxd

Result (type 6, 161 leaves):

1 1 5 dx* b x4
[Sachchdx4 AppellFl[~, - =, 1, f,f—,f—]/
4 2 4 C a
. 1 1 5 d x4 b x4 4
(a+bx*) |5acAppellF1[—, - —, 1, =, - , - | +2x*|-2bc
4 2 4 C a
5 1 9 x4 b x* 5 1 9 dx* b x*
AppellFl[ =, - =, 2, =, - ——, | +adAppellF1|[~, =, 1, =, - ——, - —|
4 2 4 C a 4 2 4 C a

Problem 631: Result unnecessarily involves higher level functions.
J Ve+dx?

dx
x2 (a +b x4)

Optimal (type 4, 809 leaves, 13 steps):
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bc-ad
-— X

_ bead Ar‘cTan[ e
Verdxt AJd xVc+dx? V-a b Jerdxt
_ . _ _
ax a (\/?+\Hx2) 4a
bc-ad x
bcad Ve le
24— ApcTan|
V-a c+d x* 1
4a am
d 4 d1/4 1
cl/4 gr/4 (\E+\/?X2) Lz EllipticE[ZArcTan[ 1 4X s *] +
(Ve /a2 it 2
d x4 dl/4 1
b ¢34 dU (v +Vd x| — S EllipticF[2ArcTan| ], *] /
(\/?Jr\/?XZ)Z ct/4 2

(\/F\/?—\/:\/?) (bc-ad) (\/?+\/d_x2)

[a (bc+ad)/c+dx*

EllipticPi| , 2ArcTan|

C+dX4 (\E\EJr\/:\/?)z d1/4x} 1} /
(Ve - va ) 4" b T T e 2

(Sx/Fcl/“ ((-a)¥2\b /c va*d | @[ dxt

(Vb Ve «v-a Va) (be-ad) (Ve vd] |t

(%+ﬁx2)2
2
Ve (b - L] Gk 1
E1lipticPi|[- < , 2ArcTan| s =] /
4~/-a \/b \/d ct/e 2

(sawcw (V=a Vb Ve +avd ) a4 fcrdxt

Result (type 6, 343 leaves):
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1
21xVc+dx?
21 (c+dx*) . 3 1 7 dx4 bx4
-———+|49c (bc-2ad)x AppellFl[ =, =, 1, —, - —— / a+bx?)
a 4 2 4 C
3 1 7 dx* b x* 4 7 1 11 dx*
-7acAppellFl[~, =, 1, -, - ——, - ——] +2x* |2bcAppellF1]~, =, 2, —, - —,
4 2 4 [« a 4 2 4 C
b x* 7 3 11 dx* b x*
- | +adaAppellF1]~, =, 1, —, - > - ] -
a 4 2 4 C a
7 1 11 dx* b x* 4
33bcdx®AppellFl[~, =, 1, —, - ——, - —| / (a+bx*)
4 2 4 C a
7 1 _ 11 dx* bx* . 11 1
-11acAppellFl|—, =, 1, —, - , - | +2x* |2bcAppellFl[—, =, 2,
4 2 4 C a 4 2
15 dx* b x* 15 dx* b x*
—, -——, -——| +adAppellFi] =1, =, -, -]
4 c a 2 4 c a

Problem 632: Result unnecessarily involves higher level functions.

Jm

x4 (a+bx4)

dx

Optimal (type 4, 703 leaves, 10 steps):
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\-a w‘f(—dk‘ bc-ad
X [ |

(bc—ad) ArcTan | e

(bc-ad) ArcTan | -

Ve +dx* B \Jced x4 B  crd x )
3
3ax 4 32 _ _bc-ad 4 32 bc-ad
voa Vb Voa Vb
c+dx?* di/4 x 1

¢4 (2bc-ad) (Ve +/d x|

EllipticF[2ArcTan|

(V?MHXZ)Z

(\/F\/?+\/:\/?) (bc-ad) (\/?+\/?x2)

(3ac1/4(bc+ad) AJc+dx?

c+dx*

(Vb Ve -v-a Vd ) iy 1
EllipticPi|- » 2ArcTan| ]

(Ve vd )’ a2 Vo VT VT e

(Saz 4 (Vb o -va Vd ) dvfcraxt

VB V€ v Va) (be-ad) (Ve i) |t
(W+\/?x2)2
(Vo Ve Vs Va )’ w1
E1lipticPi| » 2ArcTan | > -] /
4~=a b e Vd cht2

(saz 4 (Vb e v a V) dviafcdxt

Result (type 6, 344 leaves):

1
15x3Vc+dx?
5 (c+dx*) . 1 1 5 dx* bx*
-————"+|25c (3bc-2ad) x*AppellF1[~, —, 1, =, - ——, - —|
a 4 2 4 C a
1 1 5 dx* b x* 4 5 1
-5acAppellfFl[~, =, 1, =, - ——, - ——] +2x* |2bcAppellF1] =, —, 2,
4 2 4 C a 4 2
b x* 5 3 9 d x4 b x4
-——] +adAppellFi[=, =, 1, =, - —, - —| +
a 4 2 4 C a
5 1 9 x4 b x*
[9bcdx8Appe11F1[—, =, 1, —,7—,7—]/ (a+bx*)
4 2 4 C a
5 1 9 dx* bx* . 9 1
-9acAppellF1[~, =, 1, =, - ——, - ——] +2x* |2bcAppellF1|~, =, 2,
4 2 4 C a 4 2
13 dx* b x* 9 3 13 dx* b x*
=, - , - | +adAppellF1|[ =, =, 1, —, - , - ]
4 C a 4 2 4 C a

cl/4 ]’ ;}

/

/
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Problem 633: Result more than twice size of optimal antiderivative.
J (ex)32+/c+dx*

a+bx*

dx

Optimal (type 6, 71 leaves, 3 steps):
2 (ex)%2/c+dx® AppellFl[i, 1, —i, L, b ]

4
Sae |1+ 9
C

Result (type 6, 170leaves):

5 1 13 d x* b x*
[26acx (ex)¥2+/c+dx* AppellF1[~, - =, 1, —, - ——, - —|

8 2 8 c a
4 5 1 13 dx* b x*
5(a+bx*) |13acAppellFl[ =, -—, 1, —, - , - ]+
8 2 8 c a
4 13 1 21 dx* b x*
4 X —2bcAppe11F1[—,f—,2, —,7—,,—]+
8 2 8 c a
13 1 21 dx* b x*
adAppellFl[~—, =, 1, —, - , - ]
8 2 8 C a

Problem 634: Result more than twice size of optimal antiderivative.
J\/ex Ve+dx? dx

a+bx?

Optimal (type 6, 71 leaves, 3 steps):
2 (ex)32/c+dx? AppellFl[i, 1, _%, o bxt _M]

4
3ae |1+ %
C

Result (type 6, 170leaves):
4 4
[22acxx/ex A c+dx? AppellFl[i, —1, 1, E, —dix, —bix]
8 2

(3 (a+bx*) (11acAppellF1[i, 1
8

11

4| - 1
4 x 2bcAppe11F1[—, —
2

Bl
8
11 1 19 d x4 b x*
adAppellFl[—, =, 1, —, - —, - ]
8 2 8 C a
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Problem 635: Result more than twice size of optimal antiderivative.

J ve+dx*
JVex <a+bx4)

dx

Optimal (type 6, 69 leaves, 3 steps):
2/ex Vc+dx? AppellFl[i, 1, L, 2, b —dXA]

Result (type 6, 168 leaves):

1 1 9 dx* bx*
[18acxﬂc+dx4 AppellFl[ =, - =, 1, =, - ——, - —| /
8 2 8 C a
1 1 9 dx* b x*
(\/ex (a+bx*) (QacAppellFl[— -2, 5, - , - | +ax*|-2bc
8 2 8 C a
9 1 17 dx* b x* 9 17 dx* b x*
AppellFl[ =, - =, 2, —, - ——, - ——] +adAppellF1[~, =, 1, —, - ——, - —|
8 2 8 C a 8 2 8 C a

Problem 636: Result more than twice size of optimal antiderivative.
Ve+dx?
J(ex

y3/2 (a+bx4)

dx

Optimal (type 6, 69 leaves, 33teps):
2x/c+dx4 AppellFl[ _i,z, b e

aeex |1

Result (type 6, 348 leaves):




Mathematica 11.3 Integration Test Results for 1.1.3.4 (e x)~m (a+b x~n)"~p (c+d x~n)”~q.nb | 283

35 (c+dx*) 7 1 15 dx* bx*
2 X —7+(75c(bc—4ad) x* AppellFl[—, =, 1, —, - , - ] /
a 8 2 8 C a
4 7 1 15  dx* bx* . 15 1
(a+bx*) |-15acAppellFl|—, —, 1, —, - ——, - ——] +4x* |2bcAppellF1[—, —,
8 2 8 C a 8 2
23 dx* b x* 15 3 23 d x4 b x*
2, —, -——, - —— | +adAppellF1[—, =, 1, —, - ——, - —| -
8 C a 8 2 8 C a
e 15 1 23 d x* b x*
161bcdx®AppellFl[—, =, 1, —, - ——, - —| /
8 2 8 C a
4 15 1 23 d x4 b x4
(a+bx*) |-23acAppellFl|—, —, 1, —, -——, - — | +
8 2 8 C a
4 23 1 31 dx* b x*
4x*|2bcAppellFl[—, =, 2, —, - ——, - — | +
8 2 8 C a
23 3 31 d x* b x*
adAppellFl[—, =, 1, —, - , - ] J]]]/(% (ex)32+/c+dxt
8 2 8 C a

Problem 640: Result unnecessarily involves higher level functions.

1
dx
Jx <a+bx4) Vve+dx4

Optimal (type 3, 85leaves, 6 steps):

ArcTanh @} \/FAr‘cTanh[m]
NS . Vbc-ad

2a \/? 2aybc-ad
Result (type 6, 162 leaves):

4 3 1 5 C a
[dex AppellF1l[ =, =, 1, =, - ——, - —| /
2 2 2 d x4 b x*
3 1 5 c a
6 (a+bx?*) \Jc+dx* |-5bdx*AppellF1[=, =, 1, =, - —, - — ] +
( < ) [2 2 2 dx* bx4}
5 1 7 C a 5 7 C a
2adAppellFl|~, =, 2, =, -——, -——| +bcAppellF1[ =, =, 1, —, - ——, - —| )
2 2 2 dx* x4 2 2 2 dx* b x*

Problem 641: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1
dx
st (a+bx*) Vc+dx?t
Optimal (type 3, 117 leaves, 7 steps):

+d x* od x4
JCrdx@ [2bcrad)ArcTanh] 33—@] b3/2 ArcTanh Wb:addx ]

— + —

4acxt 4 a2 ¢3/2 27a2+/bc-ad
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Result (type 6, 409 leaves):

e 1 d x4 b x* 1 d x* b x*
6bdx®AppellF1(1, =, 1,2, - —, - —] / ~4achAppellFl[1, =, 1,2, - —, - — | +
2 C a 2 C a
s 1 d x4 b x4 3 d x4 b x4
2bcAppellFl[2, =, 2,3, -——, - ——| +adAppellF1[2, =, 1,3, - —, - ——
2 C a 2 C a
3 1 5 C a
(dex“(3ac+bcx4+2adx4+3bdx8)AppellFl[— =1, o, - -] -
272 2 dx* bx*
5 1 7 C a
3(a+bx*) (c+dx*) |2adAppellFl[=, =, 2, =, - ——, - —| +
2 2 2 d x4 b x*
5 3 7 C a
bcAppellFl[ =, =, 1, —, - ——, - —| )/
2 2 2 d x* b x*
3 1 5 C a 5 1 7 C
[ ( 5bdx*AppellF1[~, =, 1, =, - ——, - ——| +2adAppellF1[~, =, 2, —, s
202 2 dx* b x4 2 2 2 dx*
a 5 3 7 C a
-—]| +bcAppellF1|=, =, 1, —, - —, - — ])/ 12x* (a+bx*) +/c+dx*
bx‘J [2 2’ 2 dx* bx‘J < )

Problem 647: Result unnecessarily involves higher level functions.

8

J(a + bx4)xm

dx

Optimal (type 4, 872leaves, 10 steps):
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pa)”“Ar‘cTan[—Dc’ad X ] (7a)5/“Ar‘cTan[4;bC+ad ]

xVec+dx? (-a) ¥4 pY/4 [ crdxt () Y46V cad
~ _ +
3bd ap’4\/bc-ad 407%/-becrad
. d 4 d1/4 1
2 WWM/?] a4 (Ve +A/d ) S EllipticF[2ArcTan[ ], *] /
- ( s +HX2)2 cl/4 2

[4b2c1/4 (bc+ad) A/ c+dx?

+la (VB Ve ravd | ¢ (Ve d )

a 1/4
o crdxd EllipticF[ZAr‘cTan[d X], 1} /(4b2c1/4 (bc+ad)/c+dx* | -
(\/c_+\/?x2)2 ct4 2

4 1/4
(bce3ad) (Ve +d ) X Erviptick[2arcTan[ &2, 1] /
(Ve va x)’ e 2

+

(6 b2 ct4d>4~/c+dx*

a (Vo Ve +a Vd) (vaﬁxz)J“‘““ EllipticPi|

e
_ (\:F\/;/j\_m\/_—\aﬁ://—d?) , zArcTan[d;;X], %] /(8 b2 V4 dV/4 (bc+ad) m .

a (\/F\/?—\/:\/?)Z (\/?+\/?x2)\lc+dx4 EllipticPi|

e
(\:F\/ia?\;?\/_—\/a?g) s 2Ar‘cTan[d;j4X}, i] /(8 b2 c1/4 g1/4 (bc+ad) m

Result (type 6, 429 leaves):
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5y 1 5 dx* b x*
X ||25a°c AppellFl[f, - 1, 7,77,—7]/
4 2 4 C a
1 1 5 d x# b x* .
-5acAppellF1[~, =, 1, =, - , - | +2x* |2bc
4" 2 4 c a
5 1 9 dx* b x* 5 9 dx*
AppellFl[ =, =, 2, =, - ——, - ——| +adAppellF1[~, =, 1, =, - ——
4 2 4 c a 4 4 c
. . s 5 1 9 dx* b x*
-9ac (5ac+4bcx?+2adx*+5bdx®) AppellF1[=, =, 1, =, - —, - — | +
4" 2 4 c a
9 1 13 x4 b x*
10x* (a+bx*) (c+dx*) |2bcAppellFl[=, =, 2, —, - ——, - — | +
4 2 4 C a

9 3 13 dx* b x* 5 1
adAppellFl[f, -1, — -—, —7} / —9acAppellF1[f, -
4 2 4 C a 4 2
9 dx* b x* . 9 1 13 dx* b x*
1, = -, -] +2x* |2bcAppellFl[ =, =, 2, —, - ——, - —] +
4 C a 4 2 4 C a
9 13 dx*  bx* S
adApPEJ.lFl[*; e 1: T T T 77} ])J/ [15bd (a+bX4> C+dX4
4 2 4 C a

Problem 648: Result unnecessarily involves higher level functions.

X4
J(a+bx4) Vve+dx?
Optimal (type 4, 638 leaves, 9 steps):

dx
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/ c
- - bc-ad

[y N

ArcTan| 7\'/b7} ArcTan|

A crd x® Vexdx?
_ _ +
4p |__bcad 4p | -bead
Vea b V-a o
¢/ (Ve +d @) [ =9 EllipticF[2ArcTan[ X, 1]
(Veva ) o

2dY4 (bc+ad) Vc+dx?t

(Vb Ve +va VA | (Ve v ) |
(\/?+\/?x2)
EllipticPi|- (Wﬁiﬁﬁ) , 2Ar‘cTan[dlij4X}, %] /

4+/-a /b Ve /d

(Sbcl/“(\/F\/c_—\/j\/?)dl/4w/c+dx4)— (Vb Ve -Voa Vd | (Ve «Vd %)

codxt . We Ve svma Ve ey 1
———————— EllipticPi] , 2ArcTan| 1> =] /
Ve +va ]’ 472 /b e VT e 2

(sbcw (Vb Ve +va Vd | dtsfcidxd

Result (type 6, 165 leaves):
1 9 dx* bx*

5
([QacstppellFl[, =1, =, -—, - ]/
4 2 4 C a

[E—

5 1 9 d x* b x* 9
(5 (a+bx*) /c+dx* (—QacAppellFl[—, =1, &, - , - | +2x*|2bcAppellFl[ =,
4 2 4 C a 4
1 13 d x* b x* 9 3 13 dx* b x*
=, 2, &, o=, -] +adAppellFi[ =, =, 1, =, - =, - =]
2 4 C a 4 2 4 C a

Problem 649: Result unnecessarily involves higher level functions.

1
dx
J(a+bx4) Ve+dx?
Optimal (type 4, 638 leaves, 7 steps):
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V/: ‘:L(,d] bc-ad
: X / \/ X
ArcTan | fvbi] ArcTan | A
A/ c+d x* A/ c+d x*

N
4a |__bcad 45 | -bead
Vea b V-a b

¢4 (Ve +d 2| | =9 EllipticF[2ArcTan[ X, 1]

(\/?+ﬁxz) c1/4 2

2ct4 (bc+ad) Ve+dx?t

(Vb e o a VE) (Ve va ) |
Ve - vd %)
(Vb Ve -v-a Vd)’ dvix. 1
EllipticPi[- » 2ArcTan| [, =] /
4+/-a /b \/c \/d cit2

(Sacl/“(\/F\/c_—\/j\/?)dl/4w/c+dx4)+ (Vb Ve -Voa Vd | (Ve «Vd %)

(W\EM/:\/?)Z d1/4

c+dx* 1
, 2ArcTan| 1> =] /
C1/4 2

EllipticPi|

(Ve «vd x)? a~/~a \b e \d
(sacw (Vb Ve +va Vd | dtsfcidxd

Result (type 6, 161 leaves):

1 1 5 d x* b x*
- ||5acxAppellFi[~, =, 1, f,f—,f—}/
4" 2 4 c a

1 1 dx* b x*
((a+bx4>x/c+dx4 -5acAppellFl[~, =, 1, =, - , - | +2x*|2bc
4 2 4 c a
5 1 9 dx* b x* 5 3 9 d x*
AppellFl[ =, =, 2, =, - ——, - ——| +adAppellF1[~, =, 1, ~, -
4 2 4 C a 4 2 4 C

Problem 650: Result unnecessarily involves higher level functions.

1
dx
Jx4 (a+bx4) vVe+dx?

Optimal (type 4, 677 leaves, 10 steps):
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V-a | —d“ bc-ad

X

v V=
bArcTan| —— b ArcTan
,m - { c+dx ] [ C+dx
3aCX3 _bc-ad _bc-ad
V-a \-a
4 1/4
4374 (4bc+ad> (\/?Jrﬁxz) L EllipticF[ZAr‘cTan[d X], l} /
(Ve «d x)? cvto2

(Gacs/4 (bc+ad) AJc+dx?

b (+/BC +"a Va ) (Ve +Va x|

codxt (Vb Ve -v-a Vd ) ey 1
EllipticPi|- » 2ArcTan| ]

(Ve o/d ) 4 b e Va a1/

(saz 4 (Vb o —Vra Vd ) dviafcdxt

b (VB Ve -vTa VA (Ve «va €

c+dx? (\E\E+\/:\/?)2 di/4 x

EllipticPi|

1
(Ve + /@ ) ekl

(saz 4 (Vo e +vma Vd ) dfcraxt

Result (type 6, 344 leaves):

1
15x3/c+dx*
5 (c+dx*) 1 1 dx* bx*
+{25 (3bc+ad) x*AppellF1[~, =, 1, =, - ——, - —] /[(a+bx)
ac 4 2 4 C a
1 1 5 dx* b x* 4 5 1 9 dx*
~SacAppellF1[—, =, 1, =, -—, - —] +2x* |2bcAppellF1[—, =, 2, =, - —,
4 2 4 C a 4 2 4 C
b x* 5 3 9 d x4 b x*
- | +adAppellF1][~, =, 1, =, - > - e
a 4 2 4 C a
8 5 1 9 x4 b x*
9bdx®AppellFl[ =, —, 1, —,——,——}/ (a+bx*)
4 2 4 C a
5 1 9 d x4 b x* 4 9 1
-9acAppellF1[~, =, 1, =, - , - | +2x* |2bcAppellFl| =, —, 2,
4 2 4 C a 4 2
13 dx* b x* 9 3 13 dx* b x*
=, - ——, - ——] +adAppellF1[~, =, 1, —, - —, - —|
4 c a 4’ 2 4 c a
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Problem 651: Result unnecessarily involves higher level functions.

X6
J(a+bx“) Ve+dx?
Optimal (type 4, 804 leaves, 11 steps):

bc-ad bc-ad
X
A\ -a b
—be-ad ArcTan | E | b° ad ArcTan E}

dx

xVec+dx? R Jerdx Jerdxt
b\/?(\ﬁ+ﬁx2) 4b(bc—ad) (bc-ad)
e/ (Ve +d x| ﬁ Elliptick 2 ArcTan[ €72 ], 2]
c + X !
+
bd34+c+dx?*
4 1/4
ct’*(bc+2ad) (\/?+\/?x2) (c+dx)2 EllipticF|[2ArcTan| 1/4)(], l} /
Ve +/d x? c 2

(2bd3/4 (bc+ad) \Jc+dx?

+la (VB Ve Ve V) (Ve - vd 2]

i axt Ve Neavmava) .
E111pt1cP1[ , 2Ar‘cTan[ }

(Ve « Vx| 4+/~a /b e d ci/t

N |

1/

(sbmcw (V=a Vb Ve -avd| @4 fcadxd | - a (Vb V¢ +vra V) (Ve Vd %)

: : 2
c+dx* ¢ b - 7ard) dx, 1
. . . C
——————— EllipticPi[- , 2ArcTan| 15 =] /
(Ve «Va x| a~/~a \/b \/d 2

(8b3/2c1/4 (\/:W\/?Jraﬁ) a4/ c+dx*

Result (type 6, 165 leaves):
7 1 11 dx* b x*
1lacx’ AppellFl|—, =, 1, —, - ——, - —| /
4 2 4 C a
7 1 11  dx* bx*
(7 (a+bx*) \Jc+dx* ( 11acAppellfFl[~, =, 1, —, - ——, - ——| +2x* | 2b c AppellF1|
4 2 4 C a
11 1 15 dx* b x* 11 3 15 dx* b x*
—, = 2, —/, - y ] +adAppellF1[—; -1, — -  ~ ]
4 2 4 C a 4 2 4 C a
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Problem 652: Result unnecessarily involves higher level functions.

2

J(a+bx4)xm

dx
Optimal (type 4, 656 leaves, 7 steps):

bc-ad bc-ad

bc ad va\/b bc ad e Ve
ArcTan | ArcTan |

Vb [ cid x4 V- A c+d x*

4 (bc-ad) 4 (bc-ad)

4 1/4
c1/4 g1/a (\/?H/d—xz) _ocrdxd EllipticF[ZArcTan[d X}, 1] /
(\/?Jr\/?xz)z ct/ 2

(2(bc+ad) Jevaxt | - | (Vb Ve vra V) (Ve ovd %)

c+dx?* (\/F\/?”\/:\/F)Z dt/4x, 1

EllipticPi[ , 2Ar‘cTan[

(Ve +vd x)? av"a Vb T Vd o bl

(swcw (V72 Vo Ve -avd ) dvéferdxt |+ | (VB Ve Ve V) (Ve «Vd 2

c+dx?* \/?(W7 \a/? ) d¥4x, 1
—————— EllipticPi[- , 2ArcTan | [, =] /
(Ve o d x)’ a3 b e 2

[swcm (V=a Vb Ve +a/d)| d1/4«/c+dx4)

Result (type 6, 165leaves):

3 3 1 7 dx* b x*
- |7acx®AppellF1[~, =, 1, —, - s - ]/
4 2 4 C a
3 1 7 d x* b x4 7
(3 (a+bx*) \Jc+dx* ( 7acAppellF1|=, =, 1, —, - ——, - ——| +2x* |2b c AppellF1[ -,
4 2 4 C a 4

1 11 d x* b x* 7 3 11 dx* b x*
—, 2, —, - , - | +adAppellF1|~, =, 1, —, - , - ]
2 4 C a 4 2 4 C a

Il
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Problem 653: Result unnecessarily involves higher level functions.

1
dx
sz (a+bx4) Ve+dxt

Optimal (type 4, 833 leaves, 13 steps):
Veo+dx?t Vd x+/c+dx
- +
acx ac (\/? ++/d xz)

bc-ad
a Jb E
b _bc-ad ad Ar‘cTan E bc ad Ar‘cTan }
v c+dx4 C+dX4
4

a(bcfad> a(bc-ad)
L/ (\/?+\/?x2) (\ijifzxz)z EllipticE[ZAr‘cTan[dc’lff], 7]
.
ac¥4+c+dx?
4 1/4
di4 (2bc+ad) (\/?Jrﬁxz) o cxdxd EllipticF[2ArcTan| X], 1} /
(W+\/Fx2)2 et 2

+

(Zac”4 (bc+ad) \Jc+dx?

Jb Vb cl/4 ) \-a d/4 (W+\/?X2) L EllipticPi{
di/4 cl/4 (\/?+\/?X2)2
(\/F\/?Jr\/:\/?)z d4x, 1 4
Wil ey /[ga (V=2 VB Ve ~avd) Jeraxt | -

EllipticPi|

\b cl/4 \/:dl/“J (\/?+\/?x2) c+dx?

o + < (\/?Jr\/?xz)z
WWF?A%E)Z dvV4x., 1
_ e o d , 2ArcTan C1/4],;} /(Sa(\/:\mﬁ“—,,\/?)m

Result (type 6, 344 leaves):
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N S
21xVc+dx?
21 (c+dx*) 3 1 7 dx* bx*
+(49(bc d)xAppellFl[f -1, =, -—, })/[(a+bx)
ac 4 2 4 C a
3 1 7 dx* b x* 4 7 1 11 dx*
-7acAppellFl[~, =, 1, -, - ——, - ——] +2x* |2bcAppellF1]~, =, 2, —, - —,
4 2 4 C a 4 2 4 C
b x* 7 3 11 dx* b x*
- | +adaAppellF1]~, =, 1, —, - > - ] -
a 4 2 4 C a
7 1 11 dx* b x* 4
33bdx® AppellFl]—, =, 1, —, - ——, - —| / (a+bx*)
4 2 4 C a
7 1 11 dx*  bx* . 11 1
-11acAppellFl|—, =, 1, —, - , - | +2x* |2bcAppellFl[—, =, 2,
4 2 4 C a 4 2
15 dx* b x* 11 3 15 dx* b x*
—, - ——, - ——] +adAppellF1|—, =, 1, —, - —, - —|
4 c a 4 2 4 c a
Problem 658: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.
1
J dx
X (a+bx4)2\/c+dx4
Optimal (type 3, 132leaves, 7 steps):
A/ c+d x4 Vb A/ c+dx?
byCrdx Ar‘cTanh[ = ] \/F(Zbc—3ad) Ar‘cTanh[ — }
- +
a(bc-ad) (a+bx?) 2a2+/c 4a2(bc—ad)3/2
Result (type 6, 396 leaves):
. 1 d x4 b x*
b||6cdx*AppellF1[1, =, 1,2, -——, - —| /
2 C a
1 dx* b x* 4
-4acAppellFl[1, =, 1,2, -——, - — | +x
2 c a
1 d x* b x* 3 d x4 b x*
2bcAppellFl[2, =, 2,3, -—, - ——| +adAppellF1[2, =, 1,3, - —, - — ||| +
2 C a 2 C a
3 1 5 C a
5dx* (2ad+b (c+3dx*)) AppellF1[ =, —, 1, =, - ——, - —] -
2 2 2 dx* b x*
4 5 7 c a
3 (c+dx?) 2adAppellFl[ =, =, 2, =, - ——, -— | +
22 2 dx* bx*
5 7 C a
bcAppellF1[ =, =, 1, —, - , - ] )/(a[ 5bdx
272 2 dx* bx*
3 1 5 C 1 7 C a
AppellFl[ =, =, 1, =, -——, - ——| +2adAppellF1[~, =, 2, =, - ——, - — | +
2 2 2 dx* b x 2 2 dx* b x*

bc AppellFl[

5 3
2 2 2 d x4 b x4

2
])]/[12<-bC+ad> (asbx*) \[crdxt
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Problem 659: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1
dx
st (a+bx4)2\/c+dx4

Optimal (type 3, 185leaves, 8steps):
b(2bc-ad) Vc+dx* Ve+dx?

Csa’c (bc—ad) (a+bx*) Cdacxt (a+bx4)

+

(4bc+ad) ArcTanh[@] b2 (4bc-5ad) ArcTanh[ Lo Ledx |
e Jbcad

4 33 ¢3/2 433 (bc—ad)3/2

Result (type 6, 489 leaves):

8 1 dx* b x*
6abd (-2bc+ad) x®AppellF1[1, —, 1, 2, - , - ] /
2 C a
1 dx* b x* .
(-bc+ad) -4acAppellFi[1, =, 1,2, -——, -—] +x* |2bc

2 C a

1 dx* b x* 3 d x4 b x*

AppellF1[2, =, 2,3, - ——, - ——] +adAppellF1[2, =, 1,3, - —, - —] +
2 C a 2 C a

(dex4 (—azd (3c+2dx4> +2b%cx? (c+3dx4) +3ab (c2+cdx4—d2x8)>

3 1 5 C a
AppellFl[ =, =, 1, =, - ——, - — | +
2 2 2 dx* b x*
4 2 2 4 4 > 1 7 c a
3 (c+dx*) (a®d-2b2cx*+ab (-c+dx*)) |2adAppellFl|[~, =, 2, —, - ——, - — | +
2 2 2 dx* bx*
5 3 7 C a
bcAppellFl[f, -1, = -—, - ] )/
272 2 dx* bx*
4 3 1 5 C a
[c (bc-ad) |[-5bdx*AppellF1| =, —, 1, =, - ——, - —— | +
2 2 2 d x* b x*
5 1 7 C a
2adAppellFl[ =, —, 2, =, - ——, -— | +
2 2 2 dx* b x*
5 3 7 C a
bCAppellFl[—, -1, —,——,——} ])/(12a2x4 (a+bx4>q/c+dx4
2 2 2 d x* b x*

Problem 666: Result unnecessarily involves higher level functions.

8
dx
J(a+bx“)2\/c+dx“

Optimal (type 4, 996 leaves, 10 steps):
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(-a)* (5bc-3ad) Ar‘cTan[M]

axVvec+dx? (—a) Y4 pl/4 [ ced x*
- +
4b (bc-ad) (a+bx*) 16b7/4 (bc-ad)*?

(-a)* (5bc-3ad) Achan[_\m]
()4 bY/4 [ crdxt

16b7/4(-bc+ad)3/2

+

4 1/4
(4bc-3ad) (\/c +\Hx2) _oerdd Ellip‘cicF[ZAr'cTan[d X}, 1] /
(\/?+\/?X2)2 ct/t T2

[szcl/“dl/4 (bc-ad)/c+dx* | -

{W\E
a +d

[

&”(SbcBad)(vindxﬂ‘J(th+3%1)2
c +/d x?

di/4 x

EllipticF[2ArcTan|

-
N |

} /(16b2c1/4(bc—ad) (bc+ad)m _

cl/a

\/:(\/F\/?,\/j\/j) d1/4(5bc—3ad) (\/?Jr\/?xz)\l(\ﬁcidﬁx‘l)z
c +vd x?

1/4

EllipticF[2ArcTan|

AX];E} /(16b2c1/4(bc—ad) (bc+ad)Jc+rdx* | -
2

cl/

VB € o Va ) (sbe-3ad) (Vo o] | —SX
(Ve +/d x)
(Vo ve -v/-a Vd ) dix, 1
EllipticPi|- » 2ArcTan| > ~] /
a"/=a b Ve Vd vt o2

(32b2c1/4d1/4 (bc—ad) (bc+ad) AJc+dx?

(Vb Ve -v-a Va |F (sbe-3ad) (Ve v x| | T
(Ve +/d )

(VB Ve +vTa Va)? w1

N 2Ar‘cTan[

4v=a Vb Ve Vd an o)/

EllipticPi|
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(32b2c1/4d1/4 (bc—ad) (bc+ad) AJc+dx?

Result (type 6, 420 leaves):

5 1 1 5 dx* b x*
25ac AppellFl[Z, >’ 1, = -—, - —] /

4 C a
1 1 5 d x* b x* 4
-5acAppellF1[~, =, 1, =, - ——, - —] +2x* |2bc
4 2 4 C a
5 1 9 dx* b x* 5 3 9 dx* b x*
AppellFl| =, =, 2, =, - ——, - ——| +adAppellF1[~, =, 1, =, - ——, - — ||| +
4 2 4 C a 4 2 4 C a
5 1 9 dx* x4
-9c (5ac+4bcx*+2adx?) AppellFl[~, =, 1, =, - ——, - — | +
4 2 4 C a
a . 9 1 13 dx* b x*
10x* (c+dx*) |[2bcAppellFl|[~, =, 2, —, - ——, - —] +
4 2 4 C a
9 3 13 x4 b x* 1
adAppellFl[f, -1, — -—, —7} / —9acAppellF1[ -
4 2 4 C a 2
9 dx* b x* . 9 1 13 d x4 b x*
1, = -, -] +2x* |2bcAppellFl|[~, =, 2, —, - ——, - —] +
4 C a 4 2 4 C a
9 13 dx* bx4
adAppellFl[f =51, =, - —, - — ])] 20b(bc—ad) (a+bx4) AJc+dx*

4 2 4 C a

Problem 667: Result unnecessarily involves higher level functions.

X4
J(a+bx4)2\/c+dx4
Optimal (type 4, 908 leaves, 10 steps):

dx
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xVc+dx?

“4(bc-ad) (asbxt]
(bc+ad) Ar‘cTan[—\M} (bc+ad) ArcTan[M}
(-a) bV [crdxt (-a)Y4pY/4 \[crd

.
16 (-a)¥4b** (bc-ad)*? 16 (-a)¥4b>* (-bc+ad)??

d1/4 X 1

4
ql/4 (\/?Jr\/d_xz) \I (c+—dx>2 EllipticF[ZAr‘CTan{ L ], —} /
VT o d x? ¢ 2

[Wﬁmd—

¥y

(16bc1/4 (bc—ad) AJc+dx?

+ ('\/:\/F\/?‘Fa\/?) dr4 (\/?+\/?X2)

c+dx? L di/4 x
———————— EllipticF[2ArcTan| B

1
(\/?-%—\/?XZ)Z c1/4 2

43/ (\Eﬂgxz) m EllipticF[2 ArcTan[d:j,j], 7]

8bcl/4 (bc—ad) Ve+dx4

}/(16abc1/4(bc—ad)xlc+dx4 -

(W\/?+V:\/?)z (\/?+ﬁx2) L‘lz EllipticPi|
(\/?Jf\/?xZ)

+

(\/F\/?_\/:\/?)Z dt/4x., 1 1/4 41/4 4
, P s J2Ar‘cTan[ oy ],;] /(3Zabc d (bc—ad)m

(Vb Ve -v-a Vd ) (VTNFXZ)J(CHM) EllipticPi|
Ve ++/d x2)?

(\/F\/?+\/:\/d—)2 di4x, 1 1/4 41/4 4
4+/-a b Vc d ’zAf‘cTan[clu}’g] /(32abc d (bc—ad)m

Result (type 6, 331 leaves):
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4 5 1 1 5 dx* b x*
X |5 (c+dx*) +|25ac AppellFl[~, =, 1, =, - ——, - —| /
4 2 4 C a
1 1 5 d x4 b x* .
-5acAppellF1[~, =, 1, =, - , - | +2x* |2bc
4" 2 4 c a
5 1 9 dx* b x* 5 3 9 dx* b x*
AppellFl| =, =, 2, =, - ——, - —| +adAppellF1[~, =, 1, =, - —, - — ||| -
4 2 4 C a 4 2 4 C a
4 5 1 9 d x4 b x* 5 1
9acdx*AppellFi[~, =, 1, =, - ——, - —] / -9acAppellFl[~, =, 1,
4 2 4 C a 4 2
9 dx* b x* . 9 1 13 dx* b x*
=, -, - —— | +2x*|2bcAppellF1[ =, =, 2, =, - ——, - — ] +
4 C a 4 2 4 C a
9 13 d x* b x*
adAppellF1[~, =, 1, —, - ——, - —| ])J/(z@(—bc+ad) (a+bx*) +/c+dx*
4" 2 4 c a

Problem 668: Result unnecessarily involves higher level functions.

1
dx
J(a+bx4)2\/c+dx4
Optimal (type 4, 983 leaves, 10 steps):
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b4 (3bc-5ad) Ar‘cTan[M]

bxVc+dx? (~a)Y/4bt/4 [ crd x4
N _
4a(bc-ad) (a+bx*) 16 (-a)”’* (bc-ad)?>?

b*4 (3bc-5ad) Ar‘cTan[M}
(-a) V4 pt/ [ crdxt

16 (-a)”/* (-bc+ad)??

¢+ (Ve +Vd %) m ELLipticF [2ArcTan[£7x], 1]

8acl/4 (bc—ad) Ve+dx?

+\/d—] d1/4 (3bc—5ad) (\/?-%—\/?XZ)J(\/—C*—;f)Z
c +/d x?

1/4
Elliptick [2ArcTan| %], 1] /(16ac1/4(bcfad) (berad)Jcrdxt |+

C1/4 2

(Vb Ve -v-a Jd|d/* (3bc-5ad) (VTH/FXZ)J“G'XA

W?+\/?X2)2
EllipticF[ZAr‘cTan[d1i4x], 3} /(16 (-a)*?c* (bc-ad) (bc+ad) m +
cl/4
(Vb Ve +va Va )P (3be-sad) (Ve +vd ] | T
(\/?+\/?X2)2
(Vb Ve -vTa V| sax 1
EllipticPi|- » 2ArcTan| » =] /
4~/-a /b Ve +/d ct/4 "2

+

(32a2c1/4d1/4 (bc-ad) (bc+ad)+/c+dx*

(Vb Ve -v-a Vd |F (3be-sad) (Ve v x| | T
(Ve +/d )

(Vo Ve s va)? 4

, 2ArcTan|

L=/
a=a Vb T Vd SA

32a% ct/4 gt/ (bc—ad) (bc+ad) AJc+dx?

Result (type 6, 341 leaves):

EllipticPi|




300 | Mathematica 11.3 Integration Test Results for 1.1.3.4 (e x)~"m (a+b x”~n)”p (c+d x~n)~q.nb

5b (c+dx*) 11 5 dx* bx*
X ——+[25C<3bC—4ad)Appe11F1[—, -1, =, - , - ]/
a 4 2 4 c a
1 1 5 d x4 b x* .
-5acAppellF1[~, =, 1, =, - ——, - —] +2x* |2bc
4 2 4 C a
5 1 9 dx* b x* 5 3 9 dx* b x*
AppellF1[ =, =, 2, =, - ——, - — | +adAppellF1[~, =, 1, =, - —, - — | || +
4 2 4 C a 4 2 4 C a
4 5 1 9 d x4 b x* 5 1
9bcdx*AppellFl[=, =, 1, =, - —, - —| / -9acAppellFl[ =, =, 1,
4 2 4 c a 4 2
9 dx* b x* . 9 1 13 d x4 b x*
=, -, - —— | +2x* |2bcAppellF1[ =, =, 2, —, - ——, - — | +
4 c a 4" 2 4 c a
9 13  dx* bx*
adAppellFl[f, =, 1, f,—i,—i} ]) /[20(—bc+ad) <a+bx4>ﬂ/c+dx4
4 2 4 c a

Problem 669: Result unnecessarily involves higher level functions.

1
dx
cht (a+bxt)2Vcrdx®

Optimal (type 4, 1046 leaves, 11 steps):
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(7bc—4ad)\/c+dx4 bc+dx*

- + +

12a2c(bc—ad)x3 4a(bc—ad)x3(a+bx4)

p5/4 (7bcf9ad>Ar‘cTan[—\m} p5/4 (7bc—9ad>Ar‘cTan[ V-bcrad x
(~a)Y/4 b4 [ crd x? (~a)1/4 b1/4m

16 (-a)/4 (bc-ad)*? 16 (-a)1/* (-bc+ad)’?
4 1/4
d** (7bc-4ad) (\/?+\/d_x2) _cxrdxd EllipticF[ZAr‘cTan[d X], 1} /
(\/?+\/?x2>2 cte 2

+

(24a2c5/4 (bc—ad) AJc+dx?

b (Vb VS -a V| ¢ (7be-sad) (Ve ovd k2] | ST
(VC_+\/?X2)2

d1/4 %

EllipticF[2ArcTan|— =], 3} //(16 (-a)*2c¥* (bc-ad) (bc+ad)/c+dx* | -
2

C

b(db«ﬁ:+v_a«ﬁj)&”(7bc9ad)tﬁ:+¢d>@)J(v_Ci?H)2
c +Vd x?

1/4
EllipticF[ZAr‘cTan[d X], l} /(16 (-a)®2c* (bc-ad) (bc+ad)\/c+dx*

c1/4 2

b (b V< +v-a V|’ (7bc-9ad) (\EMHXZ)JW_“\jf)Z
c +vd x?

(\/F\/?—H\H)Z d1/4 x
» 2ArcTan|

L2/
av"a Vb Ve Vd ctt 2

(32a3c1/4d1/4 (bc-ad) (bc+ad)+/c+dx*

EllipticPi|-

b (Vb Ve ~v-a Vd | (7bc-9ad) (Ve «Vd x| J -

(Wﬂ/?xz)z
(Vb Ve «v-a Vd)’ dix 1
EllipticPi| » 2ArcTan | > ~] /
4+"a b Ve Vd et 2

323 ct/4 g4 (bc—ad) (bc+ad) AJc+dx?
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Result (type 6, 399 leaves):
[5 (c+dx*) (-4a?d+7b*cx*+4ab (c-dx*))

+
C

1 1 5 d x4 b x*
[25a(—21b2c2+20abcd+4a2d2)x4Appe11F1[—, =1, =y - -] /
4 2 4 C a
11 5 dx*  bx* .
-5acAppellF1[~, =, 1, =, - ——, - ——] +2X
4" 2 4 c a
5 1 9 d x4 b x* 5 3 9 d x4 b x*
2bcAppellFl|~, —, 2, =, -——, - —— | +adAppellF1|[~, =, 1, =, - ——, - — | || +
4 2 4 C a 4 2 4 C a
g 5 1 9 dx* b x*
9abd (-7bc+4ad) x®AppellF1|~, —, 1, f,f—,f—]/
4 2 4 C a
5 1 9 d x4 b x*
—9acAppe11F1[—, -1, = - > - } +
4 2 4 C a
. 9 1 13 dx* b x*
2x* |2bcAppellFl|~, =, 2, —, -—, - —] +ad
4 2 4 C a
9 3 13 d x* b x*
AppellF1[—, =, 1, —, - —, —})]]/(saaz(-buad)ﬁ (a+bx*)\/crdx*
4 2 4 C a

Problem 670: Result unnecessarily involves higher level functions.

6

X
dx
J(a+bx“)2\/c+dx4

Optimal (type 4, 1146 leaves, 13 steps):
Vd xVe+dx* x3\c+dx?

- +

4b(bc-ad) (Ve +\dx?] 4(bc-ad) (asbx!)
(3bc-ad) Ar‘cTan[M} (Bbcfad)ArcTan[M]

(_3)1/4b1/4 c+d x4 (—a)l/“bl/"‘ crd x4
v . \ _
16 (-a)¥*b%* (bc-ad)*? 16 (-a)¥4b%*4 (-bc+ad)’?
d 4 d1/4 1
cl/4 /4 (\/?+\/?x2) B L EllipticE[2ArcTan| X =] /
(\/?Jr\/?xz)z ct/4 2
(4b (bc—ad) AJerdx*t |+
d 4 d1/4 1
cl/4 g4 (\/?+\/Fx2) o crax EllipticF[2ArcTan| X =] /
2

(\/?-*—\/?XZ)Z c1/4
(Sb (bc-ad)~Jc+dx*
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e g e () |
Vb (\/?HHXZ)
EllipticF[ZAr‘cTan[dli;x], ;]/(mbcl/“(bcad) (bc+ad)Jc+dx* | -
[\/?Jr\/ia\/? d"* (3bc-ad) (\/?Jr\/sz) _ocedxd "
Vb (\/?Jrﬁxz)

1/4X

el ;]/ 16bc (be-ad) [be-ad)\crdx

EllipticF |2 ArcTan|

+

(Vb Ve +va Va )P (3be-ad) (Ve oy x| | T
(Ve «Vd x)

d1/4 X 1

EllipticPi|-

VBT vTE VA
,» 2ArcTan| 1> =]
42 b e V@ N

(32x/—a b3/2 ct/4 g1/4 (bc—ad) (bc+ad) \Jerdx*t | -

/

(Vb Ve -v-a Vd|F (3be-ad) (Ve oy x| | T
(Ve +d »?)

(Vb Ve +va Va ) vay 1 J
B 2Ar‘cTan[ ], f} /
a+/~a b Ve d v 2

[32\/—a b3/2 c1/4 g1/ (bc—ad) (bc+ad) w/c+dx4)

Result (type 6, 333 leaves):

EllipticPi|
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3 A ) 3 1 7 dx* b x*
X3 |7 (c+dx*) + |49ac AppellFl[~, =, 1, —, - , - }/
4 2 4 C a
3 1 7 d x4 b x* . 7 1
-7acAppellF1[~, =, 1, —, - , - | +2x* |2bcAppellFl|—, =, 2,
4 2 4 C a 2
11 d x4 b x* 7 3 11 d x4 b x*
=, - ——, - —— ] +adAppellF1][~, =, 1, —, - —, - —] || +
4 C a 4 2 4 C a
. 7 1 11 d x* b x* 7 1
11acdx*AppellFl|—, =, 1, —, - y -] / -11acAppellFl|—, —,
4 2 4 C a 4 2
11 d x4 b x* 4 11 1 15 d x* x4
1, —, -——, -—— | +2x* [2bcAppellF1[—, =, 2, —, - —, - —] +ad
4 C a 4 2 4 C a
11 3 15 d x4 b x*
AppellFl[=—, =, 1, —, - —, - —| ]]]/[28(—bc+ad) (a+bx*) Jcrdx?
4 2 4 C a

Problem 671: Result unnecessarily involves higher level functions.

X2
dx
J(a+bx4)2\/c+dx4

Optimal (type 4, 1144 leaves, 13 steps):
Vd xVc+dxt bx3+c+dx?
+
4a(bc-ad) (\/?Jr\/?xz) 4a(bc-ad) (a+bx?)

(bc-3ad) ArcTan[M} (bc—3ad)ArcTan[_\m]

(-a)Veu/a[cedxt (-a) /4 b1/ [crd xt
- +
16 (-a)**b¥* (bc-ad)>? 16 (-a)*/4b¥* (-bc+ad)’>?
4 1/4
cl/4 gt/4 ('\/?+\/?X2) _ocrdxd EllipticE[ZAr‘cTan[CI X 1} /
(\/?Jr\/?xz)z ct/4 2
(4a (bc—ad) AJc+dx?
4 1/4
cl/4 gt/4 ('\/?+\/?X2) _ocrdxd EllipticF[ZAr‘cTan[ X 1} /
(\/?Jr\/?xz)z ct/e 2

(Sa (bc-ad)\Jc+dx* | -

Ve d

-
Vb

d*”* (bc-3ad) (\EJr\/?xz) m
C o+ X

di/4 x

EllipticF[2ArcTan| ” ] l} /(16ac1/4 (bc-ad) (bc+ad)\/c+dx* |-
2

C
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[v1+vtg}ﬁ; ¢* (bc-3ad) (Ve +d x| L
Vb (Ve «vd x)?

d1/4 X

1
i ] ;} /(16ac1/4(bc—ad) (bc+ad)/c+dx*

EllipticF[2ArcTan|

(Vb Ve +vma Va )P (be-3ad) (Ve v x| | T
(Ve +vd x|

(\/F\/?,V,a ﬁ)z a4y . 1
» 2ArcTan| 1> =] /
4-/-a /b Jc \/d ct/e 2

(32 (-a)*>?+/b c/*d¥* (bc-ad) (bc+ad)+/c+dx*

EllipticPi|-

+

(Vb Ve -v-a Vd )P (be-3ad) (Ve o] | T
(Ve «Vd x)

EllipticPi|

(\/F\/?+x/—a ﬁ)z FEVZAN
, 2ArcTan| 1, =] /
4~/-a Vb +Jc \/d ct/4 2

(32 (-a)*>?+/b c/*d¥* (bc-ad) (bc+ad)Jc+dx*

Result (type 6, 342 leaves):

21b (c+dx*) 3 1 7 dx* bx*
x3 ——+[49c(bc—4ad)Appe11F1[—, =,1, —, - , - ] /
a 4 2 4 C a
3 1 7 d x4 b x* . 7 1
-7achAppellF1[~, =, 1, —, - , - | +2x* |2bcAppellFl|—, =, 2,
4 2 4 C a 4 2
11 d x4 b x* 7 3 11 dx* b x*
y —— | +adAppellFl|~, =, 1, —, - —, - —] || -
4 C a 4 2 C a
4 7 1 11 d x* b x* 7 1
33bcdx*AppellFl|—, =, 1, —, - ——, - —] / -11acAppellFl|—, —,
4 2 4 C a 4 2
11 d x4 b x* 4 11 1 15 d x4 b x*
1, —, - —, - | +2x* [2bcAppellFl[—, =, 2, —, - —, | +ad
4 C 4 2

4 C a
15 d x* b x*
> Ly T T T *7]

11
AppellF1 [ —,
4 4 C a

a
3
2

]]]/[84<bc+ad> (abx) feraxt
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Problem 672: Result unnecessarily involves higher level functions.

1
dx
sz (a+bx4)2\/c+dx4
Optimal (type 4, 1225leaves, 14 steps):
(5bc—4ad) Ve+dx4 \/?(Sbc—4ad)xx/c+dx4 b+ c+dx?

+ —

4a’c (bc-ad)x 4a2c (bc-ad) (\E+\/?X2) 4a(bc-ad)x (a+bx*)

b3/4(5bc77ad>ArcTan[—\m} b3/4(5bc—7ad>Ar'cTan[ v/ -bcrad x }

(~a)Y/4 b4 <[ crd x? ~ (-a) V4 bY/4 [ crd X4 _
16 (-a)%* (bc-ad)*? 16 (-a)%* (-bc+ad)>?
4 1/4
d”* (5bc-4ad) (\/?+\/?x2) L crdxd EllipticE[2ArcTan]| X], 1} /
e T )’ ¢ 2

+

(4a2c3/4 (bc—ad) AJc+dx?

d4 (sbc-4ad) [Vc ++/d x? _cxdx® EllipticF[2ArcTan d' x s 1
( ) )J(mez)z [ 2|/
(Sazc”“(bc—ad)m "
T e () |
\m (\/?+\/?X2)2
EllipticF[ZAr‘cTan[d1i4x], 3} /(16a2c1/4(bc—ad) (bc+ad)/crdx® |+
cl/a v
b[\/?+\/—a\/d—Jd1/4(5bc7ad) (Ve «Vd 22 _cxdxt
Vb (Ve -vd x)’

1/4
EllipticF[ZAr‘cTan[d X], E} /(16a2c1/4 (bc-ad) (bc+ad)/c+dx*

cl/a 2

\/F(\/F\E+\/:\H)2(5bc—7ad) (\/?+\HXZ)JMC+:;14)2
c +Vd x?
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EllipticPi[-

(Vb Ve -a Vd )’ dix 1
B ZAPcTan[ }, f] /
4+/=a Vb Ve Vd s T2

(32 (-a)*2ct*dV* (bc-ad) (bc+ad)/c+dx*

+

Vb (Vb Ve -v-a Vd |7 (sbc-7ad) (Ve «/d x]

(Vb Ve +a vd ) iy 1
R 2Ar‘cTan[ 1 ], f} /
av"a Vb Ve Vd c 2

[32 (-a)*2ct*dV* (bc-ad) (bc+ad)/c+dx*

Result (type 6, 399 leaves):
[21 (c+dx*) (-4a’d+5b2cx*+4ab (c-dx*))

EllipticPi|

C
3 7 d x* b x*
(49a(5b2c212abcd+4a2d2>x4AppellF1[, =, 1, 7,7—,7—]/
4 2 4 C a
3 1 7 d x4 b x* .
-7acAppellF1[~, =, 1, —, - , - | +2x* |2bc
4" 2 4 C a
7 1 11 dx* b x* 7 3 11 dx* b x*
AppellFl[~, =, 2, —, - ——, - ——| +adAppellFl|~, =, 1, —, - —, - ——
4 2 4 C a 4 2 4 C a
e 7 1 11 d x4 b x*
33abd (5bc-4ad) x®AppellF1[—, —, 1, 71_7)_7]/
4 4 C a
7 1 11 d x* b x*
-1lacAppellFl|—, =, 1, —, - ——, - —— | +
4 2 4 C a
4 11 1 15 d x4 b x*
2x* |2bcAppellFl[—, =, 2, —, -—, - —] +ad
4 2 4 C a
11 3 15 d x* b x*
AppellFl|[—, =, 1, —, - , - ] ]]/(84a2 (-bc+ad) x (a+bx*) yJc+dx*

4 2 4 C a

Problem 676: Result more than twice size of optimal antiderivative.

[t
(a+bx*) Vc+dx?t
Optimal (type 6, 81 leaves, 2 steps):

1+m dx* 1+m _ X
(e Xx) [1+ . AppellF1[4,1,ZJ .’ ) .

ae (1+m) Ve+dx?

=
%)
+
=
o
x
1S
|
a
x
S
[

| 307
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Result (type 6, 282 leaves):
1

(1+m) Ve+dx*

4 1+m 1 5+m dx* b x*
x(ex)™|-||labc (5+m) (c+dx)AppellF1[—,——, 1, ,——,f—}/
4 2 4 C a
. 1+m 1 5+m d x4 b x*
(-bc+ad) (a+bx*) |ac (5+m) AppellF1[——, - =, 1, e
4 2 4 C a
A 5+m 1 9+m d x* b x*
2x* |-2bcAppellF1] y -7 2, y - > - ]+
2 4 c a
5+m 1 9+m d x4 b x*
adAppellFl[—, — 1, » T T *—] -
4 2 4 C a
d x4 . 1 1+ 5+ dx*
d [1+95 Hyper‘geometr‘1c2F1[;, I —TX]

bc-ad

Problem 677: Result more than twice size of optimal antiderivative.

J (ex)m dax
(a+bx4)2\/c+dx4

Optimal (type 6, 81 leaves, 2 steps):

m [, Xt Lem 1 5m bxt  dx*
(ex)tm [1+ AppellF1[4,2,2, 4,-6,—c]

ate (1+m) Ve +dx?

Result (type 6, 488 leaves):
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1
(1+m) Ve+dx?

4 1+m 1 5+m dx* b x*
x (ex)™|-||abcd (5+m) (c+dx*) AppellF1|

((bc-ad)2 (a+bx*)

1+m 1 5+m d x* b x4
ac (5+m) AppellFi| =1
4

. 5+m 1 9+m dx* b x*
2 X —2bcAppe11F1[ sy — 7 2, sy T T, *7] +
4 2 4 C a
5+m 1 9+m d x4 b x*
adAppellFl[—, =, 1, , - s - ] -
4 2 4 C a

. 1+m 1 5+m b x* d x*
abc (5+m) (c+dx>Appe11F1[—, 2, -— -
4

a2 1+m 1 5+m bx* dx*
((—bc+ad) (a+bx*) [ac(5+m)Appe11F1[4, 2, - — -

) ) . }"’
2 4 a (@
. 5+m 1 9+m b x* dx*
2x* |adAppellF1[——, 2, —, e | -
2 a C
5+m 1 9+m b x* dx*

4bcAppe11F1[7, 3, -—, > T T s T ] +

4 4 a C
2 | dx4 : 1 1:m  5:m_dx*
d 1+ . Hyper‘geometr1c2F1[2, 2’ 2 . }

(bc-ad)?

Problem 678: Result more than twice size of optimal antiderivative.

(ex)"
dx
J(a+bx“)3\/c+dx4
Optimal (type 6, 81 leaves, 2 steps):

1+m dx* 1+m bxt  _4dx
(eXx) [1+ . AppellF1[4,3,2, .’ p .

a*e (1+m) Vec+dx?
Result (type 6, 209 leaves):

=
0]
+
E]
o
<
S
a
x
S
[
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+m 1 5+m b x* dx4]
_ , - —

([ac (5+m) X (ex)"‘AppellFl[1

4
4
((1+m) (a+bx“)3x/c+dx4 (—ac (5+m) AppellFl[llm, 3, E, 5+m, _bx , -

2 4 a

. 5+m 3 9+m b x4 d x4
2x* |adAppellFi| , 3, &, e e
2 4 a C
5+m 1 9+m b x* dx*
6bcAppellF1[ s 4, —, > T T —7}
2 4 a C

Problem 682: Result more than twice size of optimal antiderivative.

(ex)"
J dx
(a+bx?) (c+dx4)3/2
Optimal (type 6, 84 leaves, 2 steps):

1+ dx* 1+m 3 5+m b x* dx*
(ex)tm [1+© AppellF1[:n, 1, 2, &0, 0 4]

ace (1+m) Ve+dx4

Result (type 6, 329 leaves):

5 4 1+m 1 5+m d x* b x*
x (ex)™||ab%c (5+m) (c+dx)AppellF1[7,—f, 1, e /
4 2 4 C a
. 1+m 1 5+m d x* b x*
(a+bx*) ac (5+m) AppellF1]| , -—, 1, e
4 2 4 C a
4 5+m 1 9+m dx* b x*
2x* |-2bcAppellFl] s - 2, s - s - |+
4 2 4 c a
5+m 1 9+m dx* b x*
adAppellFl[ sy 1, —, - —, 77] -
4 2 4 C a
x4 . 1 1+m 5+m d x4
bd [1+ Hypergeometric2F1| =, s e
c 2" 4 4 c
dxt i 3 1lwm 5em_dx*
d(bc-ad) [1+ ; Hyper‘geometr‘1c2F1[2, W e C] /
c

((bc—ad)2 (14m)\/c+dx?
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Problem 683: Result more than twice size of optimal antiderivative.

J (ex)M dx
(a+bx4)2 (c+dx“)3/2

Optimal (type 6, 84 leaves, 2 steps):

1+ dxt 1+m 3 5:m bxt dxt
(ex)Tm 1+ ; Appe11F1[4,2,2, e c]

a’ce <1+m) Ve+dx*

Result (type 6, 210leaves):

1+m 3 54+m b x* d x*
- ac(5+m)x(ex)mAppe11F1[ > 2, —, ,7—,7—]/
2 4 a C
1+m 3 54+m b x* d x4
((1+m) (a+bx“)2<c+dx4)3/2 -ac (5+m) AppellF1| o, 2, 220 , - ]+
2 4 a C
. 5+m 5 9+m b x* dx*
2x* |3adAppellF1| —, 2, —, s —— ]+
4 2 4 a C
5+m 3 9+m bx* dx*
4bcAppellFl| ,3, =, g m—y - —]
2 4 a C

Problem 684: Result more than twice size of optimal antiderivative.

(ex)"
J dx
(a+bx*)? (c+dx4)3/2
Optimal (type 6, 84 leaves, 2 steps):
(e x)1+m /1+dc—x“ AppellF1[ M, 3, 2, =m, £, _d
ace <1+m) Ve+dx4

Result (type 6, 209 leaves):

|w
0]
+
E]
o
<
1S
a
x
S
[

1+m 3 5+m b x* dx*

([ac (5+m) x (ex)™AppellF1]|

1+m

((1+m) (a+bx“)3 <c+dx4)3/2 ~ac (5+m) AppellF1|

4 5+m 5 9+m b x4 d x4
6 x* |adAppellFi| ,3, =, e e
2 4 a C
5+m 3 94m b x* dx*
2bcAppe11F1[7, 4, —, , - —7}
4 2 4 a C
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Problem 688: Result unnecessarily involves higher level functions.

1
dx
Jx <a+bx6) Ve+dxt

Optimal (type 3, 85leaves, 6 steps):
Ar‘cTanh[lz“dx6 ] \/FAr‘cTanh[Lﬁ cdx® ]

~ N . bc-ad
3a+c 3ayvbc-ad

Result (type 6, 162 leaves):

6 3 1 5 C a
[dex AppellFl[=, =, 1, =, - —, - —| /
22 2 d x® b x8
3 1 5 C a
(9 (a+bx°) W(—destppellFl{f, T

2 2 2 d x® b x®

5 1 7 c a 5 3 7 c a

2adAppellFl[=, =, 2, —, -——, -——| +bcAppellF1[=, =, 1, =, - ——, - —]| )
2 2 2 d x® x6 2 2 2 d x8 b x®

Problem 689: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1
dx
‘{ﬂ(a+bﬂ)vz+dx5
Optimal (type 3, 117 leaves, 7 steps):
Verdxe (2berad) ArcTanh[ L€ ] 22 prcTanh [ Ve oledx ]

_ + Ve _ Vbc-ad
6acx’ 6a% c¥2 3a2vbc-ad
Result (type 6, 410 leaves):
1 1 d x® b x® 1 d x8 b x®
6bdx'2AppellF1[1, —, 1, 2, - » =] / ~4achppellFl[1, =, 1,2, - —, - —] +
2 C a 2 a
6 1 dx®  bx® 3 dx® bxb
2bcAppellFl[2, —, 2,3, -——, - ——| +adAppellF1[2, =, 1,3, -—, - — ||| +
2 c a 2 C a
3 1 5 C a
(dexs(a(3c+2dx6>+bx6(c+3dx5))AppellF1[f =, 1, &, 7,77}7
272 2 dx® bx®
5 1 7 c a
3(a+bx®) (c+dx®) |[2adAppellF1[=, =, 2, =, - ——, - ——| +
2 2 2 d x® b x8
5 3 7 C a
bcAppellFl[ =, =, 1, —, - ——, - ——] )/
2 2 2 d x® b x8
6 3 1 5 C a 5 1 7 C
[ac(—dex AppellFl[— - 1, —,——,——]+2adAppellF1[— — 2, —y ——,
27277727 dxs’ bxe 2 2 2 dxS
a 5 3 7 C a
-—]| +bcAppellFl|=, =, 1, —, - —, - — ]]/ 18 x® (a+bx®) +/c+dx®
bxs} [2 2’ 2 d x® bxs} < )
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Problem 695: Result more than twice size of optimal antiderivative.

4

J(a+bx5)xm

dx

Optimal (type 6, 64 leaves, 2 steps):

s[4, dx s 111 bx _d
x> 1+ @ Appe11F1[6,1, S e c]
5a+/c+dx®

Result (type 6, 165 leaves):

s 5 1 11 d x® b x®
-||11acx AppellFl[f, -1, — -—, - ] /
6 2 6 C a
5 1 11 d x® b x®
(5 (a+bx®) +/c+dx® [—llacAppellFl[—, =, 1, —, -——, -——] +3x% |2bcAppellF1]

6 2 6 C a

11 1 17 d x® b x® 11 3 17 d x8 b x®

) 2: T T T *—] *adAPPellFl[_) E) 1: T T T *_]

6 2 6 C a 6 2 6 C a

Problem 696: Result more than twice size of optimal antiderivative.

3
J X dx
(a+bx5) ve+dxs

Optimal (type 6, 64 leaves, 3 steps):

a [q . dx® 2 1 5 _bx® _dx®
xt [1+ @ Appe11F1[3,1, s, - ]

4a~c+dx®
Result (type 6, 165 leaves):
. 2 1 5 d x® b x®
-l|5acx AppellFl[—, -, 1, —,——,——]/
3 2 3 C a
2 1 5 d x® b x®
(2 (a+bx®) \Jc+dx® |-1@acAppellF1[—, =, 1, =, -—, - — | +3x° |2bc
3 2 3 C a
5 1 8 d x® b x® 5 3 8 d x® b x®
AppellFl| =, =, 2, —, -——, - ——| +adAppellF1[~, =, 1, —, - ——, - —|
3 2 3 C a 3 2 3 C a

Problem 697: Result more than twice size of optimal antiderivative.

e
dx
J(a+bx5) Ve+dxt

Optimal (type 6, 64 leaves, 3 steps):



314 | Mathematica 11.3 Integration Test Results for 1.1.3.4 (e x)~"m (a+b x”~n)”p (c+d x~n)~q.nb

2 dx® 1 1 4 bx® dx®
x2 |1+ ; Appe11F1[3,1,2,3,— =, - C]
2a+vc+dx®

Result (type 6, 163 leaves):

5 1 1 4 d x® b x8
-||4acx AppellFl[f, -1, —, -
3

2 3 C a
((a+bx5>m

AppellF1|

1
-8acAppellFi[—,
3

2
7 d x® b x®
» 2, =, - y — } +adAppe11F1[
3 C a

WS
N R

3

Problem 698: Result more than twice size of optimal antiderivative.

1
dx

J(a+bx5) Ve+dx®
Optimal (type 6, 59 leaves, 2 steps):

dx® 1 17 b x® dx®
x |1+ 9 Appellf1[l, 1, 2, 2, 02X, X

avec+dx®

Result (type 6, 161 leaves):

1 1 7 d x® b x®
_ 7achppe11F1[—, -, 1, —,——,——}/
6 2 6 C a

d x® b x®

1 1 7
((a+bx5)«/c+dx6 -7acAppellFl[ =, =, 1, =, - ——, - ——
6 2 6 C a
1 13 d x® b x8 7 3 13
=, 2, —, - , - ——| +adAppellFi[—, =, 1, —,
2 6 C a 6 2 6

]+3X6

d x°®

C

7
2b cAppellFl| —,
6

]

b x®

]

a

Problem 699: Result more than twice size of optimal antiderivative.

1
dx
sz (a+bx®) Vc+dx®
Optimal (type 6, 62 leaves, 2 steps):
[1+ dC—X5 AppellF1[-%, 1, >, 2, —bai, —dc—xs}

axvc+dx®
Result (type 6, 344 leaves):
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1
55x /¢ +dx®
55 (c+dx8) . 5 1 11 dx®  bx° 6
i 121<bc—2ad)xAppellF1[f, -, 1, f,—i,—i]/ (a+bx®)
ac 6 2 6 C a
5 1 11 dx5  bx® . 1 1 17 dx
-1lacAppellFl[~, =, 1, —, - ——, - ——] +3x°® [2bcAppellF1| —, =, 2, —, - —,
6 2 6 C a 6 2 6 C
b x® 11 3 17 d x® b x®
——} +adAppellF1{—, 1, — -, ——} -
a 6 2 6 C a
1 11 1 17 d x® b x®
170bd x* AppellFl|~—, ~, 1, —, - ——, - —| /
6 2 6 C a
. 1 1 17 dx® bxS . 17 1
(a+bx®) |-17acAppellF1[—, —, 1, —, -——, - ——| +3x° |2bcAppellF1| —, —,
6 2 6 C a 6 2
23 d x® b x® 17 3 23 d x® b x®
2, —, -——, -—— | +adAppellF1| —, =, 1, —, - ——, - —|
6 C a 6 2 6 C a

Problem 700: Result more than twice size of optimal antiderivative.

1
dx
Jx3 (a+bx6) ve+dxe

Optimal (type 6, 64 leaves, 3 steps):

dx® 1 102 b x® dx®
[1+ 95 AppellFl[—;, 1, 3, 2, -0, _T}

2ax?Vc+dx®
Result (type 6, 345leaves):
1
20x2+Vc+dx®
10 (c +d x® 2 1 5 d x® b x®
-¥+(25 (2bc-ad) x®AppellFl|[—, —, 1, =, - ——, - —| /[(a+bx6)
ac 32 3 c a
2 1 5 d x® b x® 6 5 1 8 d x®
-10acAppellFl|—, =, 1, =, -——, - ——| +3x® |2bcAppellF1[ =, =, 2, —, - —,
3 2 3 C a 3 2 3 C
b x® 5 3 8 d x® b x®
-——] +adAppellF1| =, =, 1, —, - ——, - —| _
a 3 2 3 C a
X6

5 1 8 d x® b
[16bdx12AppellF1[—, =1, =y -y -] /[(a+bx6)
3 2 3 C a
5 1 8 d x® b x® 6 8 1
~16acAppellF1[=, =, 1, —, - ——, - —] +3x® [2bcAppellF1[—, =, 2,
3 2 3 C a 3 2
11 d x°® b x® 8 3 11 d x® b x®
—, -——, -——] +adAppellF1[—, =, 1, —, - —, - —]
3 C a 3 2 3 C a
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Problem 701: Result more than twice size of optimal antiderivative.

1
dx
st (a+bx6) Ve +dxt

Optimal (type 6, 64 leaves, 3 steps):

dx® 2 101 b x® dx®
LS AepellFL[ -2, 1, 5, 2 2 S

4dax*c+dxb
Result (type 6, 344 leaves):
_ 1
16 x* vV c +d x®
4 (c+dx8) 11 4 dx® bx°
o 16<4bc+ad)xAppellF1[f -, 1, f,—i,—i]/ (a+bx®)
ac 3 2 3 C a
1 1 4 d x® b x® 4 1 7 d x®
-8acAppellFl[~, =, 1, -, -——, - ——| +3x° |[2bcAppellF1|—, =, 2, —, - —,
3 2 3 C a 3 2 3 C
b x® 4 3 7 d x® b x®
-——] +adAppellFi[—, =, 1, =, - ——, - —] +
a 3 2 3 C a
4 1 d x® b x®
[7bdx12AppellF1[ =1, =,y -] /((a+bx6)
3 2 3 C a
4 1 7 d x® b x® 1
-14acAppellFl|—, =, 1, —, - ——, - — | +3x° 2bcAppellF1[ =, 2,
3 2 3 C a 2
10 d x® b x® 7 3 10 dx6 bx6
—,-——, -——] +adAppellF1[—, =, 1, —, -
3 C a 3 2 3

Problem 705: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

dx

1
Jx (a+bx"’)2\/c+dx6

Optimal (type 3, 132leaves, 7 steps):
ArcTanh [@] Vb (2bc-3ad) ArcTanh| M}

b~/ c+dx® ) N N Vbcad
a(bc-ad) (a+bx®) 3a2+/c 6a2(bc—ad)3/2

Result (type 6, 396 leaves):



Mathematica 11.3 Integration Test Results for 1.1.3.4 (e x)~m (a+b x~n)"~p (c+d x~n)”~q.nb | 317

. 1 dx®  bxb
b||6cdxSAppellF1[1, =, 1,2, -—, - —| /
2 C a
1 dx® bx® 6
-4achAppellFl[1, =, 1,2, - ——, - —] +Xx

2 C a

1 dx® bx® 3 dx® bxb
2bcAppellFl[2, =, 2,3, -——, - —] +adAppellF1[2, =, 1,3, - —, - —| || +

2 C a 2 C a

6 6 3 1 5 C a
5dx® (2ad+b (c+3dx®)) AppellF1[ =, =, 1, =, - ——, - —| -
2 2 2 dx® Dbx°
5 1 7 C a
2adAppellFl[ =, =, 2, —, - ——, - ——| +
2 2 2 dx® b x®

/o foven

5 C a 5 1 7 C a
, 1, =, - ——, -——| +2adAppellF1[~, =, 2, —, - ——, - ——| +
2 d x® b x® 2 2 2 d x6 b x6

])]/ [18 (-bcrad) (a+bx®)~/crdx®

3 (c+dx6>

3 7 C a
bcAppellFl[ =, =, 1, —, - ——, - ——]|
2 2 d x® b x®

>
2
3 1
AppellFl[f, —
2 2

5 3 7 c a
bcAppellFl[—, =1, = -—, *_]
272 2 dx® bx®

Problem 706: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1
dx
Jx7 (a+bx6)2\/c+dx6

Optimal (type 3, 185leaves, 8steps):
b(2bc-ad) Vc+dx e+ dxt

_6a2c (bc—ad) (a+bx6> _6acx6 (a+bx6)

(4bc+ad) Ar‘cTanh[@] b2 (4bc-5ad) Ar‘cTanh[JFb c*ddxﬁ ]
C \ c-a
6 a3 c3/? 6 a3 (bc—ad)3/2

Result (type 6, 489 leaves):
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1 1 d x® b x®
6abd (-2bc+ad) x?AppellF1[1, —, 1,2, - ——, - — | /
2 C a
1 d x® b x® 6
(-bc+ad) |-4acAppellF1[1, —, 1,2, -—, -— | +x°|2bc
2 C a
1 d x® b x® 3 d x®
AppellF1[2, =, 2,3, -——, - —| +adAppellF1[2, =, 1,3, - ——, - ——
2 C a 2 C

(dexs(—azd(3c+2dx6)+2b2cx6(c+3dx6)+3ab(c2+cdx5—d2x12))

3 1 5 C a
AppellFl[ =, =, 1, =, - ——, - ——| +

2 2 2 d x® b x8

3 (c+dx®) (a®d-2b’cx®+ab (-c+dx®)) [ZadAppellFl[E, 1, 2, Z, -

2 2 2 d x®
bcA e11F1[E 20,7, & —] )/
PP 272777 27 dxs’ bxe

6 3 1 5 C a
-5bdx®AppellFl[ =, =, 1, =,
272

7 C a

c(bc-ad -
(( ) 2" dx¢’ bxe
5 1 7 C a
2adAppellFl[ =, =, 2, =, - ——, -——| +
22 2 d x°® b x®
5 3 7 C a
bcAppellF1[ =, =, 1, =, - ——, - ——| ])/(mazxs (a+bx6>4/c+dx6]
2 2 2 d x8 b x®

Problem 712: Result more than twice size of optimal antiderivative.

X4
dx
J (a+bx°) 2\/c+dxt
Optimal (type 6, 64 leaves, 2 steps):

5 [q ., dx® 5 1011 bx*  dx®
X 14 ® Appe11F1[6,2,2, Co i, - C]

5aZ+/c+dx®
Result (type 6, 342 leaves):

ey

b x®

a

]
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55b (c+dx°) 5 1 11 d x® b x®
S (121c (bc—6ad> AppellFl| =, =, 1, —, - ——, - —] /
a 6 2 6 C a
5 1 11  dx®  bx® ] 11 1
-11acAppellFl| =, =, 1, —, - ——, - ——| +3x° |2b cAppellFl| —, —, 2,
6 2 6 C a 6 2
17 d x® b x® 11 3 17 d x® b x®
—, - ——, - —] +adAppellF1[—, =, 1, —, - ——, - —] || -
6 C a 6 2 6 C a
6 11 1 17 dx® x8
170 b cd x® AppellFl[—, =, 1, —, - ——, - —| /
6 2 6 C a
11 1 17 d x® b x®
-17acAppellFl[~—, =, 1, —, - ——, - —] +
6 2 6 C a
6 17 23 dx® bx®
3x5|2bcAppellFl|—, =, 2, —, -——, - —| +ad
6 2 6 C a
17 3 23 d x® b x®
AppellFl|—, =, 1, —, - —, - —| ]]]/ (330 (-bc+ad) (a+bx®)/c+dx®
6 2 6 C a

Problem 713: Result more than twice size of optimal antiderivative.

3
J . dx
(a+bx5)2\/c+dx6
Optimal (type 6, 64 leaves, 3 steps):

4 [q, dx° 2 1 5 _bx® _dx®
xt [1+ @ AppellFl[g,Z,z,g,—a, c]

432+ c+dx®
Result (type 6, 342leaves):
5b(c+dx6> 2 1 5 d x¢ b x&
x4 —+[25c(bc3ad)Appe11F1[—, =, 1, —,7—,7—]/
a 3 2 3 C a
2 1 5 d x® b x® 6
-1@acAppellFl[—, =, 1, =, -——, - — | +3x® |2bc
372 3 c a
5 1 8 d x® b x® 5 3 8 d x® b x®
AppellFl][ =, =, 2, =, - —, - | +adAppellFl| =, =, 1, —, - —, - — | || -
3 2 3 C a 3 2 3 C a
6 5 1 8 d x® b x® 5 1
8bcdx AppellFl[—, 1, = - _—] / —163CAppellF1[_, - 1,
372 3 c a 32
8 dx® bx° s 8 1 11 dx® bx®
—, -, - —— | +3x® |2bcAppellF1[—, =, 2, —, - ——, - — | +
3 C a 3 2 3 C a
8 3 11 d x® b x®
adAppellFl[—, =, 1, —, - ——, - —| ]] /(30(—bc+ad) (a+bx®) \/c+dx®
3 2 3 C a
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Problem 714: Result more than twice size of optimal antiderivative.

X
dx
J(a+bx5)2\/c+dx5

Optimal (type 6, 64 leaves, 3 steps):

2 dx® 1 1 4 bx® dx®
x2 |1+ ; Appe11F1[3,2, a1 ]

2a%2+\/c+dx®
Result (type 6, 343 leaves):
4b (c+dx®) 1 1 4 dx® bx®
x2 ——+[32c(2bc—3ad>AppellF1[—, =, 1, —,——,——]/
a 3 2 3 C a
1 1 4 d x® b x® .
-8acAppellFl[~, =, 1, -, -——, - —] +3x% |2bc
3 2 3 C a
4 1 7 d x® b x® 4 3 7 d x® b x®
AppellFl|—, =, 2, —, - ——, - ——| +adAppellF1[—, =, 1, —, - ——, - — ||| +
3 2 3 C a 3 2 3 C a
6 4 1 7 dx®*  bx® 4 1
7bcdx®AppellFl[—, =, 1, —, - ——, - —] / -14acAppellFl|—, —, 1,
3 2 3 C a 3 2
7 d x® b x® 6 7 1 10 d x® b x®
— -, - —— | +3x% |2bcAppellFl[~, =, 2, —, - ——, - — ] +
3 C a 3 2 3 C a
7 3 10 dx® b x°®
adAppellFl[f, =, 1, f,—i,—i] ]J /[24(—bc+ad) <a+bx5>ﬂ/c+dx6
3 2 3 C a

Problem 715: Result more than twice size of optimal antiderivative.

1
dx
J(a+bx5)2\/c+dx5
Optimal (type 6, 59leaves, 2 steps):

dx® 1 107 b x® dx®
X l1+T AppellFl[g, 2, 20 6 T a0 —T]

a2+ c+dx®
Result (type 6, 341 leaves):




Mathematica 11.3 Integration Test Results for 1.1.3.4 (e x)~m (a+b x~n)"~p (c+d x~n)”~q.nb | 321

7b (c+dx6)

1 1 7 d x® b x®
X|-—————"+|49c (5bc-6ad) AppellF1[—, —, 1, —, - —, - —] /
a 6 2 6 C a
1 1 7 d x® b x® . 7 1
-7achAppellFi[~, =, 1, =, - ——, - ——] +3x® |2bcAppellF1|—, —, 2,
6 2 6 C a 6 2
13 d x® b x® 7 3 13 d x® b x®
=, -, - ——] +adAppellF1[—, =, 1, —, - ——, - — ||| +
6 C a 6 2 6 C a
. 7 1 13 d x® b x8 7 1
26bcdx®AppellFl|—, =, 1, —, - y -] / -13acAppellFl|—, —,
6 2 6 C a 6 2
13 d x® b x® 6 13 1 19 d x® x®
1, —, -——, - ——] +3x® |2bcAppellF1[—, =, 2, —, - ——, - —] +ad
6 C a 6 2 6 C a
13 3 19 d x® b x®
AppellFl[—, =, 1, —, - —, - —| ]]]/[42(bc+ad) (a+bx®)\/c+dx®
6 2 6 C a

Problem 716: Result more than twice size of optimal antiderivative.

1
dx
sz (a+bx6)2\/c+dx6

Optimal (type 6, 62 leaves, 2 steps):

dx® 1 1 5 b x® dx®
LS AepellFL[ -0, 2, 0y L -2 -

aZzxVc+dx®

Result (type 6, 399 leaves):
[55 (c+dx®) (-6a?d+7b>cx®+6ab (c-dx°))

C

5 1 11 d x® b x®
(121a (7b>c*-24abcd+12a®d?) x®*AppellF1[ =, —, 1, —, - —, - —| /
6 2 6 c a
5 1 11 dx® bxS . 1 1
-1lacAppellFl[~, =, 1, —, - ——, - ——] +3x° |2bcAppellF1| —, —,
6 2 6 C a 6 2
17 x6 x® 11 3 17 d x® b x®
2, —, -——, -—— | +adAppellF1[ —, =, 1, —, - —, - 1+
6 c a 6 2 6 C a
1 11 1 17 d x® b x®
176abd (7bc-6ad) x" AppellFl|—, —, 1, —, - ——, - —| /
6 2 6 C a
11 1 17 d x® b x®
—17acAppellF1[f, -1, — - - ] +
6 2 6 C a
6 17 1 23 d x® b x®
3x5 |2bcAppellFl|—, =, 2, —, -——, - — | +
6 2 6 C a
17 3 23 d x® b x®
adAppellFl[—, -1, — -— ——] /
6 2 6 C a

(330a2 (-bc+ad) x (a+bx® \/c+dx5)
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Problem 717: Result more than twice size of optimal antiderivative.

1
J dx
x3 (a+bx6)2\/c+dx6
Optimal (type 6, 64 leaves, 3 steps):
dx® 15, 1 2 _bx® _dx
1+ 95 AppellFl[- 2,2, o, 2, - 2%, - O]
2a’2x2Vc+dx®

Result (type 6, 399 leaves):
10 (c+dx®) (-3a2d+4b2cx®+3ab (c-dx°))

C

2 1 5 d x® b x®
(25a(8b2c2—15abcd+3a2d2)stppellFl[, =, 1, f,—i,—f]/
3 2 3 C a
2 1 5 d x® b x® 6
-1@acAppellFl[~, —, 1, =, - ——, - — | +3x
3 2 3 c a
5 1 8 d x® b x8 5 3 8 d x® b x8
2bcAppellFl| =, =, 2, —, -——, - — | +adAppellF1| =, =, 1, —, - ——, - — | | | +
3 2 3 C a 3 2 3 C a
1 5 1 8 d x® b x®
16abd (4bc-3ad) x'?AppellF1[—, —, 1, —,-—,-—]/
3 2 3 C a
5 1 8 d x8 b x8&
716acAppe11F1[f, -1, = -—, —7] +
3 2 3 C a
6 8 11 d x® b x®
3x% |2bcAppellFl|—, =, 2, —, -—, -—] +ad
3 2 3 C a
8 3 11 d x® b x® 5 5 6 .
AppellFl|—, =, 1, —, - ——, - —| /(GOa (-bc+ad) x* (a+bx®) \/c+dx
3 2 3 C a

Problem 718: Result more than twice size of optimal antiderivative.

1
dx
st (a+bx6)2x/c+dx6
Optimal (type 6, 64 leaves, 3 steps):

dx® 2 1 1 b x® dx®
LS AepellFL[ -2, 2, 0, 2y -2 -5

4a2x*\/c+dx®
Result (type 6, 399 leaves):
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4 (c+dx®) (-3a2d+5b%cx®+3ab (c-dx®))

+
C

1 1 4 d x® b x&
(16a(—20b2c2+21abcd+3a2d2)stppellFl[—, =, 1, —,——,——]/
3 2 3 C a
1 1 4 d x® b x® 6
-8acAppellF1[~, =, 1, —, -——, - ——] +3x
3 2 3 C a
4 1 7 d x® b x8 4 3 7 d x® b x8
2bcAppellFl|—, =, 2, —, -——, -— | +adAppellFl|—, =, 1, —, - ——, - — | | | +
3 2 3 C a 3 2 3 C a

1 4 1 7 d x® b x®
7abd (-5bc+3ad) x*AppellF1|—, —, 1, —,——,-—]/
3 2 3 C a
4 1 7 dx5 bx®
-14achAppellFl|—, =, 1, =, - ——, - — | +
3 2 3 C a
6 7 1 10 d x® b x®
3x° [2bcAppellFl[—, =, 2, —, - ——, - —] +ad
3 3 C a
7 3 10 d x® b x®
AppellFl[*, - 1, ,,})]]/(48a2<bc+ad> x4 <a+bx6>«/c+dx6
3 2 3 C a

Problem 722: Result unnecessarily involves higher level functions.

1
dx
Jx (a+bx8) Vve+dxd

Optimal (type 3, 85leaves, 6 steps):

Ar‘cTanhP:Cfix8 ] \/FAr‘cTanh{Lﬁb “ddxs ]
C VDbC-a
+

4a-/c 4a+/bc-ad
Result (type 6, 162 leaves):

)

8 3 1.5
5bdx®AppellFl[ =, =, 1,

272 2

b

]

-5bdx® AppellF1] i,
2
a

5 C a
(12(a+bx8)«/c+dx8 T I
2 d x8 b x8
5 1 7 C 5 3 7 C a
2adAppellFl| =, =, 2, =, -——, - ——| +bcAppellF1[~, =, 1, —, - ——, - ——] )
2 2 2 dx8 b x8 2 2 2 d x8 b x8

Problem 723: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1
dx
ch“ (a+bx8) ve+dxB

Optimal (type 3, 117 leaves, 7 steps):
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@ \m +d 8
_m+ (2bc+ad) ArcTanh| C\FX | b¥2ArcTanh| \/ﬁ( ]

8acx® 8 a2 ¢3/2 432+bc-ad

Result (type 6, 410leaves):

16 1 d x8 b x8 1 dx8 b x8
6bdx* AppellFl[1, ~, 1,2, -—, - ] / -4acAppellFl[1, —, 1,2, - ——, - —| +
2 C a 2 C a
e 1 dx® b x8 3 d x8 b x8
x® |2bcAppellFl(2, =, 2,3, -——, - —— | +adAppellF1[2, =, 1,3, - —, - — ||| +
2 C a 2 C a
3 1 5 C a
(dex8 (a(3c+2dx®) +bx® (c+3dx®)) AppellFl|[=, —, 1, =, - , - —] -
22 2 dx8 b x®
5 1 7 C a
3(a+bx®) (c+dx®) |2adAppellF1[~, =, 2, =, - ——, - ——| +
272 2 dx® bx®
5 3 7 C a
bcAppellFl[ =, =, 1, =, - ——, - ——| )/
2 2 2 d x8 b x8
. 31 5 c a 5 1 7 c
(ac [—dex AppellFl|[ =, =, 1, =, -——, -——| +2adAppellF1[~, =, 2, —, - s
2 2 2 dx8 b x8 2 2 2 dx®
a 5 3 7 C a
-—— ] +bcAppellF1|=, =, 1, —, - -— J)/ 24x8 (a+bx® \/C+dX8)
bxs} {2’2’ T 27 dxe’ bxs} < )

Problem 729: Result unnecessarily involves higher level functions.

9

J(a+bx8)xm

dx

Optimal (type 4, 851 leaves, 10 steps):



Mathematica 11.3 Integration Test Results for 1.1.3.4 (e x)~m (a+b x~n)"~p (c+d x~n)”~q.nb | 325

_ +/bc-ad x> _ +/-bcrad x*
(-a)Y/%ArcTan| bead x | (-a)Y*ArcTan| berad x ]
(73)1/4 bl/4 [ cid x® (~a)V/4 b/4 [ cid x8

- - +

8b34+/bc-ad 8b3¥4+/-bc+ad
(\/?H/gle) <4 E11ipticF[2 ArcTan[ 90X ], 1]
e e <) o
4bcl/4dl4a/c i dx®
8 1/4 \,2
s {W\E A | @ (Ve Ad ) _cxdx® EllipticF[zArcTan[d <1, 1] /
Ja (Ve - va x)? SR

(Sbcl/4 (bc+ad) A/ c+dx8

| (V7 Vb Ve sad) at (Ve «vd <)

8 1/4 y2
— 19X Enviptick[2arctan| ST, 1 /(8bc1/4<bc+ad) Jerdsd | -

(\E+\Hx4)2 cl/4 2
(Vo Ve en/ma Vd) (Ve -V x| Lsz E1lipticPi|
(\/?+\Hx4)
_ (X:F\/j_/j\;?\/_—\/;g) s 2Ar‘cTan{d1C/14/‘>‘(2]J %} /(16bc1/4d1/4 bc+ad) m B

(Vo ve -v=a Vd )" (Ve «Vd x| B - EllipticPi|

e e e
(\:F\/ij\;?\/_—\/a?g) s ZAPCTan[dlc/:/:z}, %] /[16bc1/4d1/4 (bc+ad) m

Result (type 6, 165leaves):

10 5 1 9 d x® b x8
-119acx AppellFl[—, - 1, —,f—,——} /
4 2 4 C a

5 1 9 d x8 b x8 9
(10 (a+bx8) W -9acAppellFl[~, =, 1, =, - —, - | +2x® |2bcAppellFi[~,
4 2 4 C a 4
1 13 d x8 b x8 9 13 dx8 b x8
=2, =, -—, - | +adAppellF1| =, =, 1, —, - —, - —]
2 4 c a 4 4 c a




326 | Mathematica 11.3 Integration Test Results for 1.1.3.4 (e x)~"m (a+b x”~n)”p (c+d x~n)~q.nb

Problem 730: Result unnecessarily involves higher level functions.

X
dx
J(a+bx8) Ve+dxd

Optimal (type 4, 754 leaves, 8 steps):
b”“Ar‘cTan[M] b”‘%r‘cTan[M}

(~a)Y/4bY/4 [ crd x® (-a)Y4pt/4 [ c+d xB
- - +
8 (-a)**+/bc-ad 8 (-a)**+-bc+ad
b d 8 d1/4 2 1
[WJr\/? di/4 (\/?Jr\/?x‘l) o cxax EllipticF[ZAr‘cTan[ X }, f] /
V- (Ve o vd )’ 2

(8c1/4(bc+ad)m [(Va Vb Ve vavd ) dve (Ve «Vd x|

+

8 1/4 y2
B EllipticF[zArcTan[d X B 1] /(Sacl/“ (bc+ad)+/c+dx®
2

(\E+\HX4)2 cl/4
(WW+H\H)Z (W+ﬁx4) Lsz E1lipticPi |
(\/?+\Hx4)
_ (\:F\/j_/j\;?\/_—\/a?g) B 2Ar‘cTan{d1C/14/‘>‘(2]J %} / (16aC1/4d1/4 bC+ad) m

(Vo ve -v=a Vd )" (Ve «Vd x| _crdd EllipticPi|

(\E+\Hx4>2
Vb Ve s Ta V) PP
( ) , 2ArcTan| 1> =] /[16ac1/4d1/4(bc+ad) A/ c+dx8
4~/-a b Jc /d /4 2
Result (type 6, 165leaves):
5 1 1 5 d x® b x8
-||5acx?AppellFl[~, =, 1, =, - ——, - —| /
4 2 4 C a
11 5 dx® bx®
(2 (a+bx®) \Jc+dx? (—SacAppellFl[, =, 1, =, —7)(, —7)(] +2x%(2bc
4 2 4 C a
5 1 9 dx8 x8 5 3 9 dx8 b x8
AppellFl[ =, =, 2, =, -——, - ——| +adAppellF1[~, =, 1, =, - ——, - ——
4 2 4 C a 4 2 4 C a

]

+

il
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Problem 731: Result unnecessarily involves higher level functions.

1
dx
Jx7 (a+bx8) Ve+dxd

Optimal (type 4, 878 leaves, 11 steps):
bS/4 ArcTan [ —/be2d X1 5/4 ppcTan [ bead X |

Ve +dx8 (-a) /4 b4 [ c+d xB (-a)Y/4 bt/ [ c+d x8
6acx° 8 (-a)’*+bc-ad 8 (-a)”*+/-bc+ad
d>/4 (\/?Jr\/?x“) e EllipticF[ZAr‘cTan[dl’M,Xz}, 2]
(\/Ciﬂ/dix“) /4 2
12ac®*/c+dx®
b c c+dx8 dt4x?. 1
b {\/—\/—+\/? dr/4 (\/?Jr\/?x“) Sk EllipticF[ZAr‘cTan[ }, f] /
V-a (\/?+\/FX4)2 e 2

(8ac1/4(bc+ad) Jevax® | - b (Voa Vb Ve savd | dv (Ve s d X

8 1/4 42
_cxdx® EllipticF[ZAr‘cTan[CI X B 1] /(Sazcl/4 (bc+ad)Jc+dx® | -

(Ve «Vd x| s 2
b (VB VE +a V) (Ve s ] (rdw) E11iptichi
] (f\g\mﬁ\/\;)z,2Ar‘cTan[d1c/14/:z], S|/ e ta perad) Verax |-
b (Vo Ve Va VA (Ve s a x| (rdﬁ) E11iptichi
L

Result (type 6, 344 leaves):
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1
30x8\c+dxB
5 (c+dx® 1 1 d x8 b x&
()+{25<3bc+ad)X8AppellF1[, =1, =, -—, -—] /((a+bx8>
ac 4’ 2 4’ ¢ a
11 5 dx® bx . 5 1 _ 9
~S5acAppellF1[—, =, 1, =, -—, - —] +2x® |2bcAppellF1[ =, =, 2, =
4" 2 4 c a 4" 2 4
bx® 5 3 9 dx® bx®
-——] +adAppellFi[~, =, 1, =, - ——, - —| +
a 4 2 4 c a
5 1 9 dx8 b x®
[9bdx16AppellF1[, =1, S, -, -] /((a+bx8)
4" 2 4 a

C
9 d x8 b x&

5 1 . 9 1
-9acAppellFl[~, =, 1, =, - , - ——] +2x% |2bcAppellF1[~, =, 2,
4 2 4 C a 4 2
13 dx8 b x8 9 3 13 d x8 b x8
=, o=, =] +adAppellF1[ =, =, 1, &, - ——, - —]
4 c a 4’ 2 4 c a

Problem 732: Result unnecessarily involves higher level functions.

13
J dx
(a+bx8) Ve+dx8d

Optimal (type 4, 1005 leaves, 12 steps):



Mathematica 11.3 Integration Test Results for 1.1.3.4 (e x)~m (a+b x~n)"~p (c+d x~n)”~q.nb | 329

(7a)3/4Ar*cTan[4L’°’ad X2 ] (7a)3/“Ar‘cTan[—Lbc+ad X

x2+c+dx8 (-a)Y/4pt/4 W (-a)Y4pt/4 W
+ - -
2b\/?(\/?+\/?x4) 8b>4+/bc-ad 8b%4+/-bc+ad
ct/4 (\E+\HX4) % EllipticE[ZAr‘cTan[dmxz}, 2]
(\/?n/?x“) cl/4 2
.
2bd34+c+dx8
ct/4 (\/?+\/Fx4) % EllipticF[ZAr‘cTan[—dl’Mf‘z}, ]
(\/?+ﬁx4> cl/4 2
.
4bd¥4/c+dx®
- 8 1/4 2
a [\EWJ dt/4 (\E+\/?X4) _crdxd Ellip‘cicF[ZAr‘cTan[d X l} /
G W s
(8bc1/4(bc+ad)m +
- 8 1/4 2
a {W+WJ dr/4 (\E+\/?x4) _ocrdxd EllipticF[ZArcTan[d X 3} /
G W an s

+

(Sbcl/4 (bc+ad)Jc+dx®

Via (Wﬁﬂ/:ﬁ)z (ﬁﬁﬁxél) Lo EllipticPi|

Ve v’
B | N B

Va (Wﬁ,ﬁﬁ)z (Ve +Va x) LI EllipticPi|

(\/?+ﬁx4)2
(Vo Ve +v-a Va | A 1
, 2ArcTan| 1, =] / [16b3/2 c/*dV* (bc+ad)\Jc+dx®
4~/-a /b Jc /d ct/4 2
Result (type 6, 165 leaves):
12 7 1 11 d x® b x®
-l|11acx AppellFl[—, -1, — -— ——} /
4 2 4 C a
7 1 11 d x& b x8
14 (a+bx c+dx -11acAppellF1|—, —, 1, 71_7X,_7X +2x% |2bcAppellFi
b x® d x8 11
4 2 4 C a
11 1 15 d x8 b x® 11 3 15 d x8 b x8
—y T2, — Yy -/, _—] +adAppellF1[_) -1, — -, _—]
4 2 4 C a 4 2 4 C a
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Problem 733: Result unnecessarily involves higher level functions.

5

J(a+bx8)xm

dx

Optimal (type 4, 768 leaves, 8 steps):
Ar‘cTan[éL’c’ad X ] Ar‘cTan[—Lbc*ad X ]

(—ay /4 p/4 [ cod X (-a) ¥4 b4 <[ c+d xB
8 (-a)t4b¥4+/bc-ad 8 (-a)4b¥4*+/-bc+ad
V-a /d d x® diex?, 1
[ﬁ VoaVd ) (Ve «d x| LZ E1lipticF [2 ArcTan| 12( =] /
Ny (Ve /d x*) it 2
(8c1/4(bc+ad)xlc+dx8 -
- ] d x® di/4y2 . 1
[\/?+—Va\/7 gi/4 (\E+\HX4) LZ EllipticF[2ArcTan| 12( 1> =] /
Vo (Ve «d x| <2

(Scl/4 (bc+ad) AJc+dx®

+ (\/F\/?+\/:\/?)2(\/?+ﬁx4)

EllipticPi[- , 2ArcTan [ I, -

c+dx8 (\/F\/?*\/:\H)Z di/4 x? 1} /
(Ve v x)’ a2 b Ve v a2

[mmwcwwbuad)m (Vo Ve Va Vd ) (Ve e d X

o do (Vo Ve +v-a Vd)* qAse 1
EllipticPi| , 2ArcTan| 1> =] /

VT T )’ 4 a b Ve VA ET
(16\/:\/Fc1/4d1/4 (bc+ad)/c+dx®

Result (type 6, 165 leaves):

6 3 1 7 d x® b x&
-||7acx AppellFl[f, - 1, 7,—7,—7]/
4 2 4 C a
3 1 7 dx8 b x8 7
(6 (a+bx®) /c+dx® (—7acAppe11F1[—, =, 1, =, -——, -——] +2x® [2bcAppellF1[—,

4 2 4 C a 4

1 11 d x® b x® 7 3 11 d x® b x8

=,2, —, -——, -—] +adAppellF1[~, =, 1, =, - ——, - —]

2 4 C a 4 2 4 C a
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Problem 734: Result unnecessarily involves higher level functions.

1
dx
Jx3 (a+bx8) Ve+dxd

Optimal (type 4, 1032 leaves, 14 steps):
b4 ArcTan [ —/bc2d X T 3/4 ppcTan [ —Lbead X |

Ve +dx8 \/?XZ Vc+dx® (-a)Y/4pt/4 [ cvd xB (-a)Y4pt/4 [ c+d xB
_ . + _ _
2acx? 2ac(\/?+\/?x4) 8 (-a)*’*+/bc-ad 8 (-a)**+/-bc+ad
di/4 (\E+\HX4) —cdx® . EllipticE|[2 Ar‘cTan[idl’/sz}, 2]
(\/?+\/d_x“) cl/4 2
.
2ac¥*c+dx8
di/4 ('\/?‘F'\/?X‘l) —cdx® . EllipticF |2 Ar‘cTan[idl’/“/xz}, 2]
(F+ﬁx4) /4 2
.
4acd*\c+dx®
A/ — 8 1/4 \,2
b {\/?MJ d/4 (\E+\/Ex4) _ocxdxd EllipticF[ZAr‘cTan[ X 1} /
) (Ve «vd x4)’ it 2
[8ac1/4(bc+ad)ﬂc+dx8 +
A/ — 8 1/4 \,2
b {\/?Jra\/?J di/4 (\E+\/?x4) o cwdx? EllipticF[ZArcTan[ X 1} /
Vo (Ve +Vd x| <2
(Sacm<bc+ad) Jevdax® |« | Vo (Vb Ve vma v )T (Ve o d K]
Ccidx® (\/F\/?—\/—a \/?)2 a4y 1
——————— EllipticPi[- , 2ArcTan| >~ /
(Ve - vd x)? a2 Vb Ve Vd e

(16 (-a)*2ct*dV* (bc+ad) \Jc+dx®

VB (Vb e -vma Vd ) (Ve - vd x)

c+dx8 (W\EJrV*a \/?)2 di/4 x2 1
EllipticPi| , 2ArcTan| " B ;] /

(Ve +/d xe)? 4v=a Vb Ve Vd c

(16 (-a)>2ct*d¥* (bc+ad) \Jc+dx®

Result (type 6, 344 leaves):
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1
42 x>/ c+dx?®
21 (c+dx® 3 1 7 dx® bx8
f¥+ (49 (bc-ad) x®AppellF1|~, =, 1, —, - ——, })/ [<a+bx8)
ac 4" 2 4 c a
3 1 7 d x8 b x& 8 7 1 11 d x8
~7acAppellF1[=, =, 1, =, -——, - ——] +2x® [2bcAppellF1[~, =, 2, —, - —,
4 2 4 c a 4" 2 4 c
x® 7 3 11 dx® bx8
-——] +adAppellFi[~, =, 1, —, - —, - —] _
a 4 2 4 C a
7 1 11 x8 b x8
[33bdx16Appe11F1[, T /[(bes)
4" 2 4 c a
7 1 11 dx® bx® e 1 1
-1lacAppellFl|—, =, 1, —, - ——, - ——] +2x% |2b cAppellF1| —, =, 2,
4 2 4 C a 4 2
15 d x® b x8 11 3 15 d x® b x8
=, -, -——] +adAppellF1[~—, =, 1, —, - ——, - —|
4 c a 4" 2 4 c a

Problem 735: Result more than twice size of optimal antiderivative.

X4
J(a+bx8) Ve+dx8d

Optimal (type 6, 64 leaves, 2 steps):

5 4, dxE 5 1013 bx®  dx®
SR S Appe11F1[8,1,2, et C]

5avc+dx8
Result (type 6, 165leaves):

dx

1 13 dx®  bx®
>y T 1, —y -/, _—]
2

5
- [ [13 a c x> AppellF1|
8 c a

. /

8 8
(5 (a+bx®) \/c+dx® (13acAppe11F1[5, 1, 1, E, —dix, —bix] + 48
1

2 b c AppellF1l [

I

8 2 8 C a

13 1 2 d x8 b x8 13 3 21 dx8 b x8
I T 2: T T T _—] +adAppellF1[—, 1, — -, _—]
8 2 8 C a 8 2 8 C a

Problem 736: Result more than twice size of optimal antiderivative.

2

J(a+bx8) Verdxd

dx

Optimal (type 6, 64 leaves, 2 steps):

3 dx® 3 1 11 bx® dx®
x3 1+ ; Appe11F1[8,1,2, i c]

3avc+dx®

[y
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Result (type 6, 165 leaves):

3 3 1 11 d x8 b x&
-|[11acx®AppellF1[ =, =, 1, —, - ——, - —| /
8 2 8 C a
g s 3 1 11 dx8 b x8 8
3(a+bx®)+\/c+dx® |-1l1acAppellFl[—, =, 1, —, -——, - ——| +4x® |2b c AppellF1]
8 2 8 C a

11 1 19 d x8 b x8 11 3 19 d x8 b x&

T 2: Ty T T _7] +adApp311F1[7, e 1) T T T _7]

8 2 8 C a 8 2 8 C a

Problem 737: Result more than twice size of optimal antiderivative.

1
dx
J(a+bx8) Vec+dx8
Optimal (type 6, 59 leaves, 2 steps):
X /1+dci AppellFi[2, 1, %, 2, -bai, -"C—XS]
avec+dx8
Result (type 6, 161 leaves):

9 dx8 b x38

1 1
_([QachppellFl[—, 1, = - - }J/
8 2

8 C a

1 1 9 d x8 b x8 9
((a+bx8> \Jc+dx® |-9acAppellF1[~, =, 1, =, - ——, - — | +4x® [2bcAppellFl[—,
8 2 8 C a 8
1 17 dx8 b x8 9 3 17 d x8 b x8
=, 2, =, -, - =] +adAppellF1[ =, =, 1, =, - =, - =]
2 8 C a 8 2 8 C a

Problem 738: Result more than twice size of optimal antiderivative.

1
dx
sz (a+bx®) Vc+dx®
Optimal (type 6, 62 leaves, 2 steps):
dx8 1 1 7 b x® dx®
1+ o AppellFl[—g, 1, 22 8’ L —T}
axVc+dx®
Result (type 6, 344 leaves):




334 | Mathematica 11.3 Integration Test Results for 1.1.3.4 (e x)~"m (a+b x”~n)”p (c+d x~n)~q.nb

1
35xVc+dx®
35 (c+dx® 7 1 15 d x8 b x8
—¥+ (75 (bc-3ad) x®AppellFl[—, ~, 1, —, - , -] /((a+bx8>
ac 8 2 C a
7 15 dx® bx® . 15 1 23 dx®
-15acAppellFl[—, =, 1, —, - , - —— | +4x® [2bcAppellFl[—, =, 2, —, - —,
8 2 8 C a 8 2 8 C
b x8 15 3 23 d x8 b x8
_—} +adAppellF1{—, —H 1, —H -, ——} -
a 8 2 8 C a
16 15 1 23 dx8 b x8
161bd x™ AppellF1l[~—, —, 1, —, - ——, - —| /
8 2 8 C a
g 15 1 23 dx® bx® . 23 1
(a+bx®) |-23acAppellF1[—, —, 1, —, -——, - ——| +4x® |2bcAppellF1| —, —,
8 2 8 C a 8 2
31 d x8 b x8 23 3 31 d x8 b x8
2, —, -——, -—— | +adAppellF1|—, =, 1, —, - ——, - —|
8 c a 8 2 8 c a
Problem 739: Result more than twice size of optimal antiderivative.
1
J dx
x4 (a+bx8) Ve+dx8
Optimal (type 6, 64 leaves, 2 steps):
[1+9¢ pppellF1[-2,1, 1, 5, X dxX]
c 8 8 a c
3ax3Vc+dx8
Result (type 6, 345leaves):
1
195 x3 v/ c +d x8
65 (c +dx® 5 1 13 d x& b x8
-¥+ (169 (3bc-ad) x®AppellF1[ =, =, 1, —, - —, - —| / [(a+bx8)
ac 8 2 8 C a
5 1 13 dx® bx8 . 13 1 21 dx®
-13acAppellFl[~, =, 1, —, - ——, - ——| +4x® [2bcAppellF1|—, =, 2, —, - —,
8 2 8 c a 8 2 8 c
b x8 13 3 21 dx® b x8
-——] +adAppellF1| —, =, 1, —, - - ] -
a 8 2 8 C a
16 13 1 21 dx® bx®
105 b d x™ AppellFl[~—, —, 1, —, - ——, - —| /
8 2 8 C a
. 13 1 21 dx®  bx® . 21 1
(a+bx®) |-21acAppellF1[—, ~, 1, —, -——, - ——| +4x® |2bcAppellF1| —, -,
8 2 8 C a 8 2
29 d x8 b x& 21 3 29 d x8 b x&
2, —, - —, - | +adAppellFl|—, =, 1, —, - —, - —|
8 C a 8 2 8 C a

Problem 743: Result unnecessarily involves higher level functions and more
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than twice size of optimal antiderivative.

1
dx
Jx (a+bx8)2\/c+dx8

Optimal (type 3, 132leaves, 7 steps):
Ar‘CTa“h{@] Vb (2bc-3ad) ArcTanh| m}

b+ c+dx8 ) Nra . Vbcad
8a(bc—ad> (a+bx8) 4a2+c 8a2(bc—ad)3/2

Result (type 6, 396 leaves):

. 1 d x8 b x8
b||6cdx®AppellFi[1, =, 1,2, -—, - —] /
2 C a
1 d x8 b x8 8
—4acAppe11F1[1, -5 1,2, -—, *7] +X
2 c a
1 dx8 b x8 3 d x8 b x8
2bcAppellFl[2, =, 2,3, -——, - ——| +adAppellF1[2, =, 1,3, - —, - — ||| +
2 c a 2 C a
3 1 5 c a
5d x8 (2ad+b<c+3dx8)>Appe11F1[f, =, 1, f,—i,fi}f
202 2 dx® b x8
8 5 1 7 C a
3(c+dx) 2adAppe11F1{—, =, 2, —,—7,—7}+
2 2 2 d x8 b x8
c a

/o fovee

3 7
bcAppellFl[ =, =, 1, —, - ——, - ——]
2 2 d x8 b x®

5
2
1
2

3 5 C a 5 1 7 C a
AppellFl|[ =, =, 1, =, -——, - ——| +2adAppellF1[~, =, 2, =, - ——, - ——| +
2 2 dx8 b x8 2 2 2 d x& b x8
5 3 7 C a
bcAppellFl[ =, =, 1, —, - ——, - ——] ])]/[24(—bc+ad> (a+bx®)\/c+dx®
2 2 2 d x& b x8

Problem 744: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1
dx
Jx9 (a+bx8)2\/c+dx8

Optimal (type 3, 185leaves, 8steps):
b(2bc-ad) Vc+dx® Ve+dxE

8a’c (bc—ad) (a+bx8) C8acx® (a+bx8)

(4bc+ad) ArcTanh[@] b*2 (4bc-5ad) Ar*cTanh[\m\%*ddx8 ]
¢ c-a
8a3c3? 8 a3 (bc-ad)”z

Result (type 6, 489 leaves):
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1 dx8 b x8
[(Gabd(2bc+ad)x16AppellF1[1, =, 1, 2,7—,7—}/
2 C a
1 d x8 b x8
{(—bc+ad> -4achAppellFlf1, =, 1,2, - —, - —] + x5 (Zbc
2 C a
1 d x8 b x8 3 dx8 b x8
AppellF1[2, =, 2,3, -——, - —| +adAppellF1[2, =, 1,3, - ——, - —| J) +
2 C a 2 C a
(dexg(—azd(3c+2dx8)+2b2cx8(c+3dx8)+3ab(c2+cdx8—d2x15))
3 1 5 C a
AppellFl[f) ) 1: Ty T T *7} +
202 2 dx® b x8
3 (c+dx?) (azd—zbzcx8+ab(—c+dx3))[ZadAppellFl[E, 1,2, Z,—i,—i]Jr
2 2 2 d x8 b x8

5 3 7 C a
bcAppellFl[ =, =, 1, —, - ——, - ——]
2 2

2 dx®’ bx8 )/

8 3 1 5 C a
-5bdx®AppellFl[ =, ~, 1, =,
272

c(bc-ad -
(( ) 2" dx®’ bx®
5 1 7 C a
2adAppellFl[ =, =, 2, =, - ——, -——| +
272 2 dx8 b x8

3,7, < a2
277727 dxe’ b

bc AppellFl[

)

])/ (24a2x8 (a+bx®) \/c+dx®

N U

Problem 750: Result unnecessarily involves higher level functions.

9
J X dx
(a+bx8)2\/c+dx8

Optimal (type 4, 924 leaves, 11 steps):
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x2+/c+dx8

8 (bc-ad) (a+bxf)
(bc+ad) Ar‘cTan[M} (bc+ad) ArcTan[_\M
(-a) V4 bt/ [codx® VIRV puwpry

.
32 (-a)¥4b** (bc-ad)*? 32 (-a)¥4b¥* (-bc+ad)??

8 1/4 2
qi/s (\/?H/d_x“) o cxdx? EllipticF[2ArcTan]| . ]s l] /
(\/?Jr\/?x“)Z i 2

Y

[W%
N

(32bc1/4 (bc—ad) AJc+dx®

| (VT VB e s ava) @ (Ve - d ¢

8 1/4 2
J“dx E1LipticF [2ArcTan| =], 7 /[3zabcm be-ad)craxt |-

(\/?+\/?X4>2 cl/a 2

@4 (Ve +/d ) m EllipticF[2 ArcTan[dlc’:,jz}, o

16 b cl/4 (bc—ad) Ve+dx8

(W\/?+V:\/?)z (\/?+ﬁx4) \l _ocxdx® EllipticPi|

e e
_ (\:Fvi:\_m\/_—\;://—d?) s zArcTan[d:l“/i(z]J i} /(64abc1/4d1/4 (bcfad) m N

(W\/?_mﬁ)z (ﬁ+ﬁx4) \l _cxd® EllipticPi|

R
(Vb Ve +v-a Va)? a1 :
4+/-a /b Ve +/d , 2ArcTan| cl/4 }’2] /[54abc d (bc*ad)ﬁ

Result (type 6, 333 leaves):
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1 1 5 d x® b x8
X2 |5 (c+dx®) + 25ac?AppellFl[~, =, 1, =, - ——, - —| /
4 2 4 C a
11 5 dx®  bx® e
-5acAppellF1[~, =, 1, =, - —, - —] +2x% |2bc
4" 2 4 c a
5 1 9 d x8 b x® 5 3 9 d x8 b x®
AppellFl| =, =, 2, =, - ——, - —| +adAppellF1[~, =, 1, =, - —, - — ||| -
4 2 4 C a 4 2 4 C a
s 5 1 9 dx® b x8 5 1
9acdx®AppellFl[~, =, 1, =, - ——, - —] / -9acAppellFl[~, =, 1,
4 2 4 C a 4 2
9 d x8 b x® g 9 1 13 d x® b x®
=, -, - —— | +2x® |2bcAppellF1[ =, =, 2, —, - ——, - —] +
4 C a 4 2 4 C a
9 13 dx® b x8
adAppellF1[~, =, 1, —, - ——, - —| ])J/(40(—bc+ad) (a+bx®) \/c+dx®
4" 2 4 c a

Problem 751: Result unnecessarily involves higher level functions.

X
dx
J(a+bxg)2\/c+dx8

Optimal (type 4, 999 leaves, 11 steps):
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b4 (3bc-5ad) Ar‘cTan[—\M]

bx?2+c+dx8 (~a) Y4 pt/4 [ cid x®
¥ _
8a(bc-ad) (a+bx?) 32 (-a)”* (bc-ad)??

b*4 (3bc-5ad) Ar‘cTan[M}
(-a) Y4 b1/4 [ crdx®

32 (-a)”* (-bc+ad)®?

/4 (Ve +/d xt) ﬁ EllipticF[zArcTan[%}, 7]

16 a cl/4 (bc—ad) Ve+dxd

+\/d—] d1/4 (3bc—5ad) (\/?-%—\/?X‘l)J(\/—c*—jf)z
c ++d x*

1/4 y2
E1liptick [2 ArcTan| — 1, S /(32ac1/4 (bc-ad) (bcrad)Jcrdx® |+
C

2

(Vb Ve -v-a Jd|d/* (3bc-5ad) (Wm/?x‘*)J“dxs

W?+\/?X4)2
EllipticF[ZAr‘cTan[dl/:xz}, a /(32 (-a)*?c** (bc-ad) (bc+ad) W +
cl/a
(W\EJA/:\H)Z (3bc-5ad) (\/?+\Hx4) _ocd®
(\/?+\/?X4)2
(Vb e -2 Va)’ s 1
EllipticPi|- » 2ArcTan| » =] /
4~/-a /b Ve +/d ct/4 T2

+

(64a2c1/4d1/4 (bc-ad) (bc+ad)+c+dx®

(Vb e -+/=a Vd ) (3bc-5ad] (Ve s d x) J -

(Ve +d x|
(Vb Ve +v-a Vd ) dvaxz. 1
EllipticPi| , 2ArcTan| > <] /
4“3 Vb C Vd cl/a 2

64 a2 ct/4 dt/4 (bc—ad) (bc+ad) AJc+dxt

Result (type 6, 343 leaves):
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5b (c+dx8) 11 5 dx® bx8
x? ——+[25c(3bc—4ad>AppellF1[—, =, 1, —,——,——]/
a 4 2 4 c a
1 1 5 dx8 b x8 s
-5acAppellFi[~, =, 1, =, - —, - —] +2x% |2bc
4 2 4 C a
5 1 9 d x& b x8 5 3 9 d x& b x8
AppellF1[ =, =, 2, =, - ——, - — | +adAppellF1[~, =, 1, =, - —, - — | || +
4 2 4 C a 4 2 4 C a
s 5 1 9 dx® bxt 5 1
9bcdx®AppellFl[=, =, 1, =, - —, - —| / -9acAppellFl[ =, =, 1,
4 2 4 c a 4 2
9 d x& b x8 g 9 1 13 dx8 b x8
=, -, - | +2x® |2bcAppellF1[ =, =, 2, —, - ——, - — | +
4 c a 4" 2 4 c a
9 13 dx® bx®
adAppellFl[f, =, 1, f,—i,—i} ]) /[40(—bc+ad) <a+bx8>ﬂ/c+dx8
4 2 4 c a

Problem 752: Result unnecessarily involves higher level functions.

1
dx
Jx7 (a+bx8)2\/c+dx8
Optimal (type 4, 1060 leaves, 12 steps):
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(7bc—4ad)\/c+dx8 bc+dx8

- + +

24a2c(bc—ad)x6 8a(bc—ad)x6(a+bx8)

p5/4 (7bc—9ad) Ar‘cTan[—\M} p5/4 (7bc79ad> Ar‘cTan[ V-bcrad x?

(ca) Vo bi/s [ crd (ca)/4 bt/ cadx®

32 (-a)1/4 (bc-ad)*? 32 (-a)4 (-bc+ad)’?
8 1/4 \,2
d** (7bc-4ad) (\/?+\/d_x4) _cxdxd EllipticF[ZAr‘cTan[d X B l] /
(\/?+\/?x4>2 et 2

+

(48a2c5/4 (bc—ad) AJc+dx8

b (Vb VS -Va V| ¢ (7be-sad) (Ve ovd x| ST
(VC_+\/?X4)2

d1/4 X2

EllipticF[2ArcTan| B 1} /(32 (-a)%2cV* (bc-ad) (bcvad)/crdx® | -
2

cl/4

b (Vb Ve +v-a Vd | d (7bc-9ad) (\/?M/?XA)J(\/_“jf)Z
c ++Vd x*

1/4 \,2
EllipticF[ZAr‘cTan[d X B 1} /(32 (-a)®2c* (bc-ad) (bc+ad) \Jc+dx®

c1/4 2

b (Vb Ve +/—a Va)* (7bc-9ad) (v +Vd x) J _ocrdx

(\/C +1/d X4)2
o (\/b Ve -+ -a \/d)2 dl/4 x2 1
EllipticPi|- » 2ArcTan| » =] /
4~/-a /b +Jc +/d ct/4 2

(64a3c1/4d1/4 (bc-ad) (bc+ad)+c+dx®

b (Vb Ve -v-a Vd | (7bc-9ad) (Ve «Vd x| J -

(v?+\/?x4)2
(\/F\/?Jr\/:\/?)z dt4x2. 1
EllipticPi| , 2ArcTan| > <] /
av/~a /b e \d 2

64 a3 ct/4dt/4 (bc—ad) (bc+ad) AJc+dxt
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Result (type 6, 399 leaves):
[5 (c+dxB) (-4a?d+7b*cx®+4ab (c-dx8))

+
C

1 1 5 dx8 bx®
(25a (-21b>c?*+20abcd+4a*d®) x®AppellFl|—, —, 1, —, -—X, ——X] /
4" 2 4 c a
1 5 d x& b x8
-5acAppellfFl[~, =, 1, =, - —, - —] +2x?
4" 2 4 c a
5 1 9 d x® b x® 5 3 9 d x® b x8
2bcAppellFl|~, —, 2, =, -——, - —— | +adAppellF1|[~, =, 1, =, - ——, - — | || +
4" 2 4 c a 4" 2 4 c a
16 5 1 9 d x8 b x&
9abd (-7bc+4ad) x™®AppellF1[~, =, 1, ~, - ——, - —| /
4" 2 4 c a
5 1 9 dx® b x8
~9acAppellF1[=, =, 1, =, - —, - — ] +
4 2 4 C a
8 9 1 13 d x® b x8
2x8 |2bcAppellFl|~, =, 2, —, -—, - —] +ad
4" 2 4 c a
9 3 13 dx8 bx®
AppellFl[=, =, 1, —, —7)(, —X})] / [120a2 (-bc+ad) x® (a+bx®) \/c+dx®
4 2 4 C a
Problem 753: Result unnecessarily involves higher level functions.
X13
J dx
(a+bx3)2\/c+dx8
Optimal (type 4, 1164 leaves, 14 steps):
Vd x2/c+dx8 x6\c+dx8

- +

8b (bc-ad) (Ve +vd x| 8(bc-ad) (arbx)
(3bc-ad) ArcTan| —Ybc2dX 1 (3pc_ad) ArcTan| —(beadxX ]

(ca)Va bt/ cad xE (-a) Y/ b4 ced X
. -
32 (-a)¥4b°% (bc-ad)’? 32 (-a)¥4b%* (-bc+ad)??
d x8 d1/4 x2 1
/vt (Ve +d ) “—XZ E1lipticE[2ArcTan| 1/; =] /
(Ve +d xt] c 2
(Sb (bc-ad)\Jc+dx® |+
c+dx® dt/4 x?

EllipticF[2ArcTan|

N ] :

1/4

N |
\

cl/a gr/4 (W+\/FX4)

(16b(bc—ad) \Jc+dxt
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[\/?\/73\/? d1/4(3bc—ad) (\E‘F\HX“) c+dx® :
Vb (Ve +va x)
EllipticF[ZAr‘cTan[dl/:/;(z}, %} /(32bc1/4 (bc-ad) (bc+ad)/c+dx® |-

[\/?Jr—va\/? d1/4(3bc—ad) (\/?Jr\/szt) Lsz
Vb (Ve «/d x*)
EllipticF |2 ArcTan| 1/4/)(2}, %} /(32bc1/4 (bc-ad) (bc+ad)/c+dx® |+
C14
(Vb V€ +v"a V) (3bc-ad) (Ve +vd xt) |
(\E+\/?x4)2
(\/F\/?—x/—a \/?)2 a4y 1
EllipticPi|- ,» 2ArcTan| 1, =] /
4~/-a \/b \Jc /d ct/4 2

(64x/—a b3/2c1/4d1/4<bc—ad) (bc+ad) \Jerdx® | -

(VB Ve -v=a Va )P (3bc-ad) (Ve +d X J -

(Ve od )’
(Vb Ve +va vd ) dvaxt 1
EllipticPi| » 2ArcTan | I» > /
4+=a b < Vd 2

[64\/—a b3/2 c1/4 g1/ (bc—ad) (bc+ad) w/c+dx3)

Result (type 6, 333 leaves):
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6 8 ) 3 1 7 d x® b x8
x® |7 (c+dx®) + |49ac AppellFl] =, =, 1, f,—i,—i}/
4 2 4 C a
3.1 7 dx®*  bx® e 7 1
-7achAppellF1[~, =, 1, =, - ——, - ——] +2x% |2bcAppellF1|—, —, 2,
4 2 4 C a 2
11 d x8 b x® 7 3 11 d x® b x8
=, - ——, - —— ] +adAppellF1][~, =, 1, —, - —, - —] || +
4 C a 4 2 4 C a
e 7 1 11 dx® b x8 7 1
1lacdx®AppellFl[—, =, 1, —, - ——, - —] / -11acAppellFl|—, —,
4 2 4 C a 4 2
11 d x8 b x® g 11 1 15 d x® x8
1, —, -—, -—— | +2x® [2bcAppellF1[—, =, 2, —, - —, - —] +ad
4 C a 4 2 4 C a
11 3 15 d x8 b x8
AppellFl[=—, =, 1, —, - —, - —| ]]]/[56(—bc+ad) (a+bx®) \[c+dx®
4 2 4 C a

Problem 754: Result unnecessarily involves higher level functions.

x5
dx
J(a+bx8)2\/c+dx8

Optimal (type 4, 1162 leaves, 14 steps):
Vd x2Vcrdx® bx6/c+dx®
+
8a(bc-ad) (\/?+\/?x4) 8a(bc-ad) (a+bx®)
(bc-3ad) Ar‘cTan[M} (bc-3ad) Ar‘cTan[—\M]

(ca)Yabl/ [ cadx® (—a) V4 pY/4 [ c+d xB
— +
32 (-a)54b¥* (bc-ad)?? 32 (-a)%4bY% (-bc+ad)??
8 1/4 2
cl/a gi/a (\/?+\/?X4) _crdd EllipticE[ZAr‘cTan[CI X 1] /
(\/?+\/?X4)2 ct/e 2
(Sa (bc-ad) \/m
8 1/4 2
c1/4 gi/a (\/?Jr\/?x“) % EllipticF[2ArcTan| 1/: 1] /
(\/?‘F'\/?XA) ¢ 2
(16a (bc-ad) m
[ 8
[\/?a\/? d1/4(bc—3ad) (\EJA/EX“) #
) (Ve +/d x|

d1/4 X2

EllipticF[2ArcTan| | 1} /(32ac1/4 (bc-ad) (bc+ad)/c+dx®
2

cl/4




Mathematica 11.3 Integration Test Results for 1.1.3.4 (e x)~m (a+b x~n)"~p (c+d x~n)”~q.nb | 345

e S

¢* (bc-3ad) (Ve +d x| UL
Vb

(VC_+\/?X4)2

d1/4 X2

EllipticF[2ArcTan| " ]s 1} /(32ac1/4 (bc-ad) (bc+ad)/c+dx®
C 2

(\/F\/?+\/:\H)2(bc—3ad) (\/?+\Hx4) _cxd®

(Ve +Vd x|
(Vb Ve —V-a vd ) a2 1
EllipticPi- N » 2ArcTan|[———], ;]/
4+/-a +/b +/c /d /e

+

(64(—a)3’/2 b c*d¥* (bc-ad) (bc+ad)/c+dx®

(\/F\/?fﬁﬁ)z (bc-3ad) (W+ﬁx4) o cdx®

(Ve +vd xt)®
(\/F\/?Jr\/:\/?y dt4x2. 1
EllipticPi| , 2ArcTan | L2/
a/=a o Ve d 2

(64(7a)3/2 b c’*d¥* (bc-ad) (bc+ad)/c+dx®

Result (type 6, 342 leaves):

21b (c+dx®) 3 1 7 dx®  bx®
x° ——+[49C(bC—4ad)Appe11F1[—, -, 1, —,_—,_—}/
a 4 2 4 C a
3.1 7 dx®*  bx® . 7 1
-7achAppellF1[~, =, 1, =, -——, - ——] +2x% |2bcAppellF1|—, —, 2,
4 2 4 C a 4 2
11 dx8 b x8 7 3 11 dx® b x®
_J,_,f—]+adAppellF1[—, -5 1, —,7—,,—] _
4 C a 4 2 4 C a
8 7 1 11 dx® bx?
33bcdx®AppellF1[ -, =, 1, —,_—,_7}/
4 2 4 c a
7 1 11 dx® b x8
~1lacAppellFl[—, =, 1, —, - ——, - —] +
4 2 4 C a
8 11 1 15 dx8 b x& 11 3
2 X 2bcAppe11F1[f, — 2, — ——, —7] +adAppe11F1[f, —,
4 2 4 C a 4 2

]

/(168 (-bc+ad) (a+bx®)\Jc+dx®
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Problem 755: Result unnecessarily involves higher level functions.

1
dx
Jx3 (a+bx8)2\/c+dx8

Optimal (type 4, 1243 leaves, 15steps):
(5bc-4ad) Vc+dx® \/?(Sbc—4ad)x2\/c+dx3 b/c+dxB

8a’c (bc-ad) x? 8ac (bc-ad) (\E+\/?X4) 8a(bc-ad) x* (a+bx8)

b*4 (5bc-7ad) Ar‘cTan[—*M} b*4 (5bc-7ad) Ar‘cTan[m}

(-a)/4pt/4 [ c+d xB ~ (-a) V4 bt/ crd x® B
32 (-a)%* (bc-ad)*? 32 (-a)%* (-bc+ad)??
8 1/4 \,2
d”* (5bc-4ad) (\/?+\/?x4) L crdxd EllipticE[2ArcTan]| X B l] /
e a X e
(8a2c3/4 (bc-ad)Jc+dx® |+
8 1/4 \,2
d”* (5bc-4ad) (\/?+\/?x4) # EllipticF[ZAr‘cTan[d a B l] /
(Ve +Va x| 2

+

(16a2c3/4 (bc—ad) AJc+dx®

b{\/?—\/:\/d—Jdl/4(5bc—7ad) (\/?Jr\/d_xzt) &
Vb (\/?Jr\/?x“)z
EllipticF[zAr'cTan[dlmxz}, a /(32a2c1/4 (bc-ad) (bc+ad)/c+dx® |+
c1/4
b{\/?+\/—a\/d—Jd1/4(5bc7ad) (\EJr\/?le) &
Vb (\/?+\/?X4)2

1/4 \,2
EllipticF[ZAr‘cTan[d X B 1} /(32a2c1/4 (bc-ad) (bc+ad)+/c+dx®

c1/4 2

\/F(\/F\E+\/:\H)2(5bc—7ad) (\/?+\HX4)J(\ﬁc+jf)2
c +vd x*
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(Vb Ve -a Vd )’ qaae . 1
B ZAPcTan[ ], f]

42 Vb e v a1/

(64 (-a)*2ct*dV* (bc-ad) (bc+ad)/c+dx®

EllipticPi[-

+

b (VB T -Ta Va) (sbe-7ad) (Ve e dx) |

(\/?+ﬁx4)2
(Vb Ve +vV-a Vd ) dvaxt 1
EllipticPi| » 2ArcTan| I /
a+/~a /b e Vd @tz

(64 (-a)®2ct*d¥* (bc-ad) (bc+ad)\/c+dx®

Result (type 6, 399 leaves):
[21 (c+dx®) (-4a’d+5b2cx®+4ab (c-dx8))

C

3 7 d x® b x8
(49a(5b2c212abcd+4a2d2>x8AppellF1[, =, 1, 7,7—,7—]/
4 2 4 C a
3 1 7 dx® b x8 .
-7achAppellF1[~, =, 1, -, - ——, - —] +2x% |2bc
4" 2 4 C a
7 1 11 dx8 b x8 7 3 11 d x8 b x®
AppellFl[~, =, 2, —, - ——, - ——| +adAppellFl|~, =, 1, —, - —, - ——
4 2 4 C a 4 2 4 C a
16 7 1 11 dx® b x8
33abd (5bc-4ad) x'®AppellF1|—, —, 1, 7}_7}_7}/
4 2 4 C a
7 1 11 x8 b x8
-1lacAppellFl|—, =, 1, —, - ——, - —— | +
4 2 4 C a
e 11 1 15 d x8 b x8
2x% |2bcAppellFl[—, =, 2, —, - ——, - — | +
4 2 4 C a
11 3 15 dx8 b x8
adAppellF1[~—, =, 1, —, - —, - —| /
4 2 4 C a

(168a2 (—bc+ad) X2 (a+bx8) A/ c+dxt

Problem 756: Result more than twice size of optimal antiderivative.

4

X
dx
J(a+bx8)2\/c+dx8

Optimal (type 6, 64 leaves, 2 steps):

| 347
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5 dx® 5 1 13 bx® dx®
x5 |1+ ; Appe11F1[8,2,2, e e c]

5a2+/c+dx8
Result (type 6, 343 leaves):

65b (c+dx®) 5 1 13 dx®*  bx®
x|l [169C (3bc—8ad) AppellFl[ =, =, 1, —, - ——, - —] /
a 8 2 8 C a
5 1 13 dx®  bx® . 13 1
~13acAppellFl[=, =, 1, —, - ——, - —] +4x® |2bcAppellF1[ —, —, 2,
8 2 8 C a 8 2
21 d x& b x8 13 3 21 d x& b x8
=, -, - ——] +adAppellF1[ ", =, 1, —, -——, - — ||| -
8 C a 8 2 8 C a
8 13 1 21 dx® x8
105b c d x® AppellF1[—>, =, 1, ==, =5 25 /
8 2 8 [« a
13 1 21 d x8 b x8
-2lacAppellFl[~—, =, 1, —, - ——, - —] +
8 2 8 C a
. 21 1 29 dx® bx®
4x®|2bcAppellFl[—, =, 2, —, - —, -—] +ad
8 2 8 C a
21 3 29 dx8 b x8
AppellFl[~—, =, 1, —, - —, - —| ]]]/ (529 (-bc+ad) (a+bx®) W
8 2 8 C a

Problem 757: Result more than twice size of optimal antiderivative.

2
J X dx
(a+bx8)2\/c+dx8
Optimal (type 6, 64 leaves, 2 steps):

30 [q, dx® 3 1011 bx®  dx®
X 14D Appe11F1[8,2,2, i c]

3a2+v/c+dx8
Result (type 6, 343 leaves):

iy
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33b (c+dx®) 31 11 dx®*  bx®
x3 ——+(121c(5bc—8ad)Appe11F1[—, =, 1, —,——,——]/
a 8 2 8 C a
3 1 11 d x& b x8 8 11 1
-11acAppellFl| =, =, 1, —, - ——, - ——| +4x% |2b cAppellFl| —, —, 2,
8 2 8 C a 8 2
19 d x8 b x8 11 3 19 d x8 b x8
e, -, -~ ] +adAppellF1[ ", =, 1, —, - ——, - — ||| +
8 C a 8 2 8 C a
e 11 1 19 d x8 b x8
57bcdx®AppellFl| —, —, ,7,_7J_7]/
8 C a
11 1 19 dx8 b x8
-19acAppellFl|[—, =, 1, —, - ——, - — | +
8 2 8 C a
g 19 27 dx®  bx®
4x® (2bcAppellFl[—, =, 2, —, -—, - —] +ad
8 2 8 C a
19 3 27 d x8 b x&
AppellFl[—, =, 1, —, - —, - —| ]J]/(264(—bc+ad) (a+bx®) \/c+dx®
8 2 8 C a

Problem 758: Result more than twice size of optimal antiderivative.

1
dx
J(a+bx8)2\/c+dx8

Optimal (type 6, 59 leaves, 2 steps):

| dx® 1 1 9 bx8 dx8
X 1+T AppellFl[g, 2, ;, g,fT,fT]

a?Vc+dx8
Result (type 6, 341 leaves):
3b(c+dx8) 1 1 9 dx® b x8
X |- ——L [27c (7bc-8ad) AppellF1|—, =, 1, =, - ——, - —| /
a 8 2 8 C a
1 1 9 dx8 b x38 g 9 1
79aCAppe11F1[_) ) 1: I ) *—} +4 X ZbCAppellFl[_, -, 2,
8 2 8 C a 8 2
17 d x8 b x& 9 3 17 d x8 b x8
—, ———, - —] +adAppellF1[=, =, 1, —, - —, - — ||| +
8 C a 8 2 8 C a

. 9 1 17 dx® bx8 9 1
17bcdx®AppellFl[ =, =, 1, —, - ——, - —| / -17 ac AppellF1[—, —,
8 2 8 c a 8 2
17 d x8 b x8 8 17 1 25 dx8 x8
1, —, - —, - | +4x® [2bcAppellFl[—, =, 2, —, - —, - —] +ad
8 C a 8 2 8 C a
17 3 25 dx8 b x8
AppellFl|—, =, 1, —, - —, - —| ]]]/ (24 (-bc+ad) (a+bx®) \/c+dx®
8 2 8 C a
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Problem 759: Result more than twice size of optimal antiderivative.

1
J dx
x2 (a+bx8)2\/c+dx8
Optimal (type 6, 62leaves, 2 steps):
dx® 15, 1 7 _bx* _dx
1+ 95 AppellFl[- o, 2, o, o, - 20, - O]
a?x\/c+dx®

Result (type 6, 399 leaves):
[35 (c+dx®) (-8a?d+9b>cx®+8ab (c-dxt))

C

)

(75 a (9b*c’-40abcd+24a”d®) x® AppellFl]

o0 | N

1 15 d x8 b x8
) 1) T T T _7]
2 8 C a

/

7 1 15  dx® bx . 15 1
-15acAppellFl[—, —, 1, —, - ——, - ——] +4x® |2bcAppellF1| —, —,
8 2 8 C a 8 2
23 x8 b x8 15 3 23 d x& b x8
2, —, -——, - —— | +adAppellF1[—, =, 1, —, - ——, - —] || +
8 c a 8 2 8 C a
16 15 1 23 d x8 b x8
161abd (9bc-8ad) x™® AppellFl|—, —, 1, —, - ——, - —| /
8 2 8 C a
15 1 23 dx® b x®
723acAppellF1[f, -1, — -—, —7] +
8 2 8 C a
8 23 31 d x8 b x8
4x%|2bcAppellFl[—, =, 2, —, - ——, - — | +
8 2 8 C a
23 3 31 d x8 b x8
adAppellFl[f, -1, — -— —7] /
8 2 8 C a

(280a2 (-bc+ad) x (a+bx?) \/C+dX8)

Problem 760: Result more than twice size of optimal antiderivative.

1
dx
Jx4 (a+bx8)2\/c+dx8
Optimal (type 6, 64 leaves, 2 steps):
[1+ 9% AppellF1[-2, 2, 2, 5, -2, x|
3a2x3Vc+dx8
Result (type 6, 399 leaves):
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65 (c+dx®) (-8a2d+11b?cx®+8ab (c-dx8))
| :

13 d x8 b x8
) 1: Ty T T _—}

(169a (33b?c?-56abcd+8a’d?) x® AppellF1| —,
2 8 C a

/

® |

5 1 13 dx® bx® . 13 1
-13acAppellFl[~, =, 1, —, - ——, - ——] +4x® |2bcAppellF1| —, —,
8 2 8 C a 8 2
21 x8 b x8 13 3 21 d x& b x8
2, —, ———, - —] +adAppellF1[—, =, 1, —, - —, - —] || +
8 c a 8 2 8 C a
16 13 1 21 dx8 b x8
1@5abd (11bc-8ad) x* AppellFl[—, =, 1, —, - ——, - —| /
8 2 8 C a
13 1 21 dx8 b x8
~2lacAppellFl[—, =, 1, —, - —, - — | +
8 2 8 C a
21 29 d x8 b x8
® |2bcAppellFl[—, =, 2, —, - —, - — | +
8 2 8 C a
21 3 29 d x8 b x8
adAppellFl[—, -1, = -—, ,7] /
8 2 8 C a

(1560a2 (-bc+ad) X (a+bx?) \/C+dX8)

Problem 818: Result more than twice size of optimal antiderivative.

b \P d

a+ — C+—
J( x? [ x?

Optimal (type 6, 105leaves, 4steps):

1 b\P b q
—la+ — [1+ [c+— (
e(1+m) ax? c x2
(-1-m), -p, -q,

q
(e x)™dx

x2

(ex)*™AppellF1|

N |

Result (type 6, 284 leaves):

bd b \P d\d i
[ (3+m-2p-2q) [a+;) (C+X2 X (eXx)
1 1 ax? c x?
AppellF1[7(1+m—2p—2q),—p,—q,7(3+m—2p72q),7—,7—}/
2 2 b d
((1+m2p2q) [bd (3+m-2p-2q)
1 1 a x? c x?
AppellF1[ = (1+m-2p-2q), -p, -q, — (3+m-2p-2q), -——, - —— | +
2 2 b d
2 1 1 ax? cx?
2x* |adpAppellF1[ = (3+m-2p-2q),1-p, -q, — (5+m-2p-2q), -—, - —— | +
2 2 b d
1 1 ax? c x?
bchppellFl[;(3+m—2p—2q),—p,l—q,;(5+m—2p—2q),—T,_ y })]]
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Problem 819: Result more than twice size of optimal antiderivative.
[l e
a+ — C+ —

X2 X2
Optimal (type 6, 84 leaves, 4 steps):

1 b \P b P d\a d
—[a+— [1+ (c+— (1+
5 x2 ax? x2 c x2

q4
X" dx

s 5

x° AppellF1[-=, -p, -q, - =, -~ ——, - —|
2 2

Result (type 6, 254 leaves):

b \P da
[bd(7+2p+2q> [a+—) (c+—
x? x?

s 5 7 ax? c x?
X AppellFl[_fpfq) -P, -4, —-pP-0q, -  ~ }
2 2 b d

5 7 ax cx
((—5+2p+2q> [bd (7—2p—2q)AppellF1[;—p—q, -p, -Q, ;—p—q, -—

7 9 a x? c x?
adpAppellFl[;—p—q, 1-p, ~d, Z-p-a, —~ -]+

L))

Problem 820: Result more than twice size of optimal antiderivative.
[fae 2] e
X

X2
Optimal (type 6, 100 leaves, 3 steps):

2 x?

7 9 a x? c x?
bchppellFl[gfpfq, P10, D -p-a, s

d

]

q
x3 dx

/

L e e ol )] fo-s] a3
b2 (a+— [c+— ———>=| AppellF1[1+p, -q, 3, 2+p, - o =]
2a° (1+p) x2 x2 bc-ad bc-ad a
Result (type 6, 229 leaves):
b\P d\9 , a x? c x?
bd (-3+p+q) (a+f [c+f xAppellFl[Z—p—q,—p,—q,3—p—q,—7,—7]/
X2 x? b d
ax? cx?
2(-2+p+q) [-bd (-3+p+q) AppellF1[2-p-q, -p, -, 3-p-q, - ——, - —— | +
b d
5 ax? c x?
x* |[adpAppellF1[3-p-q,1-p, -4, 4-p-q, - ——, ——— | +
d
ax? cx?
bcqAppellF1[3-p-q, -p,1-9,4-p-q, ———, - ——|
b d

Problem 821: Result more than twice size of optimal antiderivative.
[lea) [l
a+—| |c+—
XZ X2

x2 dx
Optimal (type 6, 84 leaves, 4 steps):
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1[ b P[l b -P( d q(l -a 3a 11F1[ 3 1 b d }
= la+ — + c+— + x3 Appe -, P, -Qy, ——y - ——
3 x? ax? X2 c x? 27T T 7 a2
Result (type 6, 254 leaves):
b\P d\9 , 3 5 a x? ¢ x?
bd (-5+2p+2q) (a+— (c+— x> AppellF1[ = -p-q, -p, -4, —-p-Qy ———, ———| /
x2 X2 2 2 b d
3 5 ax? c x?
(-3+2p+2q) |bd (5-2p-2q) AppellF1|=-p-q, -p, -G, —-P-G, -~ - — | +
2 2 b d
5 5 7 a x? c x?
2x? |adpAppellFl| = -p-q,1-p, -, —-p-0, ———, - —— | +
2 2 b d
5 7 ax? ¢ x?
bcqAppellFl[=-p-q, -p,1-G, —-p-q, -—, ———]
2 2 b d

Problem 822: Result more than twice size of optimal antiderivative.

b\pP da
ﬂa+— [“—
X2

X dx
X2
Optimal (type 6, 98 leaves, 3 steps):

1 b\ 1+p d\a b(c+%) - d(a+%) a+%
-———b (a+— {C-%—— - X APP911F1[1+P: -q, 2, 2+p, - : ) : ]
2a? (1+p) x2 x2 bc-ad bc-ad a
Result (type 6, 229 leaves):
b\P d\a , a x? c x?
bd (-2+p+q) (a+f [c+f x? AppellFi[1-p-q, -p, -q, 2-p-q, - ——, - —— | /
X2 X2 b d
a x? c x?
(2 (-1+p+q) [bd (-2+p+q) AppellFi[1-p-q, -p, -q, 2-p-q, L 77] +
5 ax? c x?
x* |adpAppellF1{2-p-q,1-p, -q9,3-p-q, - —, —T} +
ax? cx?
bcqAppellF1[2-p-q, -p,1-9,3-p-q, - ——, - — | ]
b d
Problem 823: Result more than twice size of optimal antiderivative.
b\p d\a
J(a+* [C+f dx
X2 x2
Optimal (type 6, 79leaves, 4 steps):
b\P b P d\d d \d 1 1 b d
(a+ 7) (1+ (c+ — [1+ xAppellFl[f*, -P, -4, = - s 7}
X2 ax? x? c x? 2 2 ax? c x?

Result (type 6, 252 leaves):
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b\p d\a 1 3 a x? c x?
bd (-3+2p+2q) [a+f (c+f xAppellFl[~-p-q, -p, -4, —-p-0G, ———, - —— |
X2 x? 2 2 b d
1 3 ax? cx?
(-1+2p+2q) |bd (3-2p-2q) AppellF1|=-p-q, -p, -G, —-P-G, -~ - —— | +
2 2 b d
5 3 5 ax? c x?
2x? |adpAppellFl|=-p-q,1-p, -, —-p-0, ———, - —— | +
2 2 b d
3 5 ax?  cx?
bcqAppellFl[=-p-q, -p,1-G, —-p-q, -~ - — |
2 2 b d

Problem 824: Result more than twice size of optimal antiderivative.

a+ C +
x? x? dx
X

Optimal (type 6, 97 leaves, 3 steps):

1 b\ 1+p d\a b(c+%) h d(a+%) a+2
7(,;”7 (c —| | ——"=| AppellFl[1+p, -q, 1, 2+p, - L ]
2a (1+p) x2 x2 bc-ad bc-ad a
Result (type 6, 223 leaves):

b\p dd ax? c x?
-||bd (-1+p+q) (a+— [c+— AppellFl[fpfq,7p,7q,17p7q,7—,7—}/
X2 x2 b d
ax?  cx?
(2 (p+q) [bd (-1+p+q) AppellF1|-p-q, -p, -q, 1-p-q, - ——, - — | -
ax? cx?
x* |adpAppellFl[1-p-q,1-p, -q,2-p-q, ———, ——— | +
b d
a x? c x?
bcqAppellFi[l-p-q, -p,1-q,2-p-q, - ——, ———|
b d

Problem 825: Result more than twice size of optimal antiderivative.

[
X

Optimal (type 6, 82leaves, 4 steps):

1 b\P b P da d
-—la+ — (1+ (C+f [1+
a x? X2 c x?

a 1
AppellFl[f, -Ps -9 — - *7]
X x2 2 2

Result (type 6, 254 leaves):
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b\P dd ax? c x?
[bd(1+2p+2q> [a+f (c+f AppellFl[-=~-p-q, -p, -4, —-p-4d, - y -] /
x2 X2 d
1 1 ax? c x?
(1+2p+2q) x |bd (1-2p-2q) AppellFi[-—-p-q, -p, -4, —-p-q, - , _T] +
2 2
5 1 3 a x? c x?
2x? |adpAppellFl|~-p-q,1-p, -q, —-p-0, ———, - —— | +
2 2 b d
1 3 ax? ¢ x?
bcqAppellFl[~-p-q, -p,1-q, —-p-q, - ——, ——— |
2 2 b d
Problem 827: Result more than twice size of optimal antiderivative.
b \P d\a
(a+x2) (c+x2) dx
X4
Optimal (type 6, 84 leaves, 4 steps):
1 b \P b \-P dd q 3 5 b d
—|a+ — [1+ [c+f (1+ AppellFl[f,—p,—q, f,—i,—i}
3x3 x? a x? x? c x? 2 2 ax? c x?
Result (type 6, 255 leaves):
b P d)a 3 1 ax? c x?
[bd (1+2p+2q) (a+f [c+—) AppellFl[-=-p-q, -p, -G, ~—-p-0Qy ———, - ——| /
x? X2 2 2 b d
3 3 1 a x? c x?
((3+2p+2q) x> |-bd (1+2p+2q) AppellFl[-=-p-q, -p, -G, - —-pP-q, ——— - — | +
2 2 b d
5 1 1 ax? c x?
2x? |adpAppellFl[-=-p-q,1-p, -4, —-p-0qy ———, ——— | +
2 2 d
1 1 ax? c x?
bcqAppellFl[-=-p-q, -p,1-q, —-p-qQ, ———, - ——|
2 2 b d
Problem 828: Result more than twice size of optimal antiderivative.
b\ q
J(aJrf [c+i (e x)>2dx
X2 X2
Optimal (type 6, 91 leaves, 4 steps):
1 b \P b \P dd d 4 7 3 b d
—2 la+ — (1+ (c+— [1+ (ex)”/2 AppellFl[-—, -p, ~q, - —, - ——, - ——]
7e x2 ax? x? cx? 4 4 a x? cx?

Result (type 6, 260 leaves):



356 | Mathematica 11.3 Integration Test Results for 1.1.3.4 (e x)~"m (a+b x”~n)”p (c+d x~n)~q.nb

b P dd
[2bd(11+4p+4q) (a+x—2 {c+x—2 X
52 7 11 a x? c x?
(ex) AppellFl[__p_q) -P, -4, —-P-Q, -——, _—] /
4 4 b d
7 11 a x? c x?
((7+4p+4q> [bd (11-4p-4q) AppellF1|~-p-q, -p, -4, — -pP-q -, —T] +
4 4
5 11 15 a x? c x?
4x*|adpAppellFl[~—~ -p-q,1-p, -, —-p-0q, ———, - —— | +
4 4 b d
11 15 ax?  cx?
bcqgAppellF1[~—-p-q, -p,1-q, — -p-q, ———, - — | ]]
4 4 b d
Problem 829: Result more than twice size of optimal antiderivative.
b\P d\a
J(a+— [c+— (e x)3?dx
x2 X2
Optimal (type 6, 91 leaves, 4 steps):
12 a b)p(l b\ (c d q[l d ) (e x)>/2 AppellF1| > P, -q ! b d ]
— + + + + 7 TP U T T T T T
S5e x2 a x? x2 ¢ x? 4 4 a x? c x?
Result (type 6, 260 leaves):
b\P dd
[2bd(—9+4p+4q) [a+; (C+; X
5 9 a x? c x2
<eX>3/2Appe11F1[*—p—q,—p,—q,*—p—q,—f,—f]/
4 4 d
5 9 a x? c x?
((—5+4p+4q> [bd (9-4p-4q)AppellF1[=-p-q, -p, -G, —-p-Q, ———, - — | +
4 4 b d
) 9 13 ax?  cx?
4x* |adpAppellFl[~-p-q,1-p, -q, — -p-0y, ——, ———| +
4 4 b d
9 13 ax? c x?
bcqAppellF1[~-p-q, -p,1-q, —-p-q, - —, - —— |
4 4 b d
Problem 830: Result more than twice size of optimal antiderivative.
b\P d\d
J(aJrf [c+f Vvex dx
x? x2
Optimal (type 6, 91 leaves, 4 steps):
1 b\P b \P da d |- s 3 1 b d
—2 la+ — (1+ (c+— [1+ (e x) AppellFl[—f,—p,—q, f,—i,—i}
3e x2 ax? x? c x? 4 4 ax? c x?

Result (type 6, 260 leaves):
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b\p d\a
[2bd(7+4p+4q) [a+— (c+—
x2 x2
3 7 a x? c x?
Xxvex AppellFl[__p_q: -p, —Q:_—P—qx——,——}/
4 4 b d
3 7 ax? c x?
(-3+4p+4q) |bd (7-4p-4q) AppellF1[=-p-q, -p, -G, —-P-G, ———, ——— | +
4 4 b d
) 7 11 ax? c x?
4x* adpAppellFl[~-p-q,1-p, -q, — -p-Qy ———, ——— | +
a4 4 b d
7 11 ax? c x?
bcqAppellFl[~-p-q, -p,1-G, —-p-G, ———, - —— |
4 4 b d

Problem 831: Result more than twice size of optimal antiderivative.

b \P +iq
J(aerz) (C xz) dx
Vex

Optimal (type 6, 89leaves, 4 steps):

1 b\P b P d\d d \d 1 3 b d
—2la+— (1+ (c+f [1+ vex AppellFl[—f,—p,—q, f,—i,—i}
e x? ax? x2 c x? 4 4 ax?* cx?
Result (type 6, 260 leaves):
b\P d\d 1 5 ax? ¢ x?
[Zbd (-5+4p+4q) [a+— (c+— xAppellFl[~-p-q, -p, -G, ~-p-q, ———, - —— | /
X2 X2 4 4 b d
1 5 2 2
((—1+4p+4q) Vex |bd (5-4p-4q) AppellFl|~-p-q, -p, -q, —-p-4, —i, —i} +
4 4 d
5 5 9 a x? ¢ x?
4x* |adpAppellFl[~-p-q,1-p, -q, —-p-0q, ———, - —— | +
4 4 b d
5 9 ax? ¢ x?
bcqAppellFl[~-p-q, -p,1-G, —-p-Q, -, ——]
4 4 b d
Problem 832: Result more than twice size of optimal antiderivative.
b \P d\a
(a+x2) (c+x2) dx
(EX)3/2
Optimal (type 6, 89leaves, 4 steps):
1 b\P b \P d\4 -a 1 5 b d
- 2|a+ — (1+ ) (c+— (1+ AppellFl|[ =, -p, -q, —, - ——, - ——|
eex x? a x? X2 c x? 4 4 ax?* cx?

Result (type 6, 260 leaves):
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b\pP d\a 1 3 ax? ¢ x?
[2bd(3+4p+4q) [a+f (“7 X AppellFl[- = -p-q, -p, -G, —-p-0, -~ ——— |
X2 X2 4 4 b d
32 1 3 ax?  cx?
(1+4p+4q) (ex)*? |bd (3-4p-4q) AppellFl[-~-p-q, -p, -G, —-P-0G, ———, - — | +
4 4 b d
5 3 7 ax? c x?
4x* ladpAppellFl[~-p-q,1-p, -q, —-p-0q, ———, - —— | +
4 4 b d
3 7 ax?  cx?
bcqAppellFl[=-p-q, -p,1-G, —-p-q, -~ - — |
4 4 d
Problem 833: Result more than twice size of optimal antiderivative.
b \P d\a
(a+x2) (c+x2) dx
(eX)S/Z
Optimal (type 6, 91 leaves, 4 steps):
1 b \P b P d\d d | 3 7 b d
e—2 (a+ — (1+ (c+ —) (1+ AppellFl[f, -p, -q, —, - > -
3e (ex)3/? x? ax? X2 cx? 4 4  ax? c x?
Result (type 6, 260 leaves):
b\P d 4 3 1 ax? cx?
2bd (-1+4p+4q) [a+f (c+f X AppellFl[-=-p-q, -p, -G, —-p-0, ——, —— |
2 X2 4 4 b d
5/ 3 1 ax? ¢ x?
((3+4p+4q) (ex)*? |bd (1-4p-4gq) AppellFl[-=-p-q, -p, -4, —-p-4, L —T} +
4 4

4 %2

1 5 ax? c x?
adpAppellFl[prfq, 1-p, 6, P -7 —T] .

Problem 846: Result more than twice size of optimal antiderivative.

1 5 a x? c x?
bchppellFl[Z—p—q, Py l-a, o opog, T -]

d

X

1
d
JJMW Vievx Vx

Optimal (type 3, 8leaves, 2 steps):
2 ArcCosh [\/?]

Result (type 3, 20leaves):

) 1
4 ArcSinh | —————]
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Problem 883: Result more than twice size of optimal antiderivative.

JXB (b+cx)13 (b+2cx> dx

Optimal (type 1, 14 leaves, 1step):

ix14 (b+cx)14
14

Result (type 1, 172leaves):

14 14
b X + b13 C X15 + E blz C2 X16 + 26 bll C3 Xl7 + 143 bl0 C4 X18 +
14 2 2
429 1716 429
143b° c®xPP+ — b8 c®x®+ —— b7’ x s —b®c®x??2+143b° c? x* +
2 7 2
14 28
143 b® 10 324 | 26 b3 11 25 4 13 b2 12426 , p 13527 , & X
2 2 14

Problem 884: Result more than twice size of optimal antiderivative.
Jx” (b+cx2>13 (b+2cx?) dx

Optimal (type 1, 16leaves, 2 steps):

ix28 (b+cx2)14
28

Result (type 1, 182leaves):

14 28
b X +_b13cx30+Eb12c2x32+13b11c3x34+£b10C4X36+
28 2 4 4
193 o syas, 429 s 6,00 B8 7 7w 8296 g ae 103k o e,
2 4 7 4 2
14 ,,56
143 b4 Cle X48 +13 b3 c11 XSG 4 E b2 c12 X52 + 1 b C13 X54 + i
4 4 2 28

Problem 885: Result more than twice size of optimal antiderivative.

Jx“ (b+cx3‘)13 (b+2cx3) dx

Optimal (type 1, 16leaves, 2 steps):

ix42 (b+cx3)14
42

Result (type 1, 186 leaves):
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14 42
b X + 1 b13 C X45 + E b12 c2 X48 + E b11 c3 X51 + 143 ble C4 X54 +
42 3 6 3 6
143 9 .5 57 143 8 -6 ,,60 572 7 ~7 63 143 6 -8 66 143 5 -9 .69
b’ ¢’ x°’ + b® c® x°° + b’ ¢’/ x>° + b® c® x*° + b> c” x> +
3 2 7 2 3
143 cl4 x84

- - b4 Cl@ X72 + E b3 C11 X7S + E b2 C12 X78 + 1 b C13 X81 +
6 3 6 3 42
Problem 895: Result more than twice size of optimal antiderivative.

Jxlﬂ‘ (b+ 2¢ x”)

(b+cx")8

dx

Optimal (type 3, 21leaves, 2 steps):

X—7 n

7n(b+cx”)7

Result (type 3, 127 leaves):
1

7 bt n (b+cx”)7
x7n (b14 +1716b7 ¢’ x’"+12012b% c®x®" + 36036 b> c® x°" + 60060 b* c1® x1°" + 60060 b3 ¢! x!1" .
36036 b% c? x¥?" 112012 b ¢ xB" + 1716 ¢4 xl‘“‘)
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Summary of Integration Test Results

913 integration problems

A - 515 optimal antiderivatives

B - 129 more than twice size of optimal antiderivatives
C - 269 unnecessarily complex antiderivatives

D - Ounable tointegrate problems

E - Ointegration timeouts



